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ABSTRACT
A reduced-order model (ROM) is developed for the flow over a
thin flat plate normal to a uniform stream at a Reynolds number
(Re) of 400 to investigate coherent flow dynamics and inter-
scale energy transfer. The ROM is developed from a direct nu-
merical simulation (DNS) dataset. The wake is fully turbulent
and the coherent motions comprise the primary periodic vor-
tex shedding instability as well as secondary instabilities as-
sociated with breathing/flapping and rib-like streamwise vor-
tex braids between the primary roller vortices. These coherent
motions are captured using nine finite-impulse response spec-
tral proper orthogonal decomposition (FIR-SPOD) modes. A
low-dimensional nonlinear dynamical system governing their
temporal evolution is identified from Galerkin projection of
the Navier–Stokes momentum equations onto the FIR-SPOD
bases. The contribution of the truncated modes to the flow
dynamics, including the dissipation and the Reynold stress,
is modelled as diffusion based on the resolved modes using
eddy viscosity. The eddy viscosity is modeled as a function
of the instantaneous kinetic energy optimized by minimizing
the energy difference between the FIR-SPOD modes and the
Galerkin system solutions using the adjoint method. The solu-
tions of the reconstructed ROM are shown to capture the ob-
served FIR-SPOD modes dynamics, which enables the investi-
gation of the energy transfer through the nonlinear coefficients
in the ROM.

INTRODUCTION
Flow instabilities over a thin flat plate differ from those
over elliptical and circular cylinders (Thompson et al., 2014;
Williamson, 1996), despite the thin flat plate being a special
case of the degenerate elliptical cylinder. The wake reaches
a fully turbulent state at a Reynolds number (Re) of 400 in
the thin flat plate. The rib-like streamwise vortices emerge at a
lower Re (Re∼ 105) than for the circular cylinders (Re ∼ 180),
perturbing the primary vortices developed due to the Hopf bi-
furcation (Thompson et al., 2014). Also, unlike the flow over
the circular cylinder, the flow over the thin flat plate contains
an additional low-frequency instability giving rise to a shear
flapping motion in addition to the slow-varying motion doc-
umented by Noack et al. (2003). This study focuses on the

flow over a thin flat plate and aims to build an interpretable
low-dimensional framework for investigating the mechanisms
and energy transfer between modes and their impact on the
flow dynamics. Unlike the circular cylinder wake, the thin flat
plate wake exhibits a more complex energy transfer pathway
due to the additional low-frequency instabilities. Moreover,
this can explain why the flow over a thin flat plate reaches a
fully-turbulent state at a much lower Re.

Motions of different scales interact nonlinearly to trans-
fer energy to smaller scales and generate Reynolds stresses
(Tennekes & Lumley, 1972). Energy is primarily generated
through the deformation of the large scales and dissipated at
the smallest Kolmogorov scales. In the inertial scale, the en-
ergy is transferred down to a smaller scale almost without
loss. Effectively, the energy is redistributed in the frequency
and wavenumber spectrum, producing the Reynolds stresses
which in turn contribute to the deformation of large-scale ed-
dies, thereby the turbulent production. Modeling the small
scale allows an effective description of flow dynamics in terms
of large-scale coherent motions.

Reduced-order modeling (ROM) preserves the essential
features and properties of the flow, and reduces the complex-
ity of the dynamical system reconstruction by resolving the
energy-producing scales and modeling the transfer to the in-
ertial scales. In this work, we reduce the complexity of ROM
while preserving the interpretability of the ROM by selecting
a small number of energetic modes representing the flow insta-
bilities individually and capturing the large-scale motion col-
lectively.

The first step in formulating a ROM is to identify a suit-
able low-dimensional space that captures the flow dynamics.
Proper orthogonal decomposition (POD) is commonly used
to obtain an energy-ranked orthogonal basis for the velocity
field u(x, t) by extracting the flow’s coherent temporal-spatial
structure (Aubry et al., 1988; Berkooz et al., 1993). Finite im-
pulse response-based spectral proper orthogonal decomposi-
tion (FIR-SPOD), as an extension of POD, separates the uncor-
related spectral contributions at different frequencies embed-
ded within the modes. The separated energy is redistributed
to other modes, leading to a clearer interpretation of coherent
motion than POD (Sieber et al., 2016). Spectral proper orthog-
onal decomposition (SPOD) and the discrete Fourier transform
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(DFT), as spectrally pure decomposition techniques, lose in-
formation characterizing the broadband phenomena (Towne
et al., 2018). FIR-SPOD is a compromise, keeping the benefits
of both approaches to produce more physically interpretable
modes with a continuous spectrum.

Here, a dynamical system of nonlinear ordinary differen-
tial equations (nODE) is identified by projecting the Navier-
Stokes equations on the basis consisting of nine FIR-SPOD
modes. The six most energetic modes that capture the large-
scale motion and exhibit a recognizable pattern are first se-
lected. The other three modes are those showing a strong
quadratic correlation with the previous six modes, implying a
nonlinear contribution to the coherent motion. The underlying
physical mechanism of nonlinear interactions among scales in
the energy cascade cycle can be further uncovered with the re-
constructed system (Holmes et al., 1996). Equation closure
is achieved by modeling the unresolved Reynolds stresses and
dissipation following the Heisenberg model through the eddy
viscosity, which can be optimized by adjoint methods (Aubry
et al., 1988; Protas et al., 2015). The adjoint method avoids
the computation of the implicit derivative of state variables
with respect to the eddy viscosity by introducing an extra ad-
joint variable. The adjoint equation governing the adjoint state
variable assesses the sensitivity of the Galerkin system as well
(Plessix, 2006).

The objective of this study is to better understand the in-
teractions between the flow instabilities through the develop-
ment of a nonlinear system identification framework. The en-
ergy transfer through the nonlinear interaction within one or
between different scales of motion can be further investigated.
Although the nonlinear terms in the reconstructed dynamical
system are often neglected due to the dominance of the linear
terms over the phase-space trajectory, recovering and investi-
gating the nonlinear terms is still essential for understanding
the effect of the triadic interaction on the redistribution of en-
ergy within the wavenumber and frequency spectrum, under-
lying the production of Reynolds stress.

Flow Dataset Description
The dataset used to construct the reduced-order model is from
DNS using Nektar++ (Rosin, 2025). The dataset contains the
velocity field (u,v,w) and a full pressure field (p). Simulations
are conducted for 200 periodic shedding cycles and sampled at
a rate of approximately 20 snapshots per shedding cycle with a
vortex shedding frequency fvs ∼ 0.152. The dataset is defined
on the interrogation window spatially, which is a sub-domain
of the simulation space, capturing the wake formation region.
Figure 1 shows a setup schematic at the 2D plane z = 0. The
interrogation window is displayed in red.

The thin flat plate is spanwise homogeneous and emulates
an infinite span by imposing the periodic boundary condition
on the spanwise ends, with a spanwise length s = 10d. It has
been verified against experiments that the flow reaches a fully
turbulent state at a low Re = 400. The spatial resolution of the
data significantly exceeds the number of snapshots, leading to
the choice of snapshot-based decomposition technique.

METHODOLOGY
Suppose that the raw velocity field is defined as the vec-
tor u(x, t) ∈ Ω × [0,T ] and the data are in the matrix form
u ∈ M(ns×nc)×nt

, where ns,nt and nc denote the dimensions
of the space, time and velocity components and ns ×nc ≫ nt .
The velocity is firstly divided into the mean field U and the
fluctuation vector u′ by Reynolds decomposition. The total

Figure 1: Schematic of geometry and nomenclature for
thin flat plate in uniform flow over the 2D plane (z = 0)

kinetic energy (TKE) of fluctuation is calculated as the tempo-
ral average of the spatial inner product of the fluctuation with
itself, TKE = 1

2 ⟨u′,u′⟩Ω.

The Dimension Reduction (FIR-SPOD)
In FIR-SPOD, a filter {gk}

N f
k=−N f

is applied to each element
of the temporal covariance matrix of fluctuation along the di-
agonal, where a periodic boundary is assumed on the covari-
ance matrix when filtering. Ideally, the filter size N f is cho-
sen to be the characteristic time scales of the flow, or a time
span where the coherent structure shows constant dynamics if
known. Each element of the filtered temporal covariance ma-
trix of fluctuation R ∈ M(nt×nt ) can be written as:

Ri j =
1
nt

N f

∑
k=−N f

gk⟨u′ (x, ti+k) ,u′ (x, t j+k
)
⟩Ω. (1)

The FIR-SPOD temporal modes ai are obtained as eigen-
vectors from the eigendecomposition of R. The spatial modes
φ i are the projection coefficients of u′ onto the space where
all the temporal modes ai compose its orthogonal basis. u′

can then be exactly recovered using all the modes: u′ (x, t) =
∑

nt
i=1 φ i (x)ai (t). The spatial mode is normalized (||φ i||2 =

⟨φ i,φ i⟩Ω = 1), and the temporal mode is correspondingly
scaled to maintain the reconstruction of u′.

The contribution to the TKE of each FIR-SPOD mode can
be calculated using only the temporal coefficients ki =

1
2 aiai.

The TKE can be exactly recovered from: TKE = ∑
nt
i=1 ki. The

coherent motion uc is approximated by the first N selected
modes, where N << nt .

u(x, t) = U(x)+

u′︷ ︸︸ ︷
N

∑
i=1

φ i (x)ai (t)︸ ︷︷ ︸
≈uc

+
nt

∑
i=N+1

φ i (x)ai (t)︸ ︷︷ ︸
u′′

. (2)

FIR-SPOD bridges the gap between POD and DFT by
applying a low-pass filter on the temporal covariance ma-
trix to augment the diagonal similarity (Sieber et al., 2016).
The uncorrelated motion may be embedded within the POD
modes representing the coherent motion because the basis is
not frequency-ranked. Additionally, modes containing coher-
ent structures but with low energy content can be mistakenly
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truncated. Therefore, to optimize the mode interpretability
compared with the POD method, stronger filtering of inco-
herent motions is essential. Spectral proper orthogonal de-
composition (SPOD) and the discrete Fourier transform (DFT)
can isolate the dominant frequency within each mode (Towne
et al., 2018). However, because the spectra of the broad-
band phenomena are discretized when computing the cross-
spectral density matrix, they often neglect other nearby dom-
inant frequencies which imply energy exchange with coher-
ent motion of different frequencies, leading to a loss of in-
formation. FIR-SPOD can not only produce a more inter-
pretable ROM than POD, but also acts as a bandwidth filter
centered at the peak frequency on the spectrum of temporal
modes. These qualities result in clearer and more physically
interpretable modes compared to POD by reducing the vari-
ance of amplitude along diagonals on the covariance matrix
and redistributing the dynamic content to other modes. Only
the modes showing clear spatial and temporal structure (e.g.,
peak frequency/wavelength) and significant energy contribu-
tions are chosen to form the trial space for Galerkin projection
in system reconstruction.

The Galerkin Projection
Galerkin projection reduces the complexity of the dynamical
system by projecting the governing equations onto a subspace
spanned by a finite set of modes. An orthogonal basis, such
as POD spatial modes, is preferred in Galerkin projection be-
cause orthogonality can further sparsify the dynamical system
and simplify the solving process. In this study, the ROM is
reconstructed by projecting the Navier-Stokes equation of mo-
mentum onto the FIR-SPOD spatial modes. However, the spa-
tial modes φ i(x), the projection of u′ on each eigenvector of R,
are no longer orthogonal as for POD spatial modes. When the
number of the chosen modes N is sufficiently small, the mass
matrix M ∈ MN×N is close to an orthogonal matrix, where
each element is defined as

Mrs =< φ r,φ s >Ω=
∫

Ω

φ rφ sdv, r,s = 1, . . . ,N. (3)

M serves as a weighting matrix of the temporal derivative in
the system identification (Noack et al., 2011). The introduc-
tion of the mass matrix compensates for the loss of orthogo-
nality in the FIR-SPOD spatial modes and enables the com-
bination of the Galerkin projection with more general modal
decomposition methods.

The pressure field is first Reynolds-averaged, and
the pressure fluctuations are subsequently modeled using
quadratic stochastic estimation (QSE) (Ausseur et al., 2006).
Through the pressure-Poisson equation, pressure fluctuation
can be fully recovered by quadratic regression of all the tem-
poral modes. Therefore, the pressure fluctuation can be ap-
proximated as a quadratic combination of resolved FIR-SPOD
modes with coefficients determined through QSE (Noack
et al., 2005).

p(x, t) = P(x)+ p′ (x, t) , (4)

p′ (x, t) =
N

∑
i,k=0

pik (x)ai (t)ak (t)︸ ︷︷ ︸
≈pc

+
nt

∑
i>N||k>N

pik (x)ai (t)ak (t)︸ ︷︷ ︸
p′′

.

After truncating the modes based on energy content and phys-
ical interpretation, the equations need to be mathematically

stabilized; physically, the Reynolds stress and dissipation,
accounting for unresolved parts, need to be modeled. The
Heisenberg model suggests that unresolved Reynolds stress
is proportional to resolved strain stress (Aubry et al., 1988).
Therefore, the convection term including the fluctuation resid-
ual, indicating the energy transfer between the truncated mi-
croscale and the large-scale coherent motions, can be esti-
mated as the diffusion term through the eddy viscosity νT .
The reconstructed dynamical system for FIR-SPOD modes
dai
dt − fi(a) = 0, i = 1, . . . ,N can be written as:

N

∑
j=1

M ji
da j

dt︸ ︷︷ ︸
dai
dt

=−⟨∇P,φ i⟩Ω +(
1

Re
+νT (e))

N

∑
j=0

⟨∆φ j,φ i⟩Ω︸ ︷︷ ︸
li j

a j

−
N

∑
j,k=0

⟨
(

φ j ·∇
)

φ k +∇p jk,φ i⟩Ω︸ ︷︷ ︸
qi jk

a jak. (5)

The initial eddy viscosity ν◦
T is chosen from Östh et al.

(2014) and defined as:

ν
◦
T := ν

a
T

√
E(t)

Ẽ
, (6)

which amplifies the dissipation when the instantaneous re-
solved kinetic energy E(t) by the Galerkin solutions exceeds
the resolved TKE Ẽ by the chosen FIR-SPOD modes, further
guarantees the boundness of the Galerkin solution.

Eddy Viscosity Optimization by The Adjoint
Method and Solution of System
Protas et al. (2015) proposed to model the eddy viscosity as
a functional of instantaneous kinetic energy contained in the
chosen modes, denoted by νT (e), e ∈ I = [0,Emax] where
Emax represents the maximum kinetic energy that the selected
FIR-SPOD modes contain. Suppose the eddy viscosity νT (e)
is defined on the Hilbert space L2(I ), which contains all
square-integrable functions defined on I . νT (e) is optimized
to minimize the difference between the kinetic energy of the N
FIR-SPOD modes ensemble Ẽ(t) and the kinetic energy of the
corresponding dynamical system solutions E(t) = ∑

N
i=1 a2

i (t):

L (νT ) =
1

2T

∫ T

0

[
E(t;νT )− Ẽ (t)

]2 dt. (7)

The adjoint-state method is a preferable choice to com-
pute the gradient of the loss functional. the adjoint methods
avoid the computation of ∂ai

∂νT
as it requires only one extra ad-

joint equation to solve, whose computation speed is irrelevant
to the number of parameters (Plessix, 2006). The system of
the adjoint variables a∗ =

[
0,a∗1(t), . . . ,a

∗
N(t)

]
is computed as:

−
N

∑
j=1

Mi j
da∗j
dt

=
N

∑
j=1

A jia∗j +
1
T

[
E(t;νT )− Ẽ (t)

]
ai (8)

a∗i (T ) = 0, i = 1, . . . ,N, (9)

where Ai j = ∑
N
k=0(qi jk + qik j)ak + ( 1

Re + νT + dνT
de aia j)li j.

Thus, the L2 gradient of loss functional (7) for e ∈ [0,Emax]
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can be evaluated as

∇
L2L = ∑

E(a(t))=e

∑
N
i=0, j=0 li ja j(t)a∗i (t)

∑
N
i=1 ai(t)∑

N
j=1 M−1

i j f j(a(t))
. (10)

The eddy viscosity is optimized by gradient descent,
where the learning rate τ is chosen to minimize the loss func-
tion using either gradient-free methods (e.g., Brent’s method
(Brent, 1973)) or methods with loss functional gradients (e.g.,
L-BFGS method (Liu & Nocedal, 1989)):

τ = argminτ>0L (νT − τ∇
L2L ). (11)

The equation of kinetic energy of each mode can be computed
by multiplying both sides of the reconstructed system with
temporal mode and then taking the temporal average. Since
ai = 0,aia j = 2k jδi j , the equation can be simplified to

N

∑
j=1

M ji
da j

dt
ai =

n

∑
j,k=1

⟨−∇p jk,φi⟩aia jak −2⟨(∇p0i +∇pi0),φi⟩ki︸ ︷︷ ︸
pressure diffusion

+
2

Re
⟨∆φi,φi⟩ki︸ ︷︷ ︸

molecular diffusion

−
n

∑
i,k=1

⟨(φ j ·∇)φk,φi⟩aia jak︸ ︷︷ ︸
turbulent diffusion

+ ⟨(φ0 ·∇)φi,φi⟩ki︸ ︷︷ ︸
advection

+⟨(φi ·∇)φ0,φi⟩ki︸ ︷︷ ︸
turbulent production

+νT
(
1−2⟨∇φi,∇φi⟩

)
ki︸ ︷︷ ︸

dissipation

. (12)

The triadic interaction aia jak arises from the terms involving
the Reynolds stress and the pressure-velocity coupling in the
dynamical system (5). It is weighted by the nonlinear coeffi-
cient qi jk in the equation of energy (12). The nonlinear coef-
ficient quantifies the internal energy transfer by the nonlinear
interactions arising from the convection and pressure.

RESULTS
FIR-SPOD with a Gaussian filter spanning two shedding
cycles is applied on the temporal covariance matrix after
the velocity field symmetrization to obtain the antisymmet-
ric, {ai(t),φ a

i (x)}, and symmetric, {si(t),φ s
i (x)}, FIR-SPOD

modes. Nine modes are selected to represent coherent mo-
tions: first harmonic modes (a1,a2) and second harmonic
modes (s2,s3) with dominant shedding frequency fvs and 2 fvs,
shift mode (s1) contributing to the secondary instability, flap-
ping modes (a f ) potentially relating to the secondary instabil-
ity, and the induction of the rib-like vortices. The mode s8 is
chosen due to the significant correlation with s1. The modes
a3,a4 are selected as a pair showing a mixture of s1 and a1,a2.
Mode pairs are selected based on their similar energy content
and spectrum but with a π/2 phase difference (Oberleithner
et al., 2011).

Figure 2 shows the aforementioned modes as their spatial
functions in planes z = 0 and x = 2 as well as their frequency
spectra. The TKE contribution is measured by the TKE of
individual modes over the TKE contained in the interrogation
volume. The Reynolds stress u′v′ contribution is quantified us-
ing the techniques in Manohar et al. (2023). The first harmonic
modes a1,a2 contain the most energy (20.8%, 20.49%) and
contribution to the Reynolds stress (27.2%, 32.57%), and

they have a clear dominant amplitude at fvs. The second har-
monic modes s2,s3 are also observed with a single peak at 2 fvs.

The shift mode s1 contributes to the expansion and con-
traction of the wakes. The process involves energy transfer
with the two harmonic pairs. The super-harmonic resonance
in the spectrum of s1 (i.e., a spike at the frequency of second
harmonic modes) may imply an energy exchange. The shift
mode is nonlinearly correlated with the first harmonic modes

that the s1 ∝

√
a2

1 +a2
2 (Noack et al., 2003), which is shown

in the paraboloid shape phase diagram in Figure 4.
The flapping mode a f contributes to the spanwise mo-

tion of the wake in the flow-normal direction. This motion
has not been observed in the POD of the flow over the circu-
lar or square cylinder. a f may occur from the flapping of the
xy plane due to the perturbation of the spanwise inhomoge-
neous roller, or it records the initialization of the streamwise
ribs since the wavelength of eddies of a f at x = 2 falls in the
range of the quasi-periodic 3D instability (Thompson et al.,
2014).

Mode s8 has a similar spectrum as s1 and spatial mode
but with a phase shift in wavenumber, which indicates s8 is
related to coherent motion, but it’s not clear if s1 and s8 are a
mode pair because of the significant energy content difference.
Modes a3,a4 describe a convective motion propagating down-
stream, similar to the first harmonic modes. The peak of their
spectrum is between the low-frequency and fundamental fre-
quency, which indicates that they contain contributions from
both first harmonic modes and slow-varying modes, and might
imply energy transfer between them.

Figure 3 compares the raw flow field with the reconstruc-
tion of the coherent velocity uc, with the 9 chosen FIR-SPOD
modes and the mean velocity field. The frame is chosen at
t = 4.88, which is around 1.6π of the shedding phase, when
the streamwise rib structure is most easily observed in the flow.
The structures are visualized by Q=0 isosurfaces colored by
streamwise vorticity (Haller, 2005). uc recovers 47% TKE and
69% Reynolds stress u′v′ of the flow, and captures the coherent
structures. The spanwise inhomogeneity of the von Kárman
vortices, observed as the alternating streamwise vorticity and
the changing local curvature, results from the perturbation due
to 3D instabilities originating from interaction between the pri-
mary vortices and the rib-like streamwise vortices.

Above the diagonal of Figure 4, the phase portraits of
the nine FIR-SPOD modes are shown, revealing temporal cor-
relations through identifiable patterns. Circular trajectories
in (a1,a2), (s2,s3), and (a3,a4) indicate coupled oscillatory
modes with equal frequencies and quarter-phase shifts. The
Lissajous curve between the first and second harmonic modes
indicates the quadratic relationship in frequency with a phase
offset. The paraboloid between the slow varying mode s1 and

a1,a2 verifies the nonlinear correlation s1 ∝

√
a2

1 +a2
2. The

paraboloid shown between s8 and a1,a2, as well as the recog-
nizable pattern between s1 and s8 solidify the claim that s8 is
part of the same coherent motion.

Below the diagonal of Figure 4, the temporal correlation
among the temporal modes as the Galerkin system solution
from equation (5) with initial eddy viscosity ν◦

T computed
in equation (6) is displayed. The Galerkin solution exhibits
temporal correlation patterns consistent with the FIR-SPOD
modes, indicating that the ROM successfully reproduces the
temporal dynamics of captured coherent motions. For exam-
ple, the circular trajectory between a1 and a2 is associated with
the traveling instability, in this case the Kárman vortex shed-
ding. The limit cycle observed between (s2,s3), (a1,a2) and

4



14th International Symposium on Turbulence and Shear Flow Phenomena (TSFP14)
Heidelberg, Germany, July 28–31, 2026

Figure 2: The 2D spatial profiles at z = 0 and x = 0 and temporal spectrum of nine chosen FIR-SPOD modes.

(a3,a4) implies the energy is redistributed between harmonic
frequencies. A closer inspection shows that s1, a f and s8,
which relate to the slow varying motion, are coupled with the
harmonic modes (a1,a2) and (s2,s3). This ROM highlights
the interactions transferring energy between different motions.

CONCLUSION
In this study, a nonlinear system identification framework

is developed and applied to the flow over the thin flat plate
at a fully turbulent state. FIR-SPOD with a filter length of
two shedding cycles is firstly utilized to capture the coher-
ent motions from the velocity fluctuation: the primary vor-
tices, the breathing motion in the wake, and the induction
and partial occurrence of the rib-like streamwise vortices. A
ROM describing the temporal evolution of the nine chosen in-
terpretable FIR-SPOD modes is built through Galerkin pro-

jection. The dissipation and the Reynold stress contribution
due to the truncated modes are modeled as a diffusion term
through the eddy viscosity. The turbulent eddy viscosity is
modeled as a function of the instantaneous kinetic energy from
the resolved modes. The resulting Galerkin solutions cap-
ture the same intrinsic relationship among modes as the cor-
responding FIR-SPOD modes. The correlation observed in
the Galerkin system solution validates the nonlinear modeling,
and the nonzero nonlinear coefficients imply the irreversible
energy transfer between scales.

In future work, the eddy viscosity will be optimized using
the adjoint variable defined in equation (8). After extending
the reconstructed system to the kinetic energy equation (12),
the nonzero nonlinear coefficients representing the internal en-
ergy transfer and governing the triple correlation term will be
investigated.
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(a) data u colored by ωx (b) uc colored by ωx

Figure 3: The Q criterion of data and the reconstructed coherent motions at t = 4.88 colored by ωx to show the capture of
the induction and part occurrence of the streamwise ribs .

Figure 4: Phase portrait among Galerkin system solu-
tions (gray dots and below the diagonal) and the FIR-
SPOD modes (black dots and above the diagonal).
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