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ABSTRACT

Understanding the nonlinear interactions between unsteady
modes with disparate timescales remains a central challenge in
turbulent flow analysis. In the turbulent separated wake over
the Boeing Gaussian bump, a very-low-frequency (VLF) span-
wise spatially antisymmetric meandering mode coexists with
faster spatially symmetric motions, including low-frequency
(LF) breathing and high-frequency (HF) shedding modes. Pre-
vious symmetry/antisymmetry proper orthogonal decomposi-
tion (POD) analyses revealed distinct parabolic envelopes in
joint histograms of the leading antisymmetric and symmet-
ric modal coefficients, suggesting amplitude-dependent cou-
pling between these motions. We demonstrate that these
parabolic structures arise from the amplitude modulation of
the symmetric motions by the VLF meander. As the avail-
able 15 Hz PIV is insufficient to extract the required ana-
lytic envelopes, we train a temporal Transformer on synchro-
nized high-speed wall-pressure data to upsample the PIV co-
efficients to ~1.2 kHz. Coefficient-based spectral POD and
Hilbert demodulation show that the observed structure is pri-
marily associated with the LF breathing band. As the VLF am-
plitude increases, the LF breathing envelope strengthens while
the HF shedding envelope weakens. These responses are also
strongly phase-dependent, with the greatest LF amplification
and HF suppression occurring near phases of maximum span-
wise wake deflection.

1 INTRODUCTION & MOTIVATION

In a streamwise-spanwise plane of the turbulent separated
wake over the 3D Gaussian bump (Williams ez al.} 2020), syn-
chronized PIV and wall-pressure measurements have revealed
three energetic families of motion in the separated region
(Manohar et al.}2026)): (i) a very-low-frequency (VLF) span-
wise antisymmetric meandering mode centered near Str,,, =
fLsep/Us = 0.005 where Ly is the mean separation length
(1 Hz or Sty ~ 103 based on bump height H), correspond-
ing to a slow lateral displacement of the separated wake about
the centreline, (ii) a broadband low-frequency (LF) “breath-
ing” motion associated with expansion and contraction of the
separated region, centered near Stz, ~ 0.068 (13.5 Hz), and
(iii) a broadband higher-frequency (HF) vortex-shedding mode
associated with oscillatory shear-layer roll-up near the centre-
line, centered near SlLsep =~ (.68 (135 Hz).

A convenient way to isolate these motions is through a
symmetry/antisymmetry (S/A) POD with respect to the geo-
metric centreline y=0. This decomposition was recently used
by Manohar et al.| (2026), to separate the wake into antisym-
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metric and symmetric coefficients, a) (r) and s (), respec-
tively, with the leading antisymmetric coefficient aM) asso-
ciated with the VLF meandering mode. The resulting two-
dimensional (2D) joint histograms between a) and the lead-
ing symmetric coefficients (e.g., sty display distinct parabolic
envelopes, as shown in Fig.[Td.e.

Such parabolic dependencies are a recurring feature of
modal interactions in separated flows. In classic 2D wakes,
the amplitudes of the antisymmetric vortex shedding modes in-
duce a quadratic mean-flow deformation, often represented by
a symmetric “shift mode” that constrains the dynamics along a
parabolic manifold in modal space (Noack er al.}2003)). Sim-
ilar parabolic S/A couplings have since been observed in 3D
bluff-body wakes, where the strength of a fast antisymmet-
ric vortex shedding mode depends on the instantaneous state
of a slower symmetric drift mode, producing approximately
parabolic phase portraits between the corresponding modal co-
efficients (Da Silva et all [2024). In the present bump flow,
however, the roles appear reversed: the dominant slow mode
is antisymmetric, while the faster breathing and shedding mo-
tions reside primarily in the symmetric subspace. This sug-
gests that the observed parabolic envelopes may reflect a slow
antisymmetric meander that modulates the instantaneous en-
ergy of the faster symmetric dynamics through an analogous
quadratic coupling mechanism. The present work seeks to de-
termine how these parabolic envelopes relate to the underly-
ing LF breathing and HF shedding dynamics, and whether the
VLF meander similarly modulates the instantaneous energy of
these faster symmetric motions.

1.1 Symmetry Argument for the Parabolic En-
velope

We now show that the reflection symmetry of the wake, to-
gether with the timescale separation between the antisymmet-
ric VLF and symmetric LF/HF motions, motivates the expecta-
tion of a quadratic or parabolic relationship between a) and
the symmetric coefficients. Expanding the velocity fluctua-
tions w’(x,¢) using the S/A POD basis yields:

u'(x,1) =al) () @A(x) + Y s (N @su(x), (1)

where ®4 € RM represents the dominant antisymmetric VLF
meander and ®g, € RM represent the symmetric motions
(e.g., breathing and shedding), where M is the number of spa-
tial degrees of freedom. Since the governing equations and
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Figure 1. (a) PIV setup to acquire streamwise-spanwise field-of-view (top-down). (b) Wall-pressure tap array relative to top—down

PIV field-of-view with side-on bump profile on top. (c) Mean velocity field with select pressure taps projected. (d,e) Bivariate his-

tograms from 15 Hz PIV showing parabolic envelopes in (a(!),s()) and (aV),s()). Axes (x,y) centered on top of bump.

mean wake are approximately invariant under spanwise reflec-
tion (Fig. [Tk), the nonlinear mode couplings must preserve
symmetry [2012). In particular, the quadratic self-
interaction of an antisymmetric mode produces a symmetric
contribution. As shown in Appendix [A7I] a Galerkin pro-
jection onto the symmetric modes yields, at leading order,
a reduced-order dynamical system in which the lowest-order
forcing from the antisymmetric meander into the symmetric
dynamics is even, with the minimal contribution proportional
to [aM]2.

To observe this coupling in experimental data, we must
account for the distinct temporal dynamics of the modes. The
separated wake exhibits a strong hierarchy of timescales, with
VLF meandering (~1 Hz) much slower than the LF breath-
ing (~13.5 Hz) and HF shedding (~135 Hz)
[2026). This timescale separation naturally maps onto the
signal-processing concepts of a slow modulating “driver” and
faster “carrier” oscillations. Here, the VLF meander acts as
the driver, while the LF breathing and HF shedding motions
act as carriers whose amplitudes vary with the instantaneous
meandering of the wake state. Since the carrier motions oscil-
late rapidly about zero mean, their interaction with the slowly
evolving [a“)]2 forcing is expected to appear most clearly in
their amplitude envelopes rather than in the raw waveforms
themselves. While this quadratic forcing is expressed in terms
of am(t), this corresponds to a dependence on its squared
amplitude. This motivates the use of Hilbert-based enve-
lope extraction to determine whether the LF and HF motions
strengthen or weaken with increasing VLF amplitude.

We therefore hypothesize that the conditional mean en-
velope of the symmetric bands scales with the square of the
meander amplitude. Such behavior would be consistent with
the leading-order coupling predicted by the Galerkin argument
and would provide evidence that the slow meander modulates
the instantaneous amplitude of the faster symmetric motions.

1.2 Objectives

Diagnosing this amplitude modulation (AM) mechanism re-
quires time-resolved sequences from which analytic (Hilbert)
envelopes can be extracted. However, the available PIV
(15 Hz) only marginally resolves the 1 Hz meandering mo-
tion and aliases the LF and HF bands. The objective of the
present work is therefore to overcome this limitation through
data-driven upsampling, enabling us to:

e Determine whether the observed parabola is associated
with amplitude-envelope modulation of the symmetric
motions, and

o Identify whether the LF breathing band, the HF shedding
band, or both contribute to the observed parabola.

To realize these objectives, we employ a hybrid experi-
mental and data-driven methodology. Synchronized low-speed
PIV and time-resolved wall-pressure measurements acquired
by [Manohar et al| (2026) are used to characterize the base-
line wake dynamics. These datasets are then used to train
a temporal-Transformer, an attention-based neural network

(Vaswani et all 2017), yielding the time-resolved modal co-
efficients required for the envelope diagnostics.

2 METHODS

2.1 Geometry and Datasets

Experiments were performed in the University of Washington
3x3 Low-Speed wind tunnel using top—down (streamwise-
spanwise plane) planar PIV at 15 Hz (see Fig. Eh for setup)
and 14 synchronized wall-pressure taps (centreline taps 7-8
and 11-14, together with off-centreline taps 21-27 and 30;
see Fig. [Tp) sampled at 31.25 kHz. The total number of PIV
snapshots recorded was N = 2660, spanning about 177 sec-
onds. Fig. [Ip shows the wall-pressure tap layout relative to
both the top—down PIV field-of-view located at z/H=0.53
above the surface of the splitter plate as well as the approx-
imate projected critical lines inferred from surface-flow vi-
sualization (Williams et al [2020). The mean PIV field is
shown in Fig.[Tg. Additional details on the experimental setup
and post-processing can be found in [Manohar ef al.| (2026).
Figs. c ,e show representative joint histograms of (a('),s“))
and (a!),s0)) from the 15 Hz PIV data. These histograms
illustrate the characteristic parabolic envelopes. Most sam-
ples lie near the centreline-symmetric state aV) =0, whereas
large \a(1>| values, associated with strong spanwise wake ex-
cursions, coincide with large |s()|.

2.2 Sensor-based Estimation for Upsampling
Since the wall-pressure data from the 14 sensors resolve both
the LF and HF content of the wake, they are used as in-
puts to learn the map %y : Py — y; from a multi-tap pres-
sure window to instantaneous modal coefficients at time f;,
with Py = [p1 (x—Tpitx+To), . .., pra(te— Tyt +T,)| and yy =
[aD(5), sV (1),...,s") ()]

We use Tj,=2 s, 1,=0.1 s, and my=5. Pressure channels
are low-pass filtered at approximately 270 Hz, resampled to
fs = 1.2 kHz, and normalized using a per-channel z-score.
This limits the resolvable bandwidth to ~270 Hz; resampling
increases temporal resolution for learning but does not intro-
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duce additional physical frequency content. Only the leading
antisymmetric coefficient a\V is retained, as it captures the
dominant VLF meandering mode (~1 Hz) and contains ap-
proximately 20% of the planar fluctuating energy (Manohar
et al.|[2026). It is modeled together with the first five symmet-
ric coefficients, which contain ~10% of the energy and ex-
hibit the strongest parabolic structure in their joint histograms
with a(1). Higher-order antisymmetric coefficients lack coher-
ent spectral signatures and are therefore excluded.

The network is a lightweight temporal Transformer en-
coder trained with mean-square-error on the coefficients.
Specifically, the loss function minimizes the L, norm between
the predicted coefficient vector y and the ground truth PIV vec-
tor y = [a(1),s(M ... s®)]T exclusively at the sparse 15 Hz
PIV timestamps t; .£ = %):iy:l Iy@) —y() ||% , where N is the
number of available PIV snapshots in a given training batch
and superscript T is the matrix transpose. Inference uses a
sliding window over the test sensor data to produce kHz-rate
sequences {a(!),5073)} at f; = 1.2 kHz. The architecture
is fundamentally similar to the one used by |Manohar et al.
(2023)), except here we use a Transformer instead of a long
short-term memory network. Additional details about the ar-
chitecture and hyperparameters are in Appendix[A.2]

2.3 Coefficient-Based Spectral POD
While spatial POD efficiently isolates the dominant energetic
structures of the wake, its modal coefficients generally remain
spectrally mixed. Since Hilbert-based envelope extraction re-
quires a narrowband signal, the LF and HF motions must first
be separated within the reduced coefficient space.

To achieve this separation, we employ Spectral Proper
Orthogonal Decomposition (SPOD) (Towne et al.| |2018) on
the upsampled symmetric coefficient vector. Because the
temporal-Transformer predictions are restricted to a truncated
basis of my = 5 spatial POD modes, the reconstructed sym-
metric velocity field may be written as fig(x, f) = ®s(x)qs(f),
where ®g(x) € RM*"s contains the retained symmetric spatial
POD modes and 4s(f) € C™ denotes the Fourier-transformed
modal coefficients. The SPOD cross-spectral density tensor of
the reconstructed symmetric field is defined as S5, (x,x/, f) =
E[as(x, £)ak (x', f)] , where the superscript H is the Hermi-
tian transpose. Substituting the POD expansion of fig(x, /) and
noting that ®y is deterministic and independent of frequency,

S5.(x,X, f) = ®s(x)S5, (/)@ (x), @)

where 83, (f) = E[ds(f)a% (f)] € C™*™ is the dis-
cretized cross-spectral density matrix of the retained symmet-
ric coefficients.

Since the reconstructed symmetric field is restricted to
the span of the retained POD basis ®g(x), the associated dis-
crete cross-spectral density operator from Eq. @), S3,(f) =
<I>SS‘SM( f)@d € CM*M also maps vectors back into that
same subspace. Therefore, the range of S3,(f) is contained
in span(®g). Moreover, any eigenvector of S5 (f)—i.e.,

an SPOD mode, l[l<5k> (f) € CM—associated with a nonzero

eigenvalue must lie in the range of Sﬁu( f) by definition, and

hence must also lie within span(®g). This admits the ansatz:

v (x, ) = Bs(x)0W (1), 3)

where @) (f) is the kth coefficient-space symmetric SPOD
mode, hereafter referred to as the C-SPOD weighting vector.

Using the orthonormality of the retained POD basis,
¢I>ST¢I>S =1, the full discrete SPOD eigenvalue problem for the
reconstructed symmetric flow reduces to the coefficient-space
problem

s5,()OM () =A% (1@ (1) @)

Thus, SPOD can be performed entirely within the reduced
symmetric coefficient space while yielding the same spectral
energies as full-field SPOD of the reconstructed symmetric
flow component—see Appendix [A.3]for the proof.

In practice, we extract the relevant C-SPOD weight-
ing vectors at the two frequencies of interest: approximately
13.5 Hz for the LF breathing motion and 135 Hz for the HF
shedding motion. The 13.5 Hz breathing signal is associated
with C-SPOD Mode 2, whereas the 135 Hz shedding signal
is associated with C-SPOD Mode 1, based on their dominant
signatures in the premultiplied C-SPOD eigenvalue spectra in
Fig.[3p. The corresponding complex weighting vectors are de-
noted as O g = ®%)(13.5 Hz) and @y = ©1) (135 Hz).

2.4 Amplitude-Modulation Diagnostics
To test the AM hypothesis, we first isolate the slow VLF
meandering mode that acts as the primary driver. A zero-
phase band-pass filter is applied to the upsampled leading an-
tisymmetric coefficient to isolate the VLF band, ayyg(t) =
%VLF{&“)U)L where By denotes a zero-phase band-pass
filter over 0.5-3 Hz (see Table[T). The corresponding analytic
signal is then constructed as z,(t) = ayrp(t) + i {ayir(t)},
where 7 is the Hilbert transform, from which we extract
both the instantaneous VLF driver amplitude A(r) = |z4(¢)| and
phase ®(r) = argz, (7).

Next, we isolate the symmetric LF and HF responses.
Let y5(t) = 5V (2),...,50)(1)]T denote the upsampled sym-
metric POD coefficient vector. Using the (complex-valued)
C-SPOD weighting vectors extracted at 13.5 Hz and 135 Hz,
we form the corresponding (real-valued) 1D projected signals
SLEraw(t) = R[¥g (1)OLE], and syp raw (1) = R[¥{ (1)OnE] .

These projected signals are then band-pass filtered
to isolate the breathing and shedding bands: sy p(f) =
BLF{SLE raw (1)}, and sgp(t) = Bur{sHF raw (t) }, Where BLr
and Pyr denote zero-phase band-pass filters. The band-
limited ranges are chosen based on the frequency ranges
spanned by each of these motions as observed in the premulti-
plied power spectral densities (PSD) of the modal coefficients
in Fig. B}—summarized in Table T}

Table 1. Zero-phase band-pass filter notation, frequency
ranges, and associated target motions and signals.

Filter = Freq. Range Target Motion  Target Signal
Bvir 0.5-3Hz
% r  05-20Hz  LFbreathing ~ R[yg (+)OLF]
Pur  30-200Hz  HF shedding ~ R[yq (1)Our]

VLF meander  at!)(r)

We then compute the analytic amplitude envelopes of
these band-limited signals using the Hilbert transform and
standardize them into the z-scored metric Z%(r) = (|s(r) +
i%ﬂ{s%(t)ﬂ — li)/ 0z, where liz and G denote the tem-
poral mean and standard deviation of the corresponding raw
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analytic envelope for # € {LF,HF}. Positive values indi-
cate that the motion is amplified relative to its temporal base-
line, whereas negative values indicate suppression. The nar-
rowband assumption of the Hilbert transform is enforced by
combining C-SPOD-based subspace separation with band-
pass filtering. In practice, we study the quantity Z‘%(c i) =
E, [Z”(t) |A(t) € c;], which denotes the envelope conditioned
on the VLF amplitude A(¢), where we restrict the amplitude
domain to the 1st through 99th percentiles of A(z) and parti-
tion this range into equal-width amplitude bins c; to reduce
the influence of extreme outliers.

Finally, to examine how the LF and HF envelope levels
vary with both the instantaneous VLF amplitude and phase,
we bin the meander phase ®(r) into K = 8 equal-width an-
gular bins ¢ spanning [—7,w]. The phase-conditioned mean
envelope is then defined as

Z () =E 27|00 o A €], ©)

where % € {LF,HF}. An increasing trend of Z” with respect
to A signifies strengthening of the motion in band %, whereas
a decreasing trend signifies weakening.

3 RESULTS & DISCUSSION

3.1 Upsampling Validation and the Parabola
To assess whether the learned upsampling map generalizes to
unseen data, phase-portrait analyses are performed on the un-
seen test record (~28 s). As shown in Fig. Zh, phase portraits
of (a(V),51)) built from the upsampled test coefficients repro-
duce the characteristic parabolic envelope observed in the low-
rate 15 Hz ground truth measurements.

(a) (b)

Upsampled — Upsampled (LP 20 Hz)

Ground truth (15 Hz) Ground truth (15 Hz)

T T T T T T T T T T
-16 -08 00 0.8 1.6 -16 -08 0.0 0.8 1.6

Figure 2. Upsampling on test data. (a) Phase portrait of un-
filtered upsampled coefficients (at!),51)) with 15 Hz ground
truth. (b) Low-pass filtered (< 20 Hz) upsampled coefficients.

To isolate the LF breathing contribution at 13.5 Hz, the
upsampled s s low-pass filtered to < 20 Hz (Fig. ). The
parabolic envelope persists, which suggests that the LF breath-
ing contribution accounts for most of the parabolic structure,
while the HF contribution appears mainly as higher-frequency
fluctuations about the underlying LF manifold. Resolving
these low-frequency trajectories demonstrates that the upsam-
pled coefficients retain the relevant dynamical structure re-
quired for subsequent envelope extraction.

3.2 SPOD Mode Isolation & Demodulation
Before envelope extraction, the LF breathing and HF shedding
contributions must first be spectrally separated. Fig.[3|presents

both the spectral validation of the temporal upsampling and
the subsequent LF/HF subspace separation via C-SPOD. We
report premultiplied spectra from the training set because the
short unseen test record contains too few realizations of the
1 Hz VLF cycle to cleanly resolve that peak.

10° 4 105 4
o <
2 10% S'(‘\’ 104 4
< N
108 = 10 4
—a — SPOD Mode 1
—s SPOD Mode 2
@
) s 5] —— SPOD Mode 3
1004 %, 10 s
T T T T T —
107! 10° 10! 102 107! 10° 10! 102
Frequency (Hz) Frequency (Hz)

Figure 3. (a) Premultiplied PSDs of upsampled POD coef-
ficients. (b) Premultiplied C-SPOD eigenvalue spectra com-
puted on symmetric subspace, with at spectra for reference.

The premultiplied PSDs in Fig. Eh show that the tempo-
ral Transformer successfully recovers the VLF peak (~1 Hz)
ina(, alongside the broadband LF breathing (~13.5 Hz) and
HF shedding (~135 Hz) humps that remain spectrally mixed
across the symmetric POD coefficients. Applying C-SPOD
to the symmetric coefficient vector (Fig. Bp) yields a much
cleaner spectral separation. SPOD Mode 1 cleanly isolates
the 135 Hz shedding band, while SPOD Mode 2 isolates the
13.5 Hz breathing band. These modes define the coefficient-
space weighting vectors @ g and @y associated with the LF
breathing and HF shedding motions, respectively.

Fig. [] illustrates this demodulation procedure. The top
panel shows the slow driver signal ayyg(t) = By e{a’ (1)}
together with its analytic envelope A(r) = |z,(f)|. The bot-
tom panel shows the LF breathing carrier signal sy p(r) =
BLr{R[yS (1)®LF|} with its analytic envelope |[spp() +
i7¢{sLp(t)}|. Periods of large LF carrier amplitude tend to
coincide with large values of the VLF envelope, suggesting
AM between the slow antisymmetric meander and the faster
symmetric breathing motion.

Band-passed signal
— Analytic envelope

2000 A

VLF (0.5-3 Hz)

—=2000 -

2000

1000 1

LF (0.5-20 Hz)
o

—1000 4

—=2000 -

2‘0 2‘1 2‘2 2‘3 2‘4 2‘5 2‘6 2‘7 2‘8
Time (s)
Figure 4. Top: band-pass filtered VLF meander signal
ayLp(t) and its analytic envelope A(¢). Bottom: LF breathing
carrier signal s () and its analytic envelope. Lower envelope
mirrored about zero for visualization only.

3.3 Frequency-Dependent AM
Fig. [3] shows the VLF-amplitude-conditioned z-scored en-

velopes Z""MF of the SPOD-isolated bands as a function of
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the normalized VLF driver amplitude A(¢). The LF breathing
and HF shedding bands exhibit fundamentally different trends.
The LF breathing band exhibits a monotonic strengthening

1.0 b — LF Breathing
HF Shedding

0.8
0.6 |
0.4
0.2
0.0
=02
04

0.2 0.4 0.6 0.8 1.0 1.2

AT () = AN 2Am

Figure 5. Conditionally averaged z-scored analytic en-

velopes ZMF/HF a5 function of normalized VLF amplitude A(t).

trend with increasing meander amplitude. Reflection symme-
try implies that the leading-order forcing from the antisym-
metric VLF mode into the symmetric subspace is quadratic
in a(V, However, because the measured AM curves represent
conditional averages over many internal wake states, they need
not follow a purely quadratic dependence. The strong upward
trend in the LF envelope therefore suggests that the LF breath-
ing motion is the primary symmetric response associated with
the VLF meander. Conversely, the HF shedding band exhibits
a steady weakening with increasing meander amplitude. This
indicates that strong spanwise wake excursions are associated
with enhanced LF breathing activity but diminished HF shed-
ding. Together, the observed LF strengthening and HF weak-
ening suggest that strong meander states redistribute energy
away from the HF shedding band and toward the LF breathing
band.

3.4 Phase-Conditioned AM & Extreme Events
To further examine the inter-modal interaction, we phase-
condition the mean envelopes Z:"g(c j) using the instantaneous
phase of the VLF meander, ®(r), where the subscript k in-
dexes the discrete VLF meander phase bin ¢ € [—m, 7]. As
shown in Fig.[6] conditioning on the meander phase reveals a
second layer of organization. At low to moderate VLF am-
plitudes, the LF envelope curves remain relatively tightly clus-
tered. However, at strong meander amplitudes (A/1/2A41 > 1,

[ Phase spread [min, max]
—- Phase average

3 F
Driver phase ¢ (rad)

'
2
S

DfZ 0‘4 O‘S 0‘8_150 ltZ D‘Z 0‘4 0‘6 OtS lfD 152
AT () =AM 240 AT () = AN 2A0
Figure 6. Phase-conditioned mean analytic envelopes for the
(a) LF and (b) HF bands. Warm and cool colors correspond
to opposite phases of the VLF cycle. Gray shaded region in-
dicates pointwise phase spread. Dashed black curve is phase-

averaged mean.

where A4 is the eigenvalue associated with a<1>), the phase
curves diverge substantially. This indicates that the strongest
amplification of the LF breathing mode occurs preferentially
at specific phases of the meander cycle, rather than uniformly
across all strong meander events. The HF shedding band also
becomes phase-dependent at large meander amplitudes, with
the strongest suppression localized to particular phases.

To quantify this phase organization more directly, we
isolate extreme meander events by selecting times for which
the VLF amplitude A(r) exceeds its 95th percentile. We
then compare the phase-conditioned mean envelopes during
these extreme events, Z;X[, against the corresponding phase-

.. . =all
conditioned mean across all amplitudes, ZZ . The Aj curve

Zext  =all .
A =Z; —Z, measures the excess response conditioned on

phase bin ¢. Positive values indicate excess strengthening
during extreme meander events, whereas negative values indi-
cate excess weakening. To account for serial dependence, 95%
confidence bands are estimated using a non-overlapping block
bootstrap with 2-second blocks and 500 resamples.

Fig. [7] shows that the LF and HF bands exhibit com-
plementary phase-dependent responses during extreme mean-
der events. Near the phases associated with the largest wake

aYJA = cos®
norm. meander position

-1 0 +1 0 -1
L ! L
25 —— LF (0.5-20 Hz)
HF (30-200 Hz)
20F
1.5F
. lopr
g
0.5
0.0 \/,
-0.5F
-1.0p 1 L 1
-n —n/2 0 n/2 n

Driver phase ¢y (rad)

Figure 7. Phase-conditioned extreme-event curves isolating
excess response during extreme VLF meander events (A(r)
above 95th percentile). Shaded regions denote 95% confi-
dence intervals. Top axis indicates normalized instantaneous
meander position, a(!) /A = cos®. Unconditional mean level
at Ay = 0 (horizontal dashed line).

deflections (® = {0,+x}), the LF breathing band reaches
its greatest excess amplification while the HF shedding band
reaches its greatest suppression. As the wake returns toward
the centreline (® = +1/2), both responses relax toward their
unconditional mean levels. Thus, the strongest redistribution
of energy between the LF and HF bands occurs near the phases
of maximum spanwise wake displacement.

4 CONCLUSIONS

The present results show that the nonlinear interactions be-
tween unsteady modes with disparate timescales can manifest
as amplitude modulation (AM) between symmetric and anti-
symmetric wake dynamics. In particular, this study examines
the parabolic envelopes observed in the low-probability rims
of the joint histograms between the dominant antisymmetric
and symmetric proper orthogonal decomposition (POD) co-
efficients in the wake of a 3D Gaussian bump. By training
a temporal Transformer to upsample 15 Hz PIV into time-
resolved sequences, we recover spectral content consistent
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with that observed in the wall-pressure signals: a very-low-
frequency (VLF) spanwise meander near 1 Hz, the broad-
band low-frequency (LF) breathing motion near 13.5 Hz, and
the broadband high-frequency (HF) centreline shedding near
135 Hz. By spectrally isolating the symmetric bands and ex-
amining their low-pass-filtered (< 20 Hz) phase portraits, we
find that the characteristic parabolic structure is retained, sug-
gesting that the parabola is primarily associated with the LF
breathing dynamics rather than the HF shedding motion. Fur-
thermore, by extracting the amplitude envelopes of the sym-
metric bands, we observe a distinct, frequency-dependent AM
response associated with extreme VLF spanwise excursions.
Specifically, the data show that as the meander amplitude in-
creases, the LF breathing mode envelope strengthens whereas
the HF shedding envelope weakens. Both the LF strength-
ening and HF weakening also appear to be phase-organized
with respect to the extreme states of the VLF meander cycle.
The observed LF strengthening and HF weakening are there-
fore consistent with a slow modulation of the wake state by
the VLF meander, although distinguishing between additive
forcing, parametric modulation, or other nonlinear interaction
pathways remains an important target for future work.
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A APPENDIX

A.1 Quadratic Mode Coupling

Defining the reflection operator as % : (x,y,z) — (x,—,2), the
S/A POD basis inherits definite symmetry under %: antisym-
metric modes satisfy Z®P, = —P,4, and symmetric modes sat-
isfty Z#®g = +Pg (Holmes| [2012). In a Galerkin projection

of the nonlinear convective term, the triadic interaction coeffi-
cients take the form: g;jx = [q ®;- (D} - V)P dQ. Because the
integration domain € is reflection-symmetric, any integrand
that is odd under & integrates to zero. Let par(-) € {£1}
be a parity label for S/A modes such that par(S) = +1 and
par(A) = —1, respectively. The parity of the integrand is
par(®;) par(®;) par(Py), which is non-zero only for select
quadratic couplings: A XA — S, AXxS — A, and S x§ —
S. Consequently, the leading-order forcing from a) into
the symmetric subspace must arise through its quadratic self-
interaction. Projecting the Navier-Stokes equations onto g ,,
yields § ~ /'LS_’,ls(”) + Y [a(l)}2 +..., where Ag, is the lin-
ear growth or decay rate of &g, and ¥, is the correspond-
ing quadratic coupling associated with the self-interaction of
a), and the omitted terms represent higher-order symmetric—
symmetric and mixed interactions.

A.2 Temporal Transformer Architecture

The chosen upsampler is a temporal Transformer encoder that
maps a 14-channel pressure window to the instantaneous POD
modal coefficients. The synchronized pressure—PIV samples
were divided into 70%/15%/15% train/validation/test subsets.
Input and Embedding. The model receives a z-score normal-
ized pressure tensor X € REX 14xL " where B is the batch size
(32). The temporal window L = 2521 comprises a look-back
interval of 7, = 2.0 s and a look-ahead interval of 7, = 0.1s
sampled at f; = 1.2 kHz. A point-wise convolution projects the
14 sensor channels to model dimension of d = 64, followed by
fixed sinusoidal positional encodings (Vaswani et al.l[2017).
Transformer Trunk and Output. The sequence is processed
by Ny = 4 identical Pre-LN Transformer encoder layers. Each
layer applies multi-head self-attention (h = 4 heads with di-
mension 16), a position-wise feed-forward network (hidden
size 256) with GELU activations, and dropout of p = 0.2.
Following the encoder trunk, the final temporal token is ex-
tracted and passed through a single linear projection to output
the mg = 5 symmetric and leading antisymmetric coefficients.
Training Protocol. Optimization is performed using AdamW
with a base learning rate of 103 and a weight decay of 10~4.
The learning rate is decayed following a cosine annealing
schedule. Models are trained for a maximum of 100 epochs,
utilizing early stopping to prevent overfitting.

A.3 Eigenvalue Equivalence of C-SPOD
Consider the discrete SPOD eigenvalue problem for the recon-
structed symmetric field,

sS.OWP () =28 (vl (). ©)

Substituting Egs. (2) and (3) into the LHS of Eq. (6):

SNV () = (@585,()0] ) (@s0P (1))
=55, (1)OW(f)  (since @ Ps=1)

—o W (neW(s)  (yEq @)
20w byEq @)
20w byEq @)

Thus, ALE,IE) (f)= /l,gz) (f), concluding the proof.
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