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ABSTRACT

This study investigates the optimization of cold flow in a
hydrogen jet burner to mitigate the risk of flashback. The objec-
tive of the optimization was to increase the wall-normal veloc-
ity gradient in the mixing tube while decreasing the centerline
velocity. Two optimization parameters were considered: first,
the injection of secondary flow through boundary-condition
optimization and second shape optimization. The descent di-
rections were computed from gradient information obtained
with incompressible Reynolds-averaged Navier-Stokes simu-
lations, closed by a k-¢ turbulence model. The central tool
is the newly developed unified framework FlexiRANS, which
solves the forward problem and symbolically derives adjoint-
based sensitivities of integral quantities in an automatic man-
ner. For shape optimization, mesh quality was preserved by
computing mesh deformations based on an analogy to linear
elasticity. Differentiable Dirichlet boundary conditions were
imposed using Nitsche’s method. The paper concludes with
preliminary experimental investigations of the shape-optimized
mixing tube, which indicate a flashback shift of more than 11%
in equivalence ratio relative to the straight baseline tube and
thus demonstrate the potential of the proposed approach.

INTRODUCTION

The increasing demand for carbon-free electricity gener-
ation and stability of the electrical grid has intensified interest
in hydrogen as an energy carrier for gas-turbine applications.
However, compared with conventional hydrocarbon fuels, hy-
drogen exhibits substantially higher reactivity. As a result,
hydrogen flames are prone to propagate upstream from the
combustion chamber into the premixing section when conven-
tional swirl-stabilized burners are employed. This phenomenon
represents a major obstacle to the safe operation of premixed
hydrogen combustors.

To reduce the propensity for flashback (FB), hydrogen
combustors often rely on jet flames with high axial velocity
rather than swirl-stabilized flames. Nevertheless, a critical re-
gion remains near the combustor wall, where the local flow
velocity is reduced and can fall below the burning velocity. In
this case, the flame can propagate upstream within the bound-
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ary layer, leading to boundary layer FB. Proposed mitigation
strategies include cooling the wall and leaning the mixture
in the boundary layer. Another strategy increases the wall-
normal gradient of the axial velocity, a key parameter in FB
onset (Kalantari & McDonell, 2017).

In this study, this gradient was increased by thinning the
boundary layer and altering the flow profile such that it more
closely resembles a flow profile with high velocities near the
boundary. For this, two classes of control parameters were
considered. First, a continuous suction/injection distribution
on the wall of the mixing tube was computed that injects mo-
mentum into the boundary layer, increasing the local velocities.
Second, shape modifications were computed, forming a nozzle
shape that increases flow rates near the wall. A preliminary
experimental investigation of the shape-optimized mixing tube
is presented last.

MEAN FLOW COMPUTATION

Both optimizations were performed for the same baseline
configuration, namely a cold jet flow at Re = 7,840, based
on nozzle diameter D = 0.02m, kinematic viscosity of air
u =1.5x107>m?%/s and bulk velocity upux = 5.88m/s. The
computational domain Q and its boundaries I" are shown in
Fig. 1. They represent a simplified model of the experimental
burner used in this study; details of the experimental setup are
provided in Jaeschke et al. (2026). The forward problem con-
sisted of the incompressible Reynolds-averaged Navier-Stokes
(RANS) equations governing the mean flow velocity u# and
pressure p (Pope, 2015):

pu-Vu=V.o, 1)
V-u=0. 2)

The stress tensor
o (u,p) = —pl+2(p+pr)sym(Vu) (3)

and sym(Vu) = % (Vu+VuT) is the symmetric part of a second-
order tensor.
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Figure 1: Illustration of the rotationally symmetric computational domain. The close-up on the left-hand side shows the
inlet I}, the streamwise coordinate z and the radial coordinate r. The close-up on the right-hand side shows the optimized
domain Qp, optimized boundary Iy and distances to the dump plane I'y. In the experiments, the flame anchors right

after I'q in the combustion chamber.

The RANS equations were closed with the standard k—
¢ turbulence model (Jones & Launder, 1972), where k is the
turbulent kinetic energy, ¢ the dissipation rate and the turbulent
eddy viscosity

k2
HT = pC n - (4)
&
k and & are modeled by two advection-diffusion-reaction equa-
tions:

pu~Vk—V'((u+5_—T)Vk)=Pk—pg, (5)
k
pu-Ve-V- ((,u+ ﬂ—T)Vs) = E(ClPk —pCre), (6)
(o k
where the production of turbulent kinetic energy
sz%Vu+VuT2. )

Table 1 lists the constants of the k — & model.

Table 1: Default empirical constants of the k—s model.
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The flow governing equations are supplemented with
boundary conditions (BCs). These were at the walls I'y, and
with the outward-facing normal vector n

oe
= —_— = 8
k=0, on 0 (3

only, .

At the inlet of the mixing tube I'j, , a quadratic velocity profile
was prescribed by u, = 4(D/2 —r)?/Dupyy. Initial condi-
tions for the turbulent variables were selected following the
recommendations in the Ansys Fluent User’s Guide for fully
developed pipe flow (ans, 2009). Near the wall, k decreased
quadratically to zero over a distance of 0.01D to satisfy the
wall condition. With a turbulence intensity TI = 0.16Re~/®
and the size of the largest eddies in the mixing tube / = 0.07D,
the inlet conditions read:

3 ) 3/4 k3/2 9
U =uj, k= 5 (MbulkTI) , &€= Cy T on Fin . ( )
At the outlet
ok 0
Vun=0, p=0, =0, ﬁ:o onToy . (10)

A homogeneous Dirichlet BC for u#,, and homogeneous Neu-
mann BCs for u, p, k and & were applied at the boundary ['sym,
on the axis of symmetry.

Q was discretized with 170,000 triangular elements for
the BC optimization and 250,000 elements for the shape opti-
mization (SO). All variational problems were solved with the
finite element software FEniCSx (Baratta et al., 2023). For im-
plementation simplicity, the RANS and closure equations were
solved with a monolithic underrelaxed Newton method. Since
this approach may yield negative ur values and cause solver
instabilities (Kuzmin et al., 2007), the optimization was ini-
tialized with a solution computed in OpenFOAM (ope, 2024).
u was approximated with piecewise quadratic Lagrange ele-
ments, while p, k and & were discretized with linear elements.
Linear systems were solved by direct LU factorization through
PETSc in parallel. The incompressibility constraint was stabi-
lized with a Grad-Div method.

Once the mean flow field has been computed, the gra-
dient of the cost functional is evaluated as the basis for the
optimization.
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GRADIENT COMPUTATION

The optimization aimed to modify the velocity profile in
the mixing tube near the dump plane Iy such that the near-wall
velocity increases. This increases the wall-normal gradient of
u, and thins the boundary layer. Defining the desired profile
as ug, a cost functional J(u) was introduced to measure the
mismatch between u and ug. This results in a tracking-type
optimization problem constrained by the nonlinear forward sys-
tem Egs. (1), (2), (5) and (6), written compactly as N(q) = 0:

min J(u):/lug—ulzds st. N(g)=0. 1)
acA Ty

Here a are the parameters inside an admissible set A. The
goal profile stems from an analytic relation for turbulent pipe
flow at Re = 100,000, i.e., about ten times the operational Re
of the burner (Salama, 2021). This optimization problem was
solved with two types of parameters:

o A suction/injection distribution of fluid on the walls of the
mixing tube, i.e., here @ = upc, a Dirichlet BC on T'gp.

o Shape modifications of the mixing tube, i.e., here a = X,
the mesh nodes in Qqp and on Iop.

The question is now how to change a to decrease J. For
this, the gradient (or sensitivity) Z—z was followed iteratively
as it yields a guaranteed direction of descent for small enough
changes in the parameters. In general, J = J(a,q(a)), e.g.,
since in shape optimization a perturbation of Q may change
both the state ¢ and the domain of integration of J. Then

dl dJ dJ dq
da Oa * 0q da a2

Computing g—z by finite differences is prohibitively expensive
because it requires one forward solve for each parameter. This
cost can be avoided by introducing the adjoint variables A
(Cossu, 2014), which satisfy a linear PDE

T
(azv) oY 13

aq) " oq

This allows to compute the gradient at roughly the cost of
solving the linearized forward system

dI _dJ 0N

—=— . 14
da OJa aq a9

A major difficulty in gradient-based optimization is the
derivation of the derivatives appearing in Eqs. (13) and (14).
The error-prone manual derivation can be avoided by using au-
tomatic tools, of which we chose a symbolic derivation that re-
lies on the Unified Form Language (UFL) (Alnes et al., 2014),
a sub-package of FEniCSx. The resulting continuous adjoint
equations were discretized using the same function spaces as
the forward system.

With this at hand, the optimization can be summarized
as shown in Alg. 1 using a steepest descent method with a
fixed step size 1. An additional projection of the gradient
was computed. Regarding the BC optimization, this was a H'
projection to ensure smoothness. For the SO, special metrics
have to be employed that will be discussed later.

Algorithm 1 Optimization loop

1: Input: Q, N(a,q), J(a,q), a, step size n
2: while not converged do

3 Solve forward: ¢ < N(gq) =0

4 Solveadjoint: 2 « 2N'3 =2

5 Project gradient: ag(g,v) = Z_{z v

6 Update parameters: a «— a —ng

7: end while

BOUNDARY CONDITION OPTIMIZATION
Methods

The general adjoint-based optimization framework was
first applied to boundary condition optimization. Here, the
suction/injection profile # = ugc on I'gp was optimized to re-
duce J. To enable automatic symbolic differentiation in UFL,
the optimization parameter must appear explicitly in the weak
form of the governing equations. This is not the case for
strongly imposed Dirichlet BCs. Therefore, the BC was en-
forced weakly using a symmetric Nitsche method (see, e.g.,
Kontogiannis et al., 2025). This method adds to the naturally
arising boundary part (Eq. (15)) a symmetrizing term (Eq. (16))
and a penalty term (Eq. (17)) weighted with yn = 20. With this,
the boundary integrals of the weak form of the RANS equations
read:

—/ n-o(u,p)-vds (15)

Topt

—/ n-o(v,q) (u—upc)ds (16)
F()pl

+/ M(u—u];c)-vds. 17)
Topt h

This formulation enables optimization, but it does not en-
sure that the control #gc remains within physically reasonable
bounds. Therefore, a regularization term with penalty param-
eter @ was added to the cost functional to limit the total flow
through T’y and to penalize large values of |upc|. More-
over, for safety reasons, only injection of the highly reactive
hydrogen-air mixture is feasible in experiments, whereas suc-
tion is not permitted. To enforce this constraint, a second
penalty term, weighted with S, was introduced. The adapted
cost functional used in the BC optimization

Bugc-nds  (18)

Fupt

j=J+/ aupc - ugcds +
rop&

=J +Jjupc| + Jupc-n<o - (19)

Results

Figure 3 shows the cost functional over iterations for an
optimization where § # 0, i.e., with a restriction to injection.
The bulk velocity at the inlet was reduced by 10%, correspond-
ing to roughly 10% of the mass flow passing through I'op. At
around iteration 90, oscillations appear in the trace of Jyp.n<o
and J, likely due to their opposing directions of descent.

For an intermediate step at iteration 80 and for the final
iteration, the control upc is illustrated in Fig. 2. The inter-
mediate result shows a better restriction to injection. How-
ever, because Jyp..n<o is equipped with a sign, local peaks
of high ugc appear, since these decrease J. A promising so-
Iution would be to enforce equality and inequality constraints
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Figure 3: Trace of the cost functional values over itera-
tions for the BC optimization. Both magnitude and sign
penalty of upc are active. The costs are normalized with
the initial value of J at iteration 0.

with an augmented Lagrangian method (see, e.g., Toussaint,
2014). This would also eliminate free parameters « and S in
Eq. (18) and the need for manual tuning. As the optimization
goes on, fluid is accelerated abruptly into the boundary layer
at the end of I'op. Eventually, upc grows noisier because of
mesh-dependent sensitivities, and the optimization is manually
aborted. This suggests the use of parameterized distributions
in future optimizations.

Although J was reduced by about 20% during the opti-
mization, the axial velocity in the boundary layer did not in-
crease. Instead, most of the reduction was obtained by bringing
u closer to u, along the centerline. This behavior persists even
when suction is allowed (8 = 0) and when « is varied such that
up to 16% of the total mass flow passes through I'p. A likely
reason is the relatively large size of I'gy, which distributes
the control flow over a wide area and therefore yields low-
momentum actuation. A possible remedy would be to restrict
[opt to a narrow slit so that the same mass flow produces higher
velocities and, consequently, jets with greater momentum.

SHAPE OPTIMIZATION
Methods

The assembled % often has unfavorable properties, such
as noise. In the BC optimization, an H' projection was used to
ensure some smoothness of the control. However, in the case
of mesh-deforming SO, this does not suffice, since using the
gradient as a direction of descent could move the mesh nodes
such that the mesh quality deteriorates. Over iterations, this
could lead to the need for re-meshing or an ultimate failure of
the optimization. To counter this, the descent direction must
be carefully altered to preserve mesh quality while still being a
guaranteed direction of descent. We chose a solution in which
the mesh is understood as a linear elastic solid body that is sub-
ject to the force Z—‘Jl and deforms accordingly following Schulz
& Siebenborn (2016). This deformation is often referred to as
gradient deformation g and solves:

Find g € H}ﬁx (Qop)¢ such that
dJ
2ugsym(Vg) : sym(Vv)dx = Ia v (20)
opt

forall v e H}ﬁx (Qop)?.

Here, the bilinear form on the left-hand side ag (g, v) models a
simplified linear elastic body with one of the Lamé parameters
set to zero. To prevent mesh motion from propagating into the
non-optimized domain, the deformation is required to vanish
on the fixed walls T’y = 0Qop \ I'opr. Hence, the deformation
space is chosen as H}ﬁx (Qopt)z. In addition, this choice yields
a coercive form ag and thereby ensures that g is a guaranteed
descent direction (see, e.g., Blauth, 2021). To further enhance
mesh quality, a stiffness field ug is introduced that is high in
areas where large deformations are expected and small in areas
where small deformations are expected. In our case, ug was a
linear distribution from g max = 4,000 at T t0 pg min = 1,000
at I'yyp, but for more complex cases, it can be lifted into the
domain by solving a Poisson problem.

Results

As shown in Fig. 4, the cost functional decreases by ap-
proximately 55% over the iterations. The corresponding shapes
of I'op at three equally spaced iterations (SO-1 to SO-3) illus-
trate its continuous evolution toward a diverging-converging
nozzle. Extending Qo further upstream led to similar opti-
mized geometries. At the end of the optimization, the mesh

0.0 0.3
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-

|u] / u_bulk

1 1.3
-

Figure 2: Intermediate (iteration 80, left) and final (right) BC optimization results. Color denotes the velocity magnitude,
with streamlines overlaid. The arrows represent the distributed boundary forcing ugc on I'op, where the maximum arrow
length corresponds to 1.5m/s = 0.25upuk. Even though 3 is large enough to ensure significant contribution of Jy;..n<o to
J, some parts of upc point outward since penalty methods rely on slight constraint violation.
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Figure 4: Cost J over iterations of the SO. The cost is
normalized with the initial value of J. At three points
the evolution of I'y, from a strait line at the iteration
zero to the optimized shape is shown with the axis of
symmetry z given as a dashed line for reference. At
the end of the optimization the mesh quality begins to
deteriorate and the optimization is manually aborted.

quality begins to deteriorate at the nozzle exit and ripples on
[opt appear. This effect is even more drastic when computing
Z—i in the volume form. Then, additionally, the boundary layer
mesh is stretched, hinting at sensitivities that are not mesh-
independent. These issues will be addressed in the future by
smoothing the sensitivity over multiple elements prior to com-
puting g.

Figure 5 shows contours of k& with overlaid streamlines
of u for the final optimization result SO-3. The optimized
nozzle first decelerates the flow in the divergent section and
then accelerates it in the converging section, thereby directing
high-momentum fluid into the boundary layer. As a result, the
velocity profile exhibits very high wall-normal gradients. Up
to the dump plane I'y, the profile gradually redevelops toward
a turbulent pipe flow, but it remains closer to the target profile
u, than the baseline profile in the mixing tube. The figure also
indicates elevated production of k caused by shear and flow
acceleration.

EXPERIMENTAL ANALYSIS

Due to the better performance of the SO compared to the
BC optimization, the baseline shape, SO-1, SO-2, and SO-3
were 3D-printed and experimentally investigated. For each of
the shapes, the experimental burner was operated at various
Reynolds numbers from Re = 7,857, i.e., close to the opera-
tional point of the SO, and up to Re = 9,867 under atmospheric
conditions. At stable operating points the flame anchors close
to [y in the combustion chamber.

To assess how the shapes SO-1 to SO-3 affect FB onset, FB
limits were measured at three different operating points defined
by different air mass flow rates. At each operating point, the
air mass flow rate was kept constant, while the hydrogen mass
flow rate was increased in small increments, thereby raising the
equivalence ratio ¢ and, with it, the mixture reactivity. After
each increment, the thermal equilibrium indicated by temper-
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Figure 5: Contours of the turbulent kinetic energy k and
streamlines of the baseline and shape-optimized mixing
tube. Profiles of u, are shown for both shapes at the end
of the optimized region and at the dump plane T'y.

ature sensors was awaited before the fuel mass flow rate was
increased further. FB was identified by thermocouples inside
the combustor, which detected the temperature rise associated
with the upstream movement of the flame. Across all experi-
ments, the thermal power ranged from 3.4kW to 5.6kW.

Figure 6 shows the FB limits, defined as the highest equiv-
alence ratio ¢ at which the flame remained stable, as a function
of Re, based on the mixture properties. All shapes increased
the FB limit by up to A¢ =~ 0.1, although the effect occurred
at different Re. The least deformed shape, SO-1, increased the
FB limit at low Re, then exhibited a drop-off and increased it
again at high Re. SO-2 showed a similar drop-off, but only
at the highest Re. In contrast, SO-3 increased the FB limit
only at higher Re. At least two mechanisms may be involved.
At lower velocities, the less deformed shapes may produce
flow modifications that remain close to those predicted by the
standard k-& model and thus increase the near-wall flow rate.
More strongly deformed shapes, in contrast, may cause flow
separation in the diverging nozzle section and therefore fail to
produce the beneficial profile changes predicted numerically.
In all cases, however, the modified shapes increase k relative
to the straight mixing tube, as shown in Fig. 5. This may
enhance near-wall mixing and cooling, which Jaeschke et al.
(2026) showed to be key mechanisms in mitigating FB. Future
hot-wire measurements near I'q will be used to determine k
and |u| profiles.
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Figure 6: Experimental FB limit measurements of the
shape-optimized mixing tubes. For a given Re, the graph
shows the critical equivalence ratio ¢ at which FB occurs.
Through the SO, FB is shifted by 4-11% ¢ in relation to
the baseline geometry.

CONCLUSION

This work presented boundary condition optimization and
shape optimization of a mixing tube for the cold-flow config-
uration of a hydrogen burner at Re = 7,840. The optimization
was based on automatically and symbolically derived adjoint
sensitivities, using Nitsche’s method for differentiable Dirich-
let boundary conditions and an analogy to linear elasticity for
mesh deformation. In both optimizations, the objective was to
increase the wall-velocity gradient while reducing the center-
line velocity at the dump plane. First experiments for the shape
optimization indicate a shift of the flashback limits by more
than 11% in equivalence ratio, demonstrating the potential of
the approach. Since the performance varies across operating
points, further cold-flow experiments are required to clarify the
flow changes induced by the shape optimization. Moreover, the
standard k- turbulence model is invalid at the wall, which ren-
ders the results uncertain and motivates a wall correction in fu-
ture work. Beyond the present study, sensitivity-based analyses
of flow instabilities offer a promising perspective for flashback
mitigation, as both low-frequency eigenmodes (Douglas ez al.,
2023) and low-velocity boundary-layer streaks (Porath et al.,
2025) have been linked to flashback. Accordingly, future work
will focus on implementing resolvent analysis to suppress these
low-velocity streaks and thereby further reduce flashback risk
(von Saldern et al., 2025).
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