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ABSTRACT

It has been recognized that both machine learning as well
as explicit multiscale (or test) filtering are powerful techniques
in the context of subgrid scale modeling for large eddy simu-
lation. Hence, the main idea of this work is to combine the
respective strengths of modern, i.e. data-driven, and classi-
cal modeling approaches. The potential of this combination
is demonstrated by means of a-posteriori training based on a
large number of coarse-grid Taylor—Green vortex simulations,
where the subgrid scale stress is expressed in terms of basis
tensors and invariants which are functions either of the re-
solved, high- or low-pass filtered velocity field. It is shown
that the high-pass filtered velocity field yields model expres-
sions with a superior performance on average. Furthermore,
the data-driven models obtained are shown to generalize well
for grids and Reynolds numbers unseen during training by us-
ing the high-pass filtered velocity field as an input, in contrast
to the resolved or low-pass filtered velocity field.

MOTIVATION AND RESEARCH DESIGN

The application of machine learning techniques to turbu-
lence modeling, e.g. in the context of computational fluid dy-
namics (CFD), has gained great momentum in recent years.
In this context, gene expression programming (GEP) (Fer-
reira, 2001) emerged as an attractive technique which mim-
ics biological evolution and yields human-readable symbolic
expressions. In the framework of a CFD-driven training strat-
egy, as sketched in Fig. 1, an efficient training configuration
is essential due to the large number of individual CFD cal-
culations to be conducted (of the order of 10° in the present
application). Three-dimensional configurations are required
in large eddy simulation (LES) due to the inherently three-
dimensional nature of (resolved) turbulent fluctuations and the
associated physical mechanisms such as vortex stretching, vor-
tex breakdown and dissipation. As already demonstrated by
Reissmann et al. (2021), the three-dimensional Taylor—Green
vortex (TGV) ideally serves this purpose since it is mathe-
matically well-defined and rich in physics at the same time
(laminar-turbulent transition). Recently, it has been shown

by Hasslberger et al. (2025) how an additional physical con-
straint, namely the asymptotic near-wall scaling of the shear
stress, can be incorporated in this framework via semantic
back-propagation — a popular machine learning technique pio-
neered by Rumelhart et al. (1986) and applied to genetic pro-
gramming by Pawlak et al. (2015) and Reissmann et al. (2025).

Following this research line, the topic of the present work
is to explore strategies on how to enrich the established CFD-
GEP training framework by explicit multiscale (or test) filter-
ing. The latter technique has demonstrated its great potential
for subgrid scale modeling in the past. In this context and with-
out any guarantee for completeness, it is worth mentioning
Germano’s seminal dynamic procedure to determine model
constants (Germano et al., 1991), structural models based on
the scale-similarity principle (Liu et al., 1994), the multiscale
modeling framework (Hughes et al., 2001) or subgrid activ-
ity sensor enhanced eddy viscosity models (Hasslberger et al.,
2021).

METHODOLOGY

Computational setup
The low-wavenumber initial condition of the Taylor—
Green vortex (Brachet et al., 1983) reads

u(x,y,z) = cos (x)sin(y)sin(z), (1)
v(x,y,z) = —sin(x) cos (y) sin (z),
W('x’ y’ Z) = 07

which can be well represented even on very coarse LES
meshes. In the default configuration, the tri-periodic box of
size (27)3 is discretized by 323 cells and the viscosity is ad-
justed such that the Reynolds number with respect to the initial
state is Re=1600. The evolution of the flow in the considered
non-dimensional time range, from r = 0 to r = 25, is indicated
in Fig. 2. Starting from the quasi-laminar initial condition
given by Eq. 1, the flow evolves towards fully developed turbu-
lence via vortex stretching, breakdown and dissipation. During
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Figure 1. Schematic of the in-the-loop optimization scheme,
coupling Gene Expression Programming (GEP) and Compu-
tational Fluid Dynamics (CFD). The evaluation of the multi-
objective cost function involves Pareto ranking and the genetic
model expressions are enriched by explicit multiscale (or test)
filtering.

this laminar-turbulent transition process, ever smaller struc-
tures, down to the Kolmogorov scale, are produced, which ne-
cessitates SGS energy drain when insufficiently resolved. In
order to guarantee optimal comparability, the highly resolved
reference solution (DNS) and all coarse grid LES solutions
have been generated with the same open-source code named
PARIS (Aniszewski et al., 2021). It implements the unsteady
incompressible Navier—Stokes equations based on a projection
method. Spatial discretization follows a finite-volume scheme
with second-order centered differences on a uniform staggered
grid. Concurrently, time integration is realized by means of a
second-order predictor-corrector technique.

Mathematical background

In the GEP framework used to find an explicit model, it is
assumed that the subgrid scale stress tensor 7, = W} — ;i
can be expressed as a function depending only on the LES
filter width A as well as the grid-scale strain and rotation rate
tensors,

< 1 du; 0 = 1 du; 0u;
S,J—§<Tx]+aixl>,gu—§<aixj—aixl> 2)

For the convenient units-free handling in symbolic regression
algorithms, S;; and ;; are non-dimensionalized by an inverse
time scale, |S|, such that

S: Q.. _ —
Sij:ﬁa wij:ﬁa |S|:\/Smnsmn» 3)

In the following, the overbar representing the filtering oper-
ation is omitted for the normalized quantities s;; and c;; for
conciseness. Any candidate model suggested by the GEP al-
gorithm is formulated as

T8 = <251 fij (sij, ) @)

Many Taylor-
Green vortex

Figure 2. Taylor—Green vortex training configuration: Evo-
Iution of the reference solution for non-dimensional simula-
tion times ¢ = 2.5,7.5,25 (top to bottom); The iso-contours
colored with the velocity magnitude are specified by Q = 0,

where Q = 3—2 3;‘; is the second invariant of the velocity gra-

dient tensor.

which guarantees dimensional consistency. Making use of the
Cayley—Hamilton theorem, the unknown function can be un-
derstood as a finite series of tensor basis functions ti‘}? with
scalar coefficients Gq:

n
flj: Z Ga'l‘g; Ga:Ga(11712>~-~,Im)' (5)
a=1

In order to make the optimization procedure simple, robust
and computationally feasible, only the first four, up to quasi-
quadratic, basis functions have been retained in the above se-
ries. The function space for f;; is consequently spanned by the
basis
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1
fij = Sij, (0)
2

1ij = Sik Ok j — Ok Sk,

3

175 = SikSkj — SmkSkm0ij /3

4
1} = Wi O j — Ok O S5 /3,

and the scalar coefficients G are functions of the four invari-
ants,

I = SiunSnm, @)
b = @pn Opm,
I = SgnSmnSnk,

1y = Oy OunSpks

which are related to the physical mechanisms of dissipation
of kinetic energy (I;), enstrophy (I), generation of kinetic
energy dissipation (/3), and enstrophy production (Iy). The
dimensionally consistent basis tensors Tl-?‘ can eventually be
written as

Th=1};-18], (8)
T =15 IS,
T =1 IS)%,
T =i [SP.

The suitability of candidate models can be assessed via
the fitness of a function f;; which is quantified by using the ca-
pability of multi-objective optimization (Waschkowski et al.,
2022), based on the Non-dominated Sorting Genetic Algo-
rithm (NSGA-II). Utilizing this approach, one objective con-
veys information about the discrepancy from the mean turbu-
lent kinetic energy, and the other one the information from the
dissipation rate evolution in the TGV training case. The selec-
tion is performed through Pareto domination.

Explicit Multiscale Filtering

Explicit low-pass filtering a for any field quantity ¢; ; ; at
the discrete location given by the index triple (i, j, k) is imple-
mented according to Anderson & Domaradzki (2012):

N +1 41 4l
Gijk= Y, Y Y bibuby Ot jimpisn (9

I=—1m=—1n=-—1

This three-dimensional filter is the product of the con-
volution of three one-dimensional filters with coefficients
(b—1,b0,b4+1) = (¢,1—2c,c) where ¢ = 1/3 is chosen here for
sufficient scale separation. Hence, only the considered cell it-
self and direct neighbor cells (/,m,n € {—1,0,+1}) are taken
into account which makes the multiscale filtering procedure
computationally inexpensive. Accordingly, high-pass filtering
is realized via ¢’ = ¢ — a and applied to the LES filtered quan-
tities ¢@.

Apart from replacing the grid-scale velocity field %; in Eq.
2 with either %, (high-pass filtering) or ﬁ,- (low-pass filtering),
the mathematical framework remains identical in the present
work. Beyond that, it is conceivable to implement a different
treatment for basis tensors and invariants, and this will also be
discussed at the conference (not shown here for brevity).

MODEL TRAINING AND ASSESSMENT

Figure 3 provides an overview of the evolutionary train-
ing process spanning 50 generations. It is obvious from Fig.
3 that the minimum cost function is consistently smaller (i.e.
higher model fitness) when using the high-pass filtered veloc-
ity field as the model input in comparison to the low-pass fil-
tered version and the one using only the grid filter. In this
way, the subgrid scale model is sensitized towards small-scale
resolved velocity fluctuations which is beneficial for the accu-
rate prediction of laminar-turbulent transition as present in the
initial stage of the Taylor—Green vortex benchmark. In other
words, high-pass filtering may help to realize a model expres-
sion which is robust against Reynolds number variation. Con-
versely, low-pass filtering leads to consistently lower model
fitness. Furthermore, when using the high-pass filtered input,
a distinct slope in the evolutionary trajectory is visible up to
generation 50. Hence, in this case, there is a high likelihood of
finding even better models when resuming the training beyond
the 50 generations currently considered.

Among all runs of the evolutionary training, the best mod-
els for the high-pass filtered, the low-pass filtered and the de-
fault unfiltered velocity field input read:

TP 5y — N[ (y+ (13 — 0.1) (13 — 0.02)
(2L 4095+ +1.02)- T — (I, —0.5)-T;j]  (10)

r[[jﬂw_pm(ﬁi) = 2A%[—(I; = I)(5+0.5)- T3
+(I3 — 1) T3+ (0.6, —0.06) - T;j] (1)

T (@) = —207[—(0.51+0.19) - T3

+O.N L+ 1)L +2L—1)-T]  (12)

It is worth noting that basis tensor Tl} remains unselected in
this training configuration.

The observed higher or lower model fitness is also evi-
dent from the temporal evolution of the domain-averaged tur-
bulent kinetic energy and its dissipation in the Taylor—Green
vortex as shown in Fig. 4. The peak dissipation, at around 8
non-dimensional simulation times, is considerably better re-
produced by the GEP model with the high-pass input com-
pared to the low-pass input, and this is directly reflected in the
training process via the multi-objective cost function. How-
ever, the improvement through high-pass filtering comes at the
cost of minor unphysical oscillations of the dissipation curve —
yet these are not jeopardizing the stability of the simulation. In
general, the data-driven GEP models show superior agreement
with the highly resolved reference results compared to the no-
model LES as well as well-established eddy viscosity models
from the literature (Smagorinsky and Sigma model).

Data-driven methods usually reproduce well the reference
data under the given training conditions (here, Reynolds num-
ber of Re=1600 on a 323 grid). However, a truly predictive
model must generalize well beyond the training conditions.
Accordingly, the best GEP models are tested for two additional
Reynolds numbers (Re=400 and Re=3000) and grids (643 and
1283) unseen in the training. Figure 5 shows the same TGV
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Figure 3. Evolution of the minimum cost function for GEP
model training using high-pass filtered input data (red mark-
ers in the top subfigure) and low-pass filtered input data (red
markers in the bottom subfigure). Blue markers (in both sub-
figures) indicate the corresponding evolution without explicit
multiscale filtering for comparison.

statistics as before and demonstrates a clearly superior behav-
ior of the high-pass model when the Reynolds number is var-
ied. In particular, the peak dissipation scales correctly with
the Reynolds number, i.e. higher peak dissipation for higher
Reynolds number, whereas the opposite is the case for the low-
pass model. Likewise for the grid variation depicted in Fig. 6,
only the high-pass model shows the sought-after behavior. For
all resolutions tested, the high-pass GEP model agrees well
with the highly resolved reference result.

CONCLUDING REMARKS

In summary, the present study gives an impression of the
benefits and limitations of combining explicit multiscale filter-
ing with machine learning of symbolic subgrid scale closures.
Based on Gene Expression Programming, the adopted CFD-
driven a-posteriori training strategy directly includes the effect
of numerical discretization errors and also evaluates the sta-
bility of the candidate model expressions. This is especially
relevant in LES due to the strong interaction between numeri-
cal and modeling errors.

In the challenging Taylor-Green vortex test case, featuring
laminar-turbulent transition, consistently higher subgrid model
fitness has been achieved by using a high-pass filtered velocity
field as the model input in comparison to a low-pass filtered
or unfiltered velocity field. Furthermore, it can be concluded
that the high-pass filtered velocity input yields clearly supe-
rior generalization properties of the data-driven models for
Reynolds numbers and grids unseen in the training.
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Figure 4. Temporal evolution of the domain-averaged turbu-
lent kinetic energy K and its dissipation —dK /dr in the Taylor—
Green vortex for the best GEP models (red lines) using high-
pass filtered input data and low-pass filtered input data. Results
from a highly resolved reference solution as well as standard
models from the literature (Smagorinsky and Sigma model)
are also included for comparison. The numbers in the legend
indicate the grid resolution.
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Figure 5. Temporal evolution of the domain-averaged tur-
bulent kinetic energy K and its dissipation —dK/dt in the
Taylor—Green vortex for the best GEP models using high-pass
filtered input data and low-pass filtered input data. The a-
posteriori training has been performed for a Reynolds number
of Re=1600 (blue) whereas Re=400 (black) and Re=3000 (red)
represent conditions unseen in the training. Marker points in-
dicate the corresponding highly resolved reference solutions.
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Figure 6. Temporal evolution of the domain-averaged turbu-
lent kinetic energy K and its dissipation —dK /dr in the Taylor—
Green vortex for the best GEP models using high-pass filtered
input data and low-pass filtered input data. The a-posteriori
training has been performed on the 323 grid (red) whereas
grids of 647 (orange) and 128> (green) represent conditions
unseen in the training. Black markers indicate the highly re-
solved reference solution.
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