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Abstract

Collective motion in active suspensions often gives rise
to complex, chaotic flow patterns that resemble turbulence on
macroscopic scales, despite originating from microscale ac-
tivity. The significant difference in scale between individual
swimmers and entire swarms renders fully resolved simula-
tions computationally intractable, thereby motivating the de-
velopment of continuum descriptions. To this end, a contin-
uum theory is developed for moderately dense suspensions
of active, ellipsoidal particles in an incompressible Newto-
nian fluid. Starting from the microscale equations that gov-
ern fluid and particle motion, a systematic volume averaging
procedure yields macroscopic transport equations that link the
microscale dynamics to continuum-scale behavior. The result-
ing two-phase formulation treats the fluid and particle phases
as interpenetrating continua with distinct velocities. The parti-
cle phase naturally exhibits micropolar behavior, accounting
for both translational and independent rotational degrees of
freedom. Steric interactions and local alignment are captured
through the Oseen-Frank elastic energy, which is incorporated
as part of the internal energy of the particle phase. Unclosed
terms are systematically closed via thermodynamic arguments,
ensuring consistency with the second law of thermodynam-
ics and frame-indifference. The model unifies hydrodynamic
and steric interactions, particle anisotropy, and activity within
a single continuum framework.

1 Introduction

Active suspensions consist of self-propelled particles that
convert internal or environmental energy into mechanical mo-
tion, thereby generating active stresses in the surrounding fluid
(Bechinger et al., 2016; Ramaswamy, 2017). These systems
exhibit rich collective dynamics, including flocking, cluster-
ing, and large-scale vortical structures with velocities far ex-
ceeding those of individual swimmers (Dombrowski et al.,
2004; Koch & Subramanian, 2011). Experimental studies on
microorganisms such as Escherichia coli and Bacillus sub-
tilis have revealed striking examples of such collective mo-
tion, including complex, chaotic flow patterns that resemble
turbulence on macroscopic scales despite originating from mi-
croscale activity. This phenomenon is commonly referred to
as active turbulence (Mendelson et al., 1999; Cisneros et al.,
2011; Koch & Subramanian, 2011).

Unlike classical turbulence, which is driven by iner-
tial instabilities at high Reynolds numbers, active turbulence
emerges at vanishingly small Reynolds numbers from the in-
terplay of two classes of interaction: steric interactions, which

arise from direct particle contact; and hydrodynamic interac-
tions, which arise from fluid flows generated by each swimmer
and influence the motion of others.

Numerous theoretical and computational models have
been developed to describe active suspensions. While particle-
based approaches (Deuflen et al., 2021) can resolve the full
coupled fluid-particle dynamics with high fidelity, their com-
putational cost limits the accessible system sizes and time
scales. This motivates the development of accurate contin-
uum descriptions. One of the earliest continuum formulations,
proposed by Simha & Ramaswamy (2002), adapts the hydro-
dynamic theory of liquid crystals to active matter and cou-
ples it with the Navier-Stokes equations via an active stress
tensor representing the collective effect of force dipoles. A
more fundamental framework was introduced by Saintillan &
Shelley (2008), who developed a kinetic theory for dilute sus-
pensions of self-propelled rods. Their model couples a con-
servation equation for the orientational distribution of parti-
cles with the Stokes equations. Ezhilan et al. (2013) later ex-
tended this kinetic approach to denser suspensions by incorpo-
rating steric alignment effects. However, all of these formu-
lations assume a single shared velocity for the fluid and parti-
cle phases. In concentrated suspensions, where drag, lift, and
interphase momentum exchange play important roles, this as-
sumption becomes inaccurate. A more realistic approach is to
treat the two phases separately within a two-fluid model (Wol-
gemuth, 2008), which is the strategy adopted in the present
work. While Wolgemuth’s model introduced separate fluid
and particle velocities together with an elastic energy for steric
alignment, it was not derived systematically from microscale
physics and lacked a thermodynamic closure.

This work adopts the Averaging Theory framework of
Anderson & Jackson (1967), originally formulated for pas-
sive suspensions of spherical particles, and extends it to el-
lipsoidal particles with orientation dynamics. The particles
are polar in the sense that they possess a vectorial propul-
sion direction. The averaged equations of continuity, momen-
tum, and energy are derived for both phases. A key finding is
that the particle phase exhibits micropolar behavior (Eringen,
1966), accounting for independent particle rotations in addi-
tion to translational motion. Steric interactions are captured
through the Oseen-Frank elastic energy, and a thermodynam-
ically consistent, frame-indifferent closure is proposed for all
unclosed terms. The model is intended for moderately dense
suspensions, where frequent collisions generate local orienta-
tional order and collective motion. This places it between the
dilute limit of independent swimming and the very dense limit
where jamming and enduring contact networks dominate.
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Figure 1. Ellipsoidal Janus particle. The active surface (red)
experiences a prescribed tangential stress A,cive acting along
the unit vector #”, while the passive surface (blue) satisfies a
no-slip condition. The unit vector d” denotes the particle ori-
entation along the major axis and n” the outward surface nor-
mal.

2 Microscopic Model

We consider rigid, ellipsoidal Janus particles with a semi-
major axis a and equal semi-minor axes b (with an aspect ratio
A =b/a), which are dispersed in an incompressible Newtonian
fluid of density p/ and viscosity f1/. Each particle p carries an
orientation vector df aligned with its major axis (see Figure 1).
The particle Reynolds number satisfies Re;, < 1 and the Peclet
number Pe >> 1, so Brownian motion is negligible.

The activity of the particles is modeled using the Janus
particle approach, whereby the surface of each particle p is
divided into two distinct regions. On the passive surface, de-

noted by Spabswe, a no-slip boundary condition is imposed

wl () = uf + &0 (v =), fory €S0 oo (1)

where uf is the local fluid velocity, u? is the velocity of the
particle’s center of mass, @ is its angular velocity, and yk is
the position of the particle’s center of mass. The convention is
adopted that repeated indices are summed over the values one
to three.

On the active surface, denoted by Sacuve, we prescribe the
tangential component of the surface traction in the tangential
direction tip . n{’ is the unit normal vector at the particle surface,
pointing from the particle into the fluid. The impermeability
condition is enforced in the directions perpendicular to tip . The
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where Gl.fj is the fluid stress tensor and A,cve(¥) is the pre-
scribed active traction magnitude.
At the microscopic scale, the fluid motion is governed by

the incompressible Navier—Stokes equations:
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subject to the particle boundary conditions (1)—(2). The dy-
namics of each particle are characterized by the motion of its

center of mass and its rotation about this point. Each parti-
cle experiences surface tractions exerted by the surrounding
fluid and contact forces arising from collisions with neigh-
boring particles. Specifically, when a particle p collides with
another particle g, particle ¢ exerts a force fP4 and a torque
¢?? on particle p. The point of application of this interparticle
force is denoted by y”4. The rigid-body equations of motion
for particle p are
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where v is the volume of the single particle, Py is the particle
density and ©;; its inertia tensor.

3 Volume Averaging

A smooth weighting function g(x,y), depending only on
|y — x|, satisfies [, gd3y = 1, where y denotes the microscale
coordinate and x the macroscale coordinate. The radius of in-
fluence ¢ of g is chosen such that ¢ < ¢ < L, where L is a
characteristic macroscopic length scale. This scale separation
ensures that the averaging process is independent of the partic-
ular choice of g. The particle volume fraction is defined as

000 = [ 2.0y, ©®

where x(y,t) is the indicator function of the particle phase.
For any microscale field y, the fluid-phase and particle-phase
averages are defined as
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where n(x,t) =Y., g(x,y”) is the particle number density, y” a
particle-level property, and ¢ = nv. Microscale fluid equations

are averaged using (7) and microscale particle equations using
(8). The key averaging identity for spatial derivatives reads

- (2 = 2 [

with an analogous identity for time derivatives. The surface in-
tegrals arising from (9), for example when averaging the force
exerted by the particles on the fluid, are expanded in a first-
order Taylor series about the particle centre y”. This yields the
zeroth and first moments of the fluid-particle interaction force
with a truncation error &'(a®/L?)
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where
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4 Macroscopic Equations

Applying the averaging operators to (3)-(5) and using the
shorthand of Table 1, the macroscopic balance equations are:
Continuity (both phases):

0% ApeUL)
“or +T—07 ac{f,p} (13)

Fluid momentum:

f f f
fﬂ:ﬂ—ﬁ#as’j. (14)
dt 8xj ! 8xj
Particle momentum:
Y
P F. 15
dr Ox; j i as

Particle angular momentum (micropolar):
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Director evolution:

d’d;
dr
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The angular momentum equation (16) reveals that the parti-
cle phase behaves as a micropolar fluid: it possesses an inde-
pendent macroscopic angular velocity Ql[-’ , which is generally
distinct from the fluid vorticity. The director equation (17) fol-
lows from the assumption of local alignment, i.e. that neigh-
boring particles are sufficiently aligned so that d;(x,¢) can be
treated as an approximately unit vector. This is justified in
moderately dense suspensions where orientational order per-
sists on scales much larger than individual particles (Cisneros

et al., 2011; Koch & Subramanian, 2011). The terms Tl{ s Tp

M;;, p F, / and Si / orlgmate from microscopic fluid tractions and
partlcle contacts and remain unclosed at the macroscale.

5 Internal Energy Equations

The effective specific internal energy of each phase in-
cludes thermal and fluctuation contributions. For the fluid
phase,

&l = (&) + 3 ujuj)’, (18)

Table 1. Shorthand notation.

Symbol Definition
p/ =p/(1-9) fluid partial density
pP =pre particle partial density
U,fA, uf averaged fluid / particle velocity
oF averaged particle angular velocity

Tuf =(1-9)(0i;)’ —p/(1—9) (uju;)!  stress tensor of fluid phase

T2 = n(s;)? — pron(ulad,)?
[j = ”(ﬂi‘ﬁp *"(Z,{"’”p

0;; = (0;)7/(p"v)

stress tensor of particle phase
couple stress tensor of particle phase

averaged inertia tensor

and for the particle phase, translational and rotational fluctua-
tion energies are both included:
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rotational fluctuation energy
19
The effective internal energy equations for each phase fol-
low from the averaged total energy equations by subtracting
the averaged kinetic energy equations. The result for the fluid
phase is
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and for the particle phase,
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where O is the effective heat flux of phase ¢, and &% is the
inter-phase energy exchange. The sum of the exchange terms
can be expressed as

é?vf_i_é%p :Ef(Ulif—UlP) (Sf)syme ek (Sf )asym(Qf QP)
(22)

Here D/, = L(9; Uf +0; Uf) is the fluid rate-of-strain tensor

ij T 2
and Q{ = 78, *0j Uk is the fluid vorticity vector.

5.1 Oseen-Frank Elastic Energy

Above the critical volume fraction ¢¢; ~ b/a, particle col-
lisions generate persistent orientational order described by the
director d;. This threshold corresponds to the point at which
each particle has on average at least one neighbor within its
effective interaction volume ba?, making collisions frequent
enough to generate persistent orientational correlations and co-
herent collective motion. The continuum description based on
the director field d; is therefore primarily appropriate in the
regime ¢ > Q. Spatial distortions of d; cost energy, modelled
by the Oseen-Frank elastic energy & (d;,djd;), which satis-
fies head-tail symmetry &% (—d;, —0d;d;) = &5 (d;,d;d;). This



14th International Symposium on Turbulence and Shear Flow Phenomena (TSFP14)
Heidelberg, Germany, July 28-31, 2026

energy is incorporated as part of the internal energy of the par-
ticle phase. The induced elastic stress and couple stress are

&Y
el _ _ 5P
ij P a(a dk)adkv (23)
&7
el _ pe. _ el
MU p 8llkdl (9(8]dk) (24)

Including the elastic contribution, the particle energy equa-
tion (21) becomes
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6 Constitutive Theory

The interaction terms Fif and Slfj are decomposed into
active and passive contributions. For a constant active stress
Agctive = Ap on Sactwe’ analytical integration over the ellip-
soidal surface under the assumption of local alignment yields

3TA0P
(Fif)active = b

Ao ¢ A2
(ifj)acﬁve: S |didj— = (8 —didj)| . @D

d;, (26)

The sign of Ag distinguishes between pushers (A < 0), which
propel by pushing fluid backwards, and pullers (A9 > 0), which
pull fluid forwards. The term (27) is the active stress dipole,
which enters the fluid momentum equation (14) through the
divergence of Sf; and drives collective flow in the suspen-
sion. This structure is consistent with the active stress ten-
sor introduced by Simha & Ramaswamy (2002) and widely
used in kinetic theories (Saintillan & Shelley, 2008; Ezhi-
lan et al., 2013), where it is typically postulated as G,?;-Ctive o<
(didj — &;j/3). However, for Aygiye 7 const, this term cannot
be derived directly from the microscale Janus boundary condi-
tion by analytical integration, but only numerically.

6.1 Entropy Principle

The passive interaction terms and the stresses are closed
using the entropy inequality. Assuming local thermal equi-
librium between the phases (3/ = 9 = ¥), introducing the
Helmbholtz free energy ¥* = &% — 9%, and incorporating
the incompressibility constraint

an oul ¢

S w/-urHy =0 (@8

(1-0)—

via a Lagrange multiplier { (Atkin & Craine, 1976), the second
law ¢I1 > 0 yields the full entropy production rate, which de-
composes naturally into three contributions: dissipation in the
fluid bulk ©11/, dissipation in the particle bulk 9TI”, and me-
chanical dissipation at the fluid-particle interface ITnterface —

Hlnterface,l + HImerface,Z

OI1 = [T+ (1-9)P/8;]D

oI/
+ [TE=T5 + 9 PP &;) Ayj + (MF—Mg})By;

oI1P
+ [(Fif)passive*Pfa,'qﬁ] (Uifoi/’)

O Tinterface, 1
Sysym - nf S yasym f_op
+ (Su)passweDtj + sljk(skj)passwe (Qi _‘Qi ) >0, (29)
ﬂninlerface. 2

where A;; = ;UF + £, Qf and B;; = 9,QF . The active inter-
facial contribution,

_ (S f fysym f
HMlactive = (Fl )acnve(U Up) (S )actlveDlj
+ €5k (1) e (2 =920, (30)

is excluded from the inequality. The present formulation only
resolves the mechanical aspects of active suspensions; the bio-
chemical processes powering particle activity, such as ATP
hydrolysis, are not modeled explicitly. Consequently, IT,ctive
need not be non-negative, since particles convert chemical free
energy into mechanical work rather than dissipating it. In a
complete chemo-mechanical framework, the positive entropy
production of the underlying chemical reactions would com-
pensate for this, ensuring global compliance with the second
law. Since activity is introduced here through prescribed mi-
croscale boundary conditions (2), the corresponding macro-
scopic active terms follow directly from averaging and require
no additional thermodynamic closure.

6.2 Equilibrium and Non-Equilibrium Decom-
position
At equilibrium, the stresses and couple stress reduce to

(TH)E=—(1-9)P'5;, 31)
(1)) = —9PP8,;+ T8, 32)
(MF)F = Mg}, (33)

L

where P/ and PP are the partial pressures. In the dilute limit,
where interparticle contacts are negligible, the partial pres-
sures of both phases are equal, P/ = P? = P. In moderately
dense suspensions, however, interparticle contacts generate a
finite excess pressure in the particle phase that increases with
both volume fraction and shear rate. To account for the ele-
vated particle pressure due to interparticle contacts, we adopt
the Morris-Boulay model (Morris & Boulay, 1999):

2 -2
W:ﬂ+wm<f)<tf) 7, (34

where K, is the dimensionless contact strength, ¢, the max-
imum packing fraction, and 7’ = ,/A;;A;; the particle shear
rate.
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Each field is then decomposed into its equilibrium and
dynamic parts:

\d.
Tif = —(1—¢)Pf8,»j+(Ti-jf.) n
1 d
Tg =—¢PP&;;+Tj; +(Ti§) yn
4 1 pAd
M], =M + (M),
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i /passive’

The entropy production rate expressed in dynamic variables is

OI1 = [(T)4" + (5],

fyd f S f
+(F; )ngsive(Ui _Uip) +8ijk(skj);?sl:ilve(gi _Qtl')) > 0.
(36)

Jowive] D+ (T5) 2744+ (MF) "B

passive

6.3 Constitutive Relations

The entropy inequality (36) imposes constrains on the ad-
missible constitutive relations, but does not uniquely deter-
mine their functional form. Three principles govern the clo-
sure. First, phase separation (Wang & Hutter, 1999): the con-
stitutive relations of each phase depend solely on the kinematic
variables of that phase. Second, frame-indifference: all con-
stitutive relations must remain invariant under time-dependent
rigid rotations of the observer frame, which restricts the tensor
structures that may appear. Third, linear approximation: each
dynamic quantity is expressed as an explicit linear function
of the corresponding thermodynamic driving variables, with
coefficients that may depend on scalar invariants. This is the
simplest physically reasonable choice in the absence of exper-
imental evidence suggesting more complex behavior. The re-
sulting constitutive relations are:
Fluid stress:

(1)) =20/D]; 37
Particle stress:

(T = A" + Al i () dd ] ™™ — S (5)) ™,
(38)

(2P)m =y (Qf —QF + AejudiAp, " dm) (39)

where Q{) = %Eijkaleg), Yii=n (5,']' 7d,‘dj) + ’)/Qd,'dj, and

Nijit = M 0Okt + M2 (8 Ojx + G 8j1) + N3 (dd; 6 + did ;O
+N4(did; O+ d jdi 8y + d jd; Sy + didi 8y
+ Tlsd,'djdkdl. (40)

The general form of 1;;,; follows from the representation
theory of isotropic tensor functions (Spencer, 1971), applied
to a fourth-order tensor depending on the unit vector d;, to-
gether with Onsager reciprocity (Onsager, 1931), which im-
poses M;jx = MNiij and reduces the number of independent co-
efficients. The constitutive relations for the particle stress must
additionally be invariant under d; — —d;, reflecting the head-
tail symmetry of the collision behavior between elongated par-
ticles. The effective viscosity of the particle phase is therefore
not a scalar but an anisotropic, director-dependent quantity,

which gives rise to normal stress differences.
Farticle couple stress:

. aQr

(Mi’})dy "= ﬁij‘le]gm + B3 [€)is + Edidj — €jradidi| €1mn Wn:
m
(41)

with B, = B1(8ij — did;)(8u — didy) + B2[(8y — didy) (8¢ —
did;) + (8 — didy) (81 — djdy)]. The structure of B, is cho-
sen to maximize projectors (0;; — d;d;), reflecting the fact that
the component of Qf parallel to d; plays no role in the orien-
tational dynamics.
Interaction terms:

f
fydyn ! f Ui
(Fz )passive =K (Ui - Uzp) + K'28ijk(Uj - U]P)eklmel7
(42)
(Sg;);}e;rsnsive = v1D1J;7 43)
(5] Dpassive = —Va£ujk (2 — ). (44)

The first term in (42) is the drag force, while the second is
a nonlinear lift force that does not contribute to the entropy
production rate. However, it is retained as it may become sig-
nificant in regions of high shear or near walls. Additional con-
tributions, such as Faxén corrections accounting for curvature
in the ambient flow field or diffusion-like terms driven by gra-
dients in volume fraction and shear rate, may be incorporated
provided consistency with the entropy inequality is verified.

6.4 Thermodynamic Constraints
Substituting the constitutive relations (37)—(44) into the
entropy production rate (36) yields

O = (2u/ + vl)(Difj)z +A;;0jkiAw + BijBijiiBr
+ (U —UP? +wy(Qf —aF)? > 0. (45)

Since the entropy production rate attains its minimum, i.e.
zero, at thermodynamic equilibrium, the necessary condition
for this minimum requires that the second derivative of IT with
respect to the thermodynamic driving variables, evaluated at
equilibrium, is non-negative definite. This yields the follow-
ing constraints on the material parameters:

20l +vi >0, K>0, v»>0, (46a)
n=0 1rn=>0 m>0, Mm+mn=>0, (46b)
M+M420, Mm+2Mm+2n3+4n4+n52>0,  (46¢)
(M +m) B +414+15) > (M2 —m3)*, (46d)
B2>0, Bi+p2>0, B3>0 (46e)

These inequalities constrain the five viscosity coefficients
{n;}, the two rotational viscosities {¥; }, the three couple-stress
viscosities {f;}, and the interaction coefficients {xy, vi,v2},
providing a complete set of admissibility conditions on the ma-
terial parameters of the model.
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7 Relation To Existing Models

The present framework provides a consistent generaliza-
tion of the two-fluid model of Wolgemuth (2008). In a two-
dimensional periodic domain, neglecting fluid and particle in-
ertia, using a Newtonian (isotropic) closure for the particle
stress, excluding dynamic couple stresses (f; = 0), retaining
elastic contributions only in the angular momentum balance,
taking the slender-body limit (A < 1), and neglecting the
Saffman lift force (k; = 0), the governing equations reduce
to the structure of Wolgemuth’s model. This confirms that the
present formulation recovers known results in the appropriate
limit, establishing it as a systematic extension of that model
to three dimensions, arbitrary aspect ratio, full micropolar dy-
namics, and a thermodynamically derived closure.

8 Concluding Remarks

A two-phase, thermodynamically consistent continuum
theory has been developed for moderately dense active sus-
pensions of ellipsoidal particles. This work is distinguished by
four central contributions.

First, the micropolar structure of the particle phase arises
naturally from the volume averaging of rigid-body rotation.
The director evolution equation follows directly from the av-
eraged angular momentum balance, providing a physically
grounded description of rotational dynamics.

Second, two distinct velocity fields for the fluid and parti-
cle phases are retained, with all fluid-particle interaction terms
being explicitly closed. The explicit resolution of relative
phase motion enables the model to capture drag, lift, and inter-
phase momentum exchange, all of which become significant
at moderate volume fractions.

Third, the active stress is derived analytically by di-
rectly integrating the Janus boundary conditions over the el-
lipsoidal surface. This yields explicit expressions for pushers
and pullers in terms of the active stress magnitude Ay, the as-
pect ratio A, and the volume fraction ¢.

Fourth, a thermodynamically consistent closure is pro-
posed for all unclosed terms. The constitutive relations
are derived under the principles of phase separation, frame-
indifference, and linearity. The second law of thermodynam-
ics is enforced by requiring the entropy production rate to at-
tain its minimum at equilibrium, yielding explicit admissibility
constraints on all material parameters. This provides a system-
atic and physically consistent basis for the model that does not
rely on ad hoc assumptions.

The resulting model reduces to the two-fluid framework
of Wolgemuth (2008) in the inertia-free, slender-body, two-
dimensional limit, confirming the consistency of the present
formulation. The theory is intended for moderately dense sus-
pensions in the regime of frequent but short-lived interparti-
cle collisions (¢ > @), and is not designed to capture either
the dilute limit of independent swimming or the jammed limit,
where enduring contact networks dominate. Future work will
focus on numerical simulations of representative active sus-
pension configurations to assess the model’s predictive capa-
bilities across different geometries and flow regimes.
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