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ABSTRACT

The convection velocity of turbulent structures is cen-
tral to Taylor’s hypothesis and to the interpretation of time-
resolved measurements in wall-bounded turbulence. While the
convection behaviour of velocity fluctuations has been stud-
ied extensively, much less is known about passive scalar fluc-
tuations, despite their relevance to temperature-based wall-
shear-stress estimation and heat-transfer modelling. In the
present work, the scale-dependent convection velocity of pas-
sive scalar structures is analysed in turbulent plane channel
flow by extending the residual-minimisation approach of del
Alamo & Jiménez (2009) to the passive scalar transport equa-
tion. Direct numerical simulations of doubly periodic chan-
nel flows are performed at friction Reynolds numbers Re; =
180, 500, 1000, while passive scalars with Prandtl numbers
Pr=0.025, 0.4, 1 are considered. The results show that the
global convection velocity of passive scalar fluctuations ap-
proaches the local mean streamwise velocity away from the
wall, but tends to a finite near-wall value that increases as Pr
decreases. This behaviour is linked to the stronger contribu-
tion of large, fast-convecting structures in low-Pr flows. A
scale-resolved analysis further shows that larger scalar struc-
tures convect at velocities closer to the bulk velocity, whereas
smaller scales are more strongly influenced by the local mean
flow. In addition, the near-wall convection behaviour is found
to deviate from previously proposed empirical scaling laws for
Pr < 1 and to exhibit a measurable Reynolds-number depen-
dence. These findings improve the physical understanding and
modelling of passive-scalar convection in wall turbulence and
support the development of thermographic methods for indi-
rect wall-friction estimation.

INTRODUCTION

In wall-bounded turbulent flows, such as plane chan-
nels, pipe flows and boundary layers, the idea that turbulence-
fluctuation patterns on a plane parallel to the wall are primar-
ily advected downstream while remaining approximately unal-
tered dates back to Taylor’s frozen-turbulence hypothesis |Tay-
lor|(1938). In mathematical form, the hypothesis states that the
material derivative of a flow quantity g(x,7) is approximately
Zero:

ey

where Uc 4 is the so-called convection velocity, i.e. the aver-
age velocity at which fluctuation patterns of ¢ are convected

downstream along the streamwise coordinate x, and ¢ denotes
time.

Taylor’s hypothesis in the form of equation (I) plays a
central role in the study of wall-bounded turbulence (Taylor,
1938; [Moin, 2009). It is ubiquitously applied to convert tem-
poral fluctuation histories, such as those typically acquired via
hot-wire anemometry in laboratory experiments, into spatial
ones. Conversely, spatial fluctuation data, such as those ob-
tained from flow snapshots in numerical simulations, can be
converted into temporal signals, which are more difficult to ob-
tain numerically. Then, the convection velocity Ue 4 is closely
related to the evolution and propagation of the turbulent eddies
that populate wall-bounded turbulent flows and is therefore
linked to several important properties of such flows. Most no-
tably, U 4 in the immediate vicinity of walls has been observed
to be proportional to wall friction (Jeon et al., [1999; |Quadrio
& Luchini, [2003) and is therefore used as a proxy for develop-
ing indirect convection-velocity-based measures of wall shear
stress (see, e.g. [Miozzi & Costantini|(2021)), a quantity that is
typically difficult to measure directly.

Retrieving convection velocities is challenging even at a
theoretical level, as the Taylor hypothesis in equation (1)) holds
only approximately. Several convection velocity definitions
can be thought of and many propositions have been suggested
in the literature, all focussing on slightly different aspects of
the actual physical flow behaviour (Hussain & Clarkl 1980
Goldschmidt ef al.| |1981). Two main approaches exist in the
literature: one based on space-time cross-correlations and one
based on minimising the residual of the Taylor hypothesis it-
self. Loosely speaking, with the cross-correlation method U 4
is obtained as Uc 4 = Axmax /At by shifting two consecutive
spatial wall fluctuation patterns separated by a time lag Ar
along the x-direction by an amount Axp,x, which maximises
the correlation between them. This procedure has been widely
used to determine the convection velocity of velocity fluctua-
tions (Quadrio & Luchini, 2003} Kim & Hussain,|[1993). Well-
known limitations are the sensitivity to spatial and temporal
resolutions, placing stringent requirements on numerical and
experimental data, and the requirement for a clearly defined
streamwise direction, along which the celerity is evaluated.

A more general physics-based approach (del Alamo &
Jiménez} [2009) relies on the Taylor hypothesis of equation (T)):
Uc 4 is determined as the one, for which the hypothesis applies
the best, i.e. which yields the minimum residuum in the least
square sense. This method, first applied to numerical data of
turbulent channel flows by ldel Alamo & Jiménez (2009) pro-
vides several advantages. The residual of equation (I)) quan-
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tifies how well the Taylor hypothesis holds through, thereby
assessing the well-posedness of U ,. When all terms in the
governing equations for ¢ are available, the temporal deriva-
tive can be replaced, enabling the estimation of U, , from spa-
tial information of a single flow snapshot. This also allows
examination of the contribution of individual physical mech-
anisms (terms in the governing equations) to the convection
velocity.

However measured, U, was shown to be dependent on
many factors such as the distance to a solid surface in wall-
bounded flows (Kim & Hussain, [1993; |Quadrio & Luchini,
2003), dimensionless numbers, e.g. Re (Romano, |1995; Khoo
et al.l 2001), or the characteristic size of the considered tur-
bulent fluctuation represented by its wavenumber vector k in
Fourier-space (Wills|, 1964} |Cho1 & Moin, [1990; Jeon et al.,
1999; Renard & Deckl [2015). Especially the latter is an im-
portant aspect, for example, in the modelling of spatial turbu-
lence spectra from temporal ones (Cui & Jacobil |2024), as ne-
glecting the scale-dependence of U, 4 is shown to lead to large
errors (Zaman & Hussainl [1981). Convection velocity defini-
tions taking this scale dependence into account generally re-
quire spectral information in both the spatial and the temporal
directions (Wills, [1964; |Hussain & Clarkl |1980) and are thus
hard to measure in both numerical and laboratory experiments.
As a result, information on the scale dependence of convec-
tion velocities from literature besides the work by del Alamo
& Jiménez| (2009) is rare, it focuses mostly on the propaga-
tion of velocity fluctuations and thus do not consider passive
scalars, such as those employed to represent small temperature
fluctuations.

Understanding the behaviour of the convection velocity
of temperature fluctuations is extremely relevant, for example,
for the development of novel temperature-based indirect mea-
surement of skin friction (Miozzi & Costantini, [2021)) and for
the modelling of conjugate heat transfer (Hetsroni et al.| 2004).
Furthermore, the influence of the Prandtl number on the con-
vection velocities of temperature fluctuations has only been
studied to a small extent (Kowalewski et al., 2003; [Hetsroni
et al., [2004; L1u et all 2023), and lacks the dependence on
different turbulent scales, which remains largely unexplored.
With the aim of making first steps in filling this gap, the present
work exploits direct numerical simulations (DNSs) of plane
channel flow to address the scale-dependent convection veloc-
ity of temperature fluctuations in turbulent channels at differ-
ent Reynolds Re and Prandtl Pr numbers, applying for the first
time the approach by |del Alamo & Jiménez| (2009) to the tem-
perature equation.

NUMERICAL METHODS

The doubly-periodic turbulent channel with its geomet-
ric dimensions in the x (streamwise), the y (wall-normal), and
the z (spanwise) direction are shown in figure [T] together with
the respective velocity components U, V, and W. Besides the
equations for mass and momentum transport, additional trans-
port equations for passive scalars are solved with the spectral
solver Fast&Fourier based on the algorithms described by [Lu-
chint & Quadrio| (2005). Both the streamwise velocity com-
ponents and the passive scalars are driven by setting their re-
spective bulk values to unity in every time iteration by means
of homogeneous forcing (Pirozzoli et al.,|2016)). The passive
scalars and velocity are set to vanish at the walls of the channel.
Three simulation cases are conducted with friction Reynolds
numbers Rer = uch/v =€ {180, 500, 1000}, defined by the
friction velocity ur, the channel half-width A, and the fluid
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Figure 1. DNS configuration of plane channel flow

kinematic viscosity v. In each simulation, passive scalars with
Prandtl numbers Pr=v/a =€ {0.025, 0.4, 1} are considered,
where a is the thermal diffusivity. Statistically independent
flow snapshots are saved and later used for evaluation of the
convection velocities, which we compute for both the veloc-
ity and temperature fluctuations. The convection velocities are
computed with the method by |del Alamo & Jiménez (2009),
here extended to passive scalars for the first time. Accordingly,
the convection velocity u. @ of passive scalar (®) fluctuations
of a given streamwise and spanwise wavenumber — denoted
respectively as ky and k; — is computed as:

m (@5 )]

k(8°0) ?

uC.@(kxak27y) =

=

where ( - ) indicates the ensemble average and 6 := © — (®)
is the passive scalar fluctuation. The Fourier coefficient of a

quantity is indicated by (/-\), while (- )* denotes it’s complex-
conjugate.

The global mean convection velocity is defined as (del
Alamo & Jiménez, [2009):

/ /K e 0k20" 0 dkydk.

Ucoly) === e~
/ / k26" 6 dk,dk,

H

as a weighted average of u.@ over a wavenumber (sub)set
2 . This quantity is closely related to the typical (non-scale-
dependent) convection velocity definitions found in the litera-
ture (Hussain & Clarkl [1980; |[Kim & Hussainl |1993; |Quadrio
& Luchini, [2003)).

3

RESULTS
Global convection velocity

In figure 2] the global convection velocities of passive
scalar fluctuation at different Prandtl numbers are shown as
function of the wall distance. The space of all wavenumbers
is considered for % in equation (3). The subfigures show
the results of the simulations at Re; ~ 180, Re; =~ 500, and
Re; =~ 1000, from left to right. The mean streamwise velocity
(U) and the bulk velocity Uy, are shown for comparison, and
viscous scaling (based on u; and V) is applied to all quantities
and denoted with the superscript ‘4.

The convection velocity U:(a for Pr = 1 closely resem-
ble Uc*: . the one for the streamwise velocity fluctuations (not
shown). While UC+_ @ at all Pr tends to be close to (but slightly
smaller than) the mean streamwise velocity towards the chan-
nel centre, different-Pr clearly show different convection be-

haviour closer to the wall. As already observed for Ucfu
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Figure 2. Overall convection velocities of passive scalar fluctuations with respect to wall distance in viscous units at —, Pr =0.025;
, Pr=10.4; ——, Pr=1. Also shown for reference are the respective values of ------- R UJ ;---, (U +).
(Quadrio & Luchini} 2003; del Alamo & Jiménez, 2009), also 20 .
UC'*' o becomes constant and is nonzero in proximity of the wall,
a feature typically attributed to the footprint of turbulent eddies o 1.0 LI
farther from the wall, mainly residing within the buffer layer, 5 0.8+
inducing fluctuation on the near-wall layer. With a decrease 3 0.6 >
in the Pr-number, larger values of U, j @ can be observed close =
. . . .o 0.4 1
to the wall, while this relationship is inverted at the channel
centre. Qualitatively, this can be attributed to the larger char- )
acteristic lengthscales of passive scalar fluctuations in low-Pr 0.2 T T T T
: 1072 107! 10° 10! 102
flows. Since large structures occupy larger areas of the turbu- P
.

lent channel and they can be assumed to advect downstream
at a speed similar to the mean velocity at their baricenter,
their convection velocities become closer to the bulk velocity.
Smaller structures on the other hand are strongly localised and
their convection velocity thereby closely related to (U). This is
most clearly observed for Pr = 0.025, where UC+_ o 18 the largest

of all passive scalars at the wall (where U,” > (U™")) and the
smallest at the channel centre (where U;” < (U™)). Addition-
ally, we observe that the wall distance at which curves of U: )
at different Pr cross each other gets for increasing Re closer
and closer to the y™, at which (U) becomes larger than U, .

The constant near-wall value taken by U C+ o 1s particularly
relevant due to its relationship to the wall shear stress 7,, in
canonical wall-bounded flows, which may be exploited to in-
fer friction (Liu & Woodigal 2011;|Miozzi & Costantinil |2021]))
from time-resolved thermographic measurements (Liu ef al.,
2021} |Astarita & Carlomagnol [2012)) of wall temperature fluc-
tuations. Currently, the only work systematically investigating
the wall value of Ugf@ at different Pr-numbers is the one by
Hetsroni et al.|(2004), who addressed U: ° in turbulent open-
channel flows at Re; = 171 and Pr € {1, 5.4, 54}. |Hetsroni
et al.| (2004) proposes that the near-wall value of U:G) for a
constant temperarture wall is directly proportional to the one
taken by UZ,, which is approximately U, ~ 10, according to
the followiﬂg empirical relationship: '

c,u

U,
Uco = — (near the wall). (@)
Pr3

Figure shows the near-wall (y™ < 2) ratio U : o/Ud, as func-
tion of the Pr-number, and compares the data by|Hetsroni ef al.
(2004) and the proposed scaling law (@) with the present data
at different Re-numbers. As is evident from figure[3] the val-
ues of the lower Pr number scalars do not follow the trend

Figure 3.  Dependence of the overall convection velocities of
passive scalar structures on the Prandtl number in close vicin-
ity to the wall. Depicted cases are ®, Re; ~ 171 (Hetsroni
et al.|[2004); @, Re; ~ 180; ®, Re; =~ 500; @, Re; =~ 1000. Also
shown for reference is ——, equation 4 (Hetsroni et al.||2004)

proposed by Hetsroni et al.{(2004): U, ¢ /U,y is significantly
smaller than 1 /Prl/ 3 for all the considered cases with Pr < 1.

The effect of changing Reynolds number on U: o is lim-
ited overall, but it measurably affects the constant value ap-
proached in the wall vicinity and becomes increasingly impor-
tant for decreasing Pr-numbers. This effect can be explained
by considering the fluctuation energy spectra and the scale-
dependent convection velocities, as will be done in the upcom-
ing section.

Convection velocity at different lengthscales

The definitions given in equations (2) and [3] allow to
assess the convection velocity of ® fluctuations occurring
at different characteristic lenghtscales. On the one hand,
u:r@ (kx,kz,y) can be computed via equation (2)) as function of
the wavenumbers ky and k; representing the two statistically
homogeneous directions, and the wall-normal distance. On
the other, equation (@) can be employed, as done for the over-
all convection velocity, albeit with a suitable definition of the
integration domain ~#", in order to assess the convection ve-
locity across a specific range of scales. In the following, both
approaches are pursued, starting from the latter.

A scale-dependent convection velocity, which we indicate
with Ucf o(4,y), is computed as a function of the isotropic
lengthscale AT = 27/k™ and the wall-normal distance y™*
by integrating (3) over a domain ¥~ encompassing a circu-
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Figure 4. Maps of U (A,y) as a function of the isotropic lengthscale A+ = 27 /k* and the wall normal distance y*. U (1,y) is
g P coAy P g y oY

computed by integrating equation (@) for % representing a circular wavenumber shell k = |/k2 + k2 of constant wavenumber vector

magnitude. Pr increses from left to right, Re from top to bottom.

lar wavenumber shell k = |/k2 + k2 of constant wavenumber

vector magnitude. Figure 4| shows Ug(A,y) for the differ-
ent Re and Pr-values. A near-wall region of y-independent
U j o(A,y) is visible at all A as approximately vertical con-
tour lines in figure [d The wall-normal extent of such region
increases with AT and is larger for larger A ™. Moreover, a re-
gion farther from the wall where Ucf o(A,y) becomes approx-
imately, yet not exactly, scale independent can be identified
as approximately horizontal contour lines in figure E[ Only
for Pr = 0.025 U:b(?h7 y) retains its scale-dependence at all
wall-normal distances, with a rapid decline of U:e(lv y) for
AT <30atall y*.

A more quantitative analysis of these two regions is pre-
sented in figure [5| where U:@)(?L, y) is shown near the wall
(y" = 5) and farther from it (y© = 150). At y™ =5, the
scale-dependent convection velocity varies mostly with Pr
and is less dependent on Re. For a given Pr, it becomes
Re-independent below a certain value of A, which we ob-
serve to be approximately A™ approxRe; with a tendency
to become smaller for smaller Pr numbers. A different be-
haviour is observed at y* = 150: U:G(l,y) varies mostly
with Re and depends mildly on Pr, differing markedly only
for Pr=0.025. The scale-dependence of U (2,y) is mild
at this wall-normal height. We observe that the A-behaviour
of the scale-dependent convection velocity between the two

largest Reynolds numbers is very similar for the two largest
Pr-numbers and differs mostly by an offset of UCJr o indepen-

dentof AT,

Finally, we extend the analysis by considering the con-
vection velocity uc @ (kx,kz,y) as defined in equation (@), i.e.
as function of the streamwise and spanwise wavenumbers, &
and k, respectively, and wall-normal distance. Figure|§| shows
uc @ (kx kz,y) at y© =5, i.e. in the near wall region, for all
considered Pr- and Re-numbers. For clarity, the data is pre-
sented as function of A" = 27 /k} and A;F =27 /k} — the
streamwise and spanwise wavelenghts — and the u. @ map is
smoothed through a moving average with a rolling (3 x 3)-
window applied in the discrete (k" k")-space. For all Pr- and
Re-numbers, an area of large statistical noise at ;" > A", al-
ready observed by |del Alamo & Jiménezl (12009I) for uc y, has
been omitted. Its existence is ascribed to a poor convection
velocity estimation for very elongated fluctuations, which then
feature small gradients along the streamwise direction, in par-
ticular if their temporal lifespan is short, as it may be the case
for fluctuation with at small A".

Figure[@]shows that, while the fluctuation energy is known
to be distributed anisotropically, uc @, albeit not exactly, is
approximately isotropic, supporting the simplified analysis in
terms of a single isotropic wavelength AT of ﬁgures@and

Regardless of the Pr-number, an increase in Re; is ac-
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Figure 5. Scale-dependent convection velocity Ucf o(A,y) of

passive scalar fluctuations as a function of the isotropic length-
scale AT =2xm/k* at y* =5 (top) and y* = 150 (bottom).

Line colors denote Pr: —— Pr = 0.025; Pr=04;
—— Pr = 1. Line styles denote Re:: Re; = 180; - - -
Re; =500; -+ Re; = 1000.

companied by an increase in the spectral convection veloc-
ity, particularly at the larger wavelengths: an observation al-
ready made in the context of figure[5] This is visible here as
a shift of the respective u:r@ isolines towards smaller wave-
lengths with an increase in the Reynolds number. On the other
hand, decreasing the Pr-number yields to an increase of ”2_,@

at all (A;7,1;") and for all Re. This Pr-number effect is addi-
tionally emphasised on the global convection velocity by the
respective positions of the peaks of the premultiplied energy
spectra in dependence of Pr: for Pr = 0.025 most fluctuation
energy resides within larger, faster-travelling structures, while
medium-sized scales hold most of the energy for Pr = 0.4 and
Pr =1. Even though flows with larger Prandtl numbers con-
tain more passive scalar energy, in general, the respective dis-
tribution of it leads to a dominance of faster convected struc-
tures in lower-Pr flows. An increase in large-scale energy is
visible with larger Reynolds numbers. Due to the definition of
equation (3), both changes in u:@) and kT k¢ with Reynolds
numbers affect the behaviour of the overall convection veloci-
ties seen in figure[2] Since these shifts are slightly different for
the three Pr-numbers, their effects on the overall convection
velocities also differ.

CONCLUSION

This work aimed at shedding light on the behaviour of
convection velocity of passive scalar fluctuations, such as
small temperature fluctuations, in wall-bounded turbulence at
different values of Prandtl (Pr) and Reynolds (Re;) number.
The results of |del Alamo & Jiménez (2009) were chosen as
a starting point for the presented research. DNSs of dou-
bly periodic turbulent plane channel flows were conducted at
Rer € {180, 500, 1000} with Pr € {0.025, 0.4, 1}. Close to
the channel centre, the overall convection velocities are closely
aligned with the mean streamwise velocity profile, while ap-
proaching a constant value near the wall due to the footprint

of the turbulent eddied located in the buffer layer and further
from the wall. The near-wall value of the convection veloc-
ity increases with a decrease in Pr, due to the tendency of
such flows to form passive scalar fluctuation of larger char-
acteristic lengthscales. In general, the convection velocities
of larger scales have been shown to be closer to the bulk ve-
locity, whereas the convection of smaller scales is dominated
by the local mean streamwise velocity. The results of |[Het-
sroni et al.| (2004) were revisited and a deviation from their
proposed empirical correlation is found for the convection of
passives scalars at Pr < 1, and a previously unobserved Re-
number dependence. The behaviour of the overall convection
velocities has been related to the distributions of the respective
spectral convection velocities and energies in the wavenumber
space. When computed in terms of a single isotropric wave-
length AT, the spectral convection velocity does only depend
on AT and not on the wall normal distance in a near-wall layer,
whose wall-normal extent increases with A+ and is generally
larger for larger Pr-numbers. Farther from the wall, the op-
posite occurs: the convection velocity becomes only mildly
dependent on the scales and varies mostly with the distance
from the wall. The cases with the lowest considered Prandtl
number (Pr = 0.025) are an exception and preserve a scale
dependence, particularly at small A, up towards the channel
centre.

These results will be useful to improve the current de-
scription and models for the convection velocity of passive
scalar fluctuations and can aid the development of thermo-
graphic techniques for the convection-velocity-based estima-
tion of wall friction. Future developments should address
Prandtl numbers larger than unity at various Reynolds number
and expand to different temperature wall boundary condition,
such as constant heat flux or conjugate heat transfer. Moreover,
the empirical model for the convection velocity developed by
del Alamo & Jiménez (2009) should be extended to passsive
scalar fluctuations.
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