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ABSTRACT

The hindered settling of particles in a flow is a ubiquitous
phenomenon characterised by a wide span of spatial scales.
The main reason behind this is the formation of large particle
structures, which have the capacity to activate flow at scales
larger than the particles themselves by inducing the formation
of shear layers at their collective diffuse interface. The emer-
gence of vertical particle clusters has been previously reported
in literature. In this work, we explore new regions of the pa-
rameter space, and present findings related to the analysis of
particle structures. Notably, in conditions of high-volume frac-
tion and particle-to-fluid density ratio, we observe a regime
where the vertical coherence of the flow structures is lost, and
a churning condition showing strongly heterogeneous particle
distribution sets in. We find additional evidence that this con-
dition has a qualitatively low dependence on Ga.

INTRODUCTION

The settling of heavy particles in a fluid medium is a
deep-seated problem of strong scientific and technological in-
terest. Despite sustained efforts in the past century to inves-
tigate the physics of such flows, much knowledge, including
a phenomenological classification of different regimes, is still
missing, even in highly idealised scenarios. This is due to the
difficulties of investigating dissipative, long-range interacting,
multi-body systems and to the high dimensionality of the pa-
rameter space that settling processes inhabit. Even in highly
idealised conditions of monodispersion and absence of forcing
of the background fluid, at least three non-dimensional param-
eters are needed to describe the flow conditions: one for the
particle concentration, one for their inertia, and one to quan-
tify the intensity of the gravitational pull.

As aresult, many investigations have historically focused
on the high-dilution, small particle mass limit, which is now
generally well understood (Guazzelli & Hinch, 2011). How-
ever, outside of these specific conditions, the effects of hin-
dered flow and fluid non-linearity set in, rendering the study
of the settling process hard to tackle analytically, numerically
and experimentally.

Early theoretical and experimental work by Richardson

& Zaki (1954) showed that semi-dilute and dense particle sus-
pensions settling in the Stokes regime experience reduced av-
erage settling velocities as a result of the upward volume flux
of fluid displaced by the particles. Their study introduced the
empirical Richardson—Zaki relation v = v; (1 — ¢)", which ex-
presses the hindered settling velocity of the particle suspension
vs as a function of the single-particle settling velocity v, and
the suspension volume fraction ¢. The exponent n depends
on the Reynolds number based on the particle’s terminal ve-
locity, Re;. Within the Stokes regime, the relation has been
found to predict well the settling velocity across a sufficiently
wide range of volume fraction. The exact form of the exponent
n has been improved through several empirical investigations
throughout the years (Garside & Al-Dibouni (1977); Di Felice
(1999); Yin & Koch (2007)).

The effect of domain boundaries and the difficulties of
imaging the flow especially in dense conditions, have histori-
cally strongly affected experimental investigations in the field.
Because of this, much of the fundamental study of settling
in hindered conditions has resorted to the use of numerical
particle-resolved (PR) methods, which consider the particle as
a finite-size object, coupled with the flow by the imposition of
appropriate two-way momentum flux through its surface. De-
spite the computational expenditure associated, these methods
have provided an approachable avenue for the study of set-
tling in hindered conditions. In this line of works on the sub-
ject we find, among others, those of Kajishima & Takiguchi
(2002); Uhlmann & Doychev (2014); Willen & Prosperetti
(2019); Shajahan & Breugem (2023). The literature on the
subject has shown that outside of the Stokes regime, multi-
particle structures, or clusters can emerge, due to competing
effects on the flow (Fullmer & Hrenya (2017)). Clustering in
sedimentation processes can have important impacts, by gen-
erating regions of high-speed, downward directed flow which
particles sample preferentially, which in some cases may, for
example, enhance mean settling rates. In this work, we are in-
terested in expanding the knowledge of the settling of large,
semi-dense, assemblies of heavy particles. Compared to most
previous studies, we aim to explore a region of the parameter
space characterised by higher particle mass loading, in terms
of both particle concentration and inertia. In this limit, parti-
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cles are generally expected to be less influenced by the fluid,
and collisional effects to become relevant. In the following,
we present results connected with clustering of the particles.

METHODS

In this work, we aim to elucidate the reciprocal interac-
tion of the emerging many-particle clusters with the different
scales of the flow, the properties of the flow as a result of the
forcing imposed by the particles, and the influence on parti-
cle settling dynamics. To do this, we investigate a PR-DNS
numerical setup consisting in 0(104—105) spherical, monodis-
perse, heavy particles of diameter d falling ina Ly X Ly X L; =
80d x 80d x 200d triperiodic domain. A vertically-aligned
acceleration g is imposed to simulate the effect of settling,
along with a fixed pressure gradient. To compute the fluid mo-
tion we solve the incompressible Navier-Stokes equations in
a finite-difference solver employing a second-order central fi-
nite difference scheme in space and Adams-Bashforth in time.
The incompressibility constraint is enforced using a fractional
step method. The particle motion is computed according to
the Newton-Euler equations, and coupled to the fluid through
the Eulerian Immersed Boundary Method developed by Hori
et al. (2022). Particle-particle interactions are computed us-
ing a soft-sphere collision model, while lubrication forces arise
implicitly from the IBM. In line with recent literature, we use
as non-dimensional groups the volume fraction ¢, the particle-
to-fluid density ratio 7, and the Galileo number Ga:

_ ¥ y=Pr Ga V= 1)gd?
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Here, n), is the number of particles, V), is the volume of
a single particle, V is the total volume in the domain, p, and
py are the densities of the particles and fluid respectively, and
v is the kinematic viscosity. Based on these non-dimensional
quantities, we perform a total of nine main simulations, span-
ning about a decade in each parameter. Three different mass
loadings are investigated, with three values of Ga each. The
exact values used are reported in table 1.

RESULTS

An initial qualitative analysis of the results reveals large
phenomenological differences across the cases tested. We il-
lustrate the variety in flow structures by showing in fig. 1 the
fluid vertical velocity field u,(x) for each case. For the lowest
mass loading case, we find multiple domain-spanning elon-
gated structures, which appear to curve or branch. As density
ratio increases (middle mass loading case), we find strongly
vertical structures, spanning the entirety of domain width, and
showing very strong vertical fluid correlation. This result is
expected as particle inertia increases the scale of flow fluctu-
ations sampled by the particles. Finally, a further increase of
mass loading through an increase in volume fraction appears to
induce a transition in the flow: the vertical structures lose the
coherence that characterized the previous state and a churning,
chaotic condition takes their place. Within the investigated pa-
rameter range, we find that influence of Ga on the overall flow
structures to be relatively minor compared to the other two
parameters, affecting mostly the vertical velocity in terms of
magnitude.

The presence of a chaotic state in the fluid naturally leads
to question of particle distribution in the flow. In order to give

Table 1. Non-dimensional parameters and resolution for the
main simulation sets. N is the number of grid points in each
cartesian direction. Entries are arranged in order of increasing
mass loading: low (L), medium (M), high (H).

ID )] Y Ga
@@Ll 001 10 61 960 x 960 x 2400
@12 001 10 182 960 x 960 x 2400

L3 0.01 10 545 1280 x 1280 x 3200
® M1 0.01 100 6l 960 x 960 x 2400
M2 0.01 100 182 960 x 960 x 2400
M3 0.01 100 545 1280 x 1280 x 3200
® H1 0.10 100 61 960 x 960 x 2400
® H2 0.10 100 182 960 x 960 x 2400
H3 0.10 100 545 1280 x 1280 x 3200

Ny x N, x N

an initial answer to this, we investigate the Voronoi volumes
distribution (Monchaux et al. (2010)) as a measure of particle
clustering. The Voronoi polyhedron associated with the a par-
ticle consists in all the points within the domain that are clos-
est to that particle than any other. The volume of the Voronoi
polyhedron of the i-th particle is indicated by V! and is termed,
for simplicity, the Voronoi volume. The smaller V!, the closer
the particle is to others, and thus the more clustered. The re-
sults of the volumes distribution are presented in fig. 2. To
gauge the degree of clustering, we compare against the typical
distribution of volumes obtained for a non-overlapping, uni-
formly random (NUR) distributed suspension of spheres with
the same volume fraction as that investigated. Since ¥; Vi =V,
the presence of small volumes is always accompanied by larger
ones, associated with particles near void regions. For unimodal
distributions, there are two values of V,, where the intersection
of the distributions with the NUR reference occurs. These are
often used to assess whether particles belong to the clusters,
void regions or neither.

In the lowest mass loading case we observe a clear effect
of Ga: for the lowest values Ga = 61 we observe a distribu-
tion presenting fewer extreme volumes, and a stronger central
peak, which suggests a stabilisation effect over the suspension,
especially at short ranges. For higher values of Ga this stabili-
sation effect appears to be either lost or subdominant compared
to other effects, as the distributions widen and the peaks grad-
ually shift to smaller values of volume. By comparison, for the
middle mass loading cases a distribution much closer to that of
the reference random case is observed, despite there not being
a complete overlap. This may indicate relatively low amounts
of clustering, especially when compared to the previous cases.
For this middle mass loading case, variation of Ga within the
range investigated appears to play a minor role. Finally, for
the highest mass loading cases we obtain a broad distribution,
where the resolved portion of the tail ends show a volume ra-
tio of up to 2-10 times that of the reference distribution for
the same probability values. This highlights the presence of
highly clustered and empty regions. Again, we do not observe
strong differences across values of Ga.

While the Voronoi volume offers a first quantitative mea-
sure about the levels of clustering in the suspension, it does not
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Figure 1. Snapshots of the instant vertical velocity field for
the simulations reported in table 1. Red (blue) colouring cor-
responds to regions of upward (downward) directed fluid mo-
tion. The average fluid velocity is set to 0 within the domain.

answer questions about the microstructure, and in particular to
its directional dependence. We look into more detail about the
particle microstructure within the flow, by measuring the pair
distribution function g(r):

= X Y Sk
p\tp j:Oi;(},

Where x; is the location of the i-th particle’s centre and
d is the Dirac delta. Due to the cylindrical symmetry of the
problem, the domain of g reduces to a radial and a vertical
component. That is, in the present case g(r) = g(r||,r). We
are interested in comparing the pair distribution function to the
base random case in order to separate dynamic effects from
geometrical ones. Because of this, we study the deviation of
the pair distribution function from the reference random case:
g (r,r1) = g(ry,r1) — gnur(r,rL), shown in fig. 3. In the
case of the highest mass loading, the pair distribution anomaly
shows strong symmetry in the polar plane for all values of Ga,
suggesting a microstructure lacking strong directional prefer-
ence. For the intermediate mass loading cases, we observe a
small positive correlation across the entire region considered.
A region of stronger positive correlation is found in the hor-
izontal direction closest to the particle, while in the vertical
direction (i.e. in the particle wake) a very narrow peak of
particle concentration at contact is observed, surrounded by
a relative deficit of particles compared to the rest of the re-
gion considered. For Ga = 61 the pair distribution anomaly
becomes negative in this region, extending for approximately
5d in the wake. A narrow region of particle deficit is present
also in the horizontal direction, while the region of positive
correlation is still present, but shifted towards higher values of
r|- This directional preference of particle spatial correlation
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Figure 2. Voronoi volumes distribution for the cases investi-
gated. The wider the Voronoi distribution, the higher the de-
gree of clustering. The line indicated as NUR is for the non-

overlapping, uniformly random particle distribution, which is
dependent on ¢.

may support the idea of a statistical effect also over the shape
of the Voronoi polyhedra and may affect conclusions over the
degree of clustering that may be derived solely from the vol-
umes distribution. For the lowest volume fraction we observe
stronger variation across values of Ga. For Ga = 61 the pair
distribution anomaly is strongly negative in the immediate sur-
roundings, in both the axial and radial directions. In the axial
direction, the wake deficit extends up to approximately 10d.
Particle concentration higher than reference is present in the
radial direction past approximately 2d, similarly to the corre-
sponding intermediate mass loading case. This appears consis-
tent with the suspension regularisation effects observed from
the Voronoi analysis. The Ga = 182 and 545 cases in compar-

ison see the emergence of strong, vertically elongated clusters.

For the Ga = 182 clustering is especially strong in the wake,

in the immediate radial direction and at contact; a region of

relative particle deficit however appears in a region around in
the particle vicinity at an angle of 45-60° from the r| axis.
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Figure 3.  Pair distribution function anomaly (i.e. g*(r|,r1) = g(r|,r1) — &(r|,7L)Nur for the cases investigated. Ga increases from
left to right, while mass loading increases from top to bottom.
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CONCLUSIONS

As a whole, our preliminary results present a complex pic-
ture and show richly heterogeneous behaviour within the pa-
rameter space investigated. In the lightest mass loading case,
we observe a comparatively large influence of the fluid. This is
expected, considering the lower p,/ps. As a result, particles
appear be more strongly affected by hydrodynamic effects,
with the pair distribution function showing strong dependence
on Ga. We observe the presence of strongly anisotropic clus-
ters, similar, to some extent, to the ones observed by Uhlmann
& Doychev (2014). In our case, however, the vertical corre-
lation appears to weaken, and not span the full domain. This
can be appreciated as well from the vertical velocity structures
of fig. 1. The middle mass loading case, instead, shows strong
vertical correlation in the fluid. However, the fluid correlation
does not appear to extend to the particles, with the Voronoi vol-
umes appearing randomly distributed, and g* showing weak
clustering. Only for low Ga hydrodynamic wake screening
effects appear to remain relevant, despite the high density ra-
tio. This dynamic, which occurs also for the low mass load-
ing case, seems coherent with the the theoretical basis of the
screening effect (Koch & Shaqgfeh (1991)). In the high-volume
fraction limit, we observe a radical transition in the overall dy-
namics. Firstly, vertical coherence is lost both in the fluid and
in the particle structures. Despite the same p,/py as the mid-
dle mass-loading case, the wake screening mechanism found
in the low Ga case appears thwarted. Secondly, strong cluster-
ing, independent of Ga sets in. For the high Ga cases, the
present results may suggest a switch in the mechanism be-
hind clustering. Overall, the results presented help in clari-
fying our currently still incomplete understanding of settling
in hindered, inertial conditions.
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