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ABSTRACT
This study clarifies the energy-transfer mechanisms of

low-frequency components embedded in Mode A of the cylin-
der wake using triadic orthogonal decomposition. To sup-
press the complexity promoted by the emergence of these low-
frequency components, the computational spanwise domain is
restricted to the most unstable wavelength of Mode A. Within
this restricted domain, multiple peaks clearly appear at fre-
quencies lower than the vortex-shedding frequency. These
peaks interact with the Kármán vortex-shedding frequency fK .
The component of lowest-frequency fb is associated with the
well-known pumping phenomenon of the wake recirculation
bubble. Application of triadic orthogonal decomposition re-
veals a cycle of energy transfer across the entire flow field,
expressed as fK → ( fK + fb)→ fb → fK → ··· . Furthermore,
visualization of the transfer distribution shows that this energy-
transfer relationship is reversed in the near-cylinder region.
These findings advance our understanding of the mechanisms
that maintain low-frequency dynamics in cylinder wakes.

Introduction
Flows past bluff bodies exhibit a wide range of unsteady

shear-flow phenomena that are of both fundamental and prac-
tical importance. The wake behind a circular cylinder has long
served as a canonical configuration for investigating vortex dy-
namics in shear flows. Among its various features, the emer-
gence of large-scale, low-frequency unsteadiness has attracted
attention because it influenced the overall flow field (Berger
et al., 1990).

Previous studies have shown that such low-frequency
components are closely linked to three-dimensional instabili-
ties, especially Mode A, a well-known instability that emerges
around a Reynolds number of 200 and manifests as three-

dimensional vortex structures with a spanwise wavelength of
about four times cylinder diameters (Williamson, 1996; Hen-
derson & B., 1996). Figure 1 shows an isosurface of the
Q-value, colored by the streamwise velocity component, ob-
tained from the incompressible numerical simulation whose
spanwise computational domain size is 3.9D, where D rep-
resents cylinder diameter. Details of numerical methods are
provided in (Nakamura et al., 2026a,b). The Mode A dynam-
ics are particularly sensitive to the computational domain size
in the spanwise direction because the spanwise wavelength of
Mode A is relatively larger than in high-Reynolds-number sce-
narios. When the spanwise extent of the domain is sufficiently
large, the Mode A wake exhibits complex spectral character-
istics with an abundance of low-frequency components, to the
extent that no clear peaks can be distinguished. By contrast,
when the spanwise domain size is restricted to be comparable
to the spanwise wavelength whose growth rate is the largest at
the two-dimensional flow state, distinct spectral peaks clearly
emerge at low frequencies (Jiang et al., 2017; Nakamura et al.,
2026b).

Figure 1. Isosurfaces of the Q-value at 0.1, colored by
the streamwise (x-direction) velocity component at Reynolds
number of 200.
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Identification of these spectral peaks has further revealed
that the low-frequency components interact nonlinearly with
one another, and similar frequency components also exist in
the large spanwise domain case. While previous observations
suggest the existence of interaction, thereby complicating the
overall wake dynamics, which is marked as quasi periodic
state (Noack et al., 1993; Henderson, 1997; Nakamura et al.,
2026b), the precise mechanisms of energy transfer between
the dominant shedding and the low-frequency components re-
main insufficiently understood. To address this gap, we em-
ploy triadic orthogonal decomposition (TOD) (Yeung et al.,
2026, 2024), a recently developed framework that isolates non-
linear triadic interactions in stationary flow fields. TOD sys-
tematically identifies energy-transfer pathways and their spa-
tial distributions among frequency components, thereby clari-
fying how the dominant Kármán vortex shedding mode inter-
acts with low-frequency components.

Triadic Orhogonal Decomposition
The recipient–donor framework of the nonlinear term in

momentum equations provides the foundation for quantifying
nonlinear interactions among different frequency components
(Phillips, 1960; Kraichnan, 1959; Nakamura et al., 2025). The
direction and magnitude of energy transfer between the donor
frequency component ûl(x) and the recipient frequency com-
ponent ûn(x) through the convection (catalyst) frequency com-
ponent of ûl(x), where ·̂ represents spectrum, is expressed as

El→n =−
∫

ûH
n {(ûn−l ·∇)ûl}dx =−⟨(ûn−l ·∇)ûl , ûn⟩, (1)

where the superscript H denotes the Hermitian transpose of
a vector defined in the three spatial directions (x,y,z). Here,
El→n denotes the amount of energy transfer from ûl to ûn,
where a negative value indicates transfer in the opposite di-
rection.

TOD (Yeung et al., 2026, 2024) considers the optimal co-
variance for each donor-recipient pair, σ(l,n), is given by the
optimization problem

σ(l,n) = argmax
ψ l→n,φn

E

{
−⟨(ûn−l ·∇)ûl ,ψ l→n⟩⟨ûn,φn⟩

∥φn∥∥ψ l→n∥

}
, (2)

where E represents the expected value that accounts for statis-
tical fluctuations of the spectrum, and ψ l→n and φn represent
the convective and recipient modes, respectively. Note that
this maximization problem reduces to the same formulation as
SPOD (Lumley, 1967; Towne et al., 2018; Schmidt & Colo-
nius, 2020) when {(ûn−l ·∇)ûl} → ûn. In summary, TOD is
a maximum covariance analysis (Storch & Zwiers, 1984) that
maximizes the correlation between {(ûn−l ·∇)ûl} and ûn(x).

The optimal energy transfer quantities from the ûl to the
ûn frequency component is given by Real{σ(l,n)⟨φn,ψ l→n⟩}.
Since the transfer quantity is determined by the real part, it is
sufficient to evaluate the expression for fn ≥ 0. Moreover, be-
cause the energy transfer quantities are defined through spatial
integration, the local distribution of energy transfer can be in-
ferred from the integrand:

T l→n(x) = Real
{

σ(l,n)φH
n (x)ψ l→n(x)

}
. (3)

The spatial distribution of T l→n(x) is referred to as the transfer
field. A positive value indicates energy transfer from ûl to

Figure 2. Power spectral density of lift and drag coefficients.
The FFT was computed with a time window of T = 409.6,
using a Hanning window, giving a frequency resolution of
∆ f = 1/T = 2.44×10−3.

ûn, whereas a negative value indicates transfer in the opposite
direction, from ûn to ûl .

Results
When the spanwise domain size is 3.9D in numerical sim-

ulation, the cylinder wake at Reynolds number 200 exhibits
frequency components lower than the Kármán vortex shed-
ding frequency (Nakamura et al., 2026b). Figure 2 shows the
power spectral density obtained by applying FFT to the time
series of lift and drag coefficients, with frequency resolution of
∆ f = 2.44× 10−3. The dominant peak appears in the lift co-
efficient and corresponds to the primary vortex-shedding fre-
quency. This study denotes the largest nondimensional peak
frequency of the lift coefficient as fK (the Kármán vortex-
shedding frequency). At higher frequencies, a spectral peak
is observed at the harmonic 2 fK (with f/∆ f = 150).

For frequencies lower than fK , distinct peaks are observed
in both the lift and drag coefficients. In particular, prominent
peaks appear at f/∆ f = 25 and f/∆ f = 50, each peak ex-
ceeding the surrounding spectral peak levels. Within this span-
wise domain size, the triadic relationship 25+50 = 75 is sat-
isfied. These frequencies are hereafter denoted as ft = 25∆ f
(third subharmonics) and fs = 50∆ f (secandary-third subhar-
monics), respectively.

Focusing on the satellite peaks of ft and fs, their differ-
ences can be expressed as ft/∆ f −19= 31− ft/∆ f = fs/∆ f −
44 = 56− fs/∆ f = 6. These values coincide with the lowest
nonzero peak frequency at f/∆ f = 6. Thus, the f/∆ f = 6
component interacts with other spectral peaks through their
satellites. The previous study (Nakamura et al., 2026b) has
shown that this lowest frequency corresponds to the recursive
expansion and contraction of the recirculation bubble in the
cylinder wake, a phenomenon known as recirculation bubble
pumping (Berger et al., 1990). In this study, we define the cor-
responding frequency as fb = 6∆ f (frequency of bubble pump-
ing).

To investigate the interaction relationships associated
with low-frequency components, we applied TOD to the entire
flow field. Figure 3 presents a scatter plot of the energy budget,
with donor frequency fl on one axis and recipient frequency
fn on the other. Along the line fn = ft , positive energy trans-
fer is observed at fl = fK ,0, and − fK , indicating that the ft -
frequency component receives energy from these frequency el-
ements. Similarly, along the line fn = fs, positive energy trans-
fer is detected not only from fl = fK ,0, and − fK , but also from
fl =− ft . Considering the triadic relationship, this implies that
the frequency fs satisfies fs =− ft +( fs + ft) =− ft + fK .

Along the line fn = fb, the largest positive energy trans-
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Figure 3. Scatter plots of modal energy budget. The frequen-
cies fK , fs, ft , and fb are indicated in the figure by dashed
lines.

Figure 4. Summary of energy-transfer relationships among
fs, ft , and fK . All recipient modes are visualized using the real
part of the streamwise velocity component. The arrows indi-
cate the direction of energy transfer integrated over the spatial
domain.

fer is observed from the satellite peak frequency fK + fb (in-
dicated by the black circle in the figure). This indicates that
the fb-frequency oscillation is maintained by a ( fK + fb)-
frequency component whose frequency is a slight shift of the
vortex-shedding frequency fK . Now, we refer to the fK + fb
frequency as f+K . Focusing on the f+K -frequency compo-
nent, it is evident that a significant portion of energy is trans-
ferred from fK . This interaction is governed by the relation
fK + fb = f+K , suggesting that fluctuations in the vortex shed-
ding frequency are induced by the pumping motion of the
recirculation bubble. Numerous studies(Mantič-Lugo et al.,
2014; Barkley, 2006; Nakamura et al., 2025) on flow around
a cylinder suggested a correlation between the length of the
recirculation region and the vortex shedding frequency. As
the pumping motion of the recirculation bubble induces recur-
sive variations in this length, the resulting energy transfer to
frequency components slightly offset from the primary vortex
shedding frequency aligns with previous findings.

Figure 4 summarizes the relationships among the fre-
quency components from the perspective of energy transfer,
together with the distributions of the recipient modes φ and
transfer fields T . The arrows connecting each recipient mode
φTOD

fl
indicate the direction of energy transfer, consistent with

the energy transfer terms summarized in Fig. 3. The transfer

fields overlaid on these arrows represent the spatial distribu-
tion of energy transfer, with the sign taken to be positive in
the direction indicated by the arrows. The recipient modes φt
and φs, where the subscripts t and s correspond to subscripts
of frequencies, exhibit antisymmetric and symmetric distribu-
tions with respect to y = 0, respectively. The transfer fields
T K→t and T K→s share the same asymmetric and symmetric
properties as φt and φs. In addition, all transfer fields exhibit
localized regions of large energy exchange at specific spanwise
locations. These similarities suggest that ft - and fs-frequency
components receive energy from Kármán vortices at specific
spanwise locations.

A well-known phenomenon involving subharmonic com-
ponents occurs during the onset of three-dimensionality in
boundary layer transition, where energy is transferred from
the primary-frequency component to the subharmonic compo-
nent(Craik, 1971; Kim et al., 2021). In this scenario, the sub-
harmonic component typically appears at exactly half the pri-
mary frequency. Thus, the energy transfer from the primary-
frequency component to the subharmonic component is me-
diated by the subharmonic component itself; consequently,
its amplification triggers further energy transfer, eventually
leading to a three-dimensional breakdown. Specifically, this
represents a difference-interaction characterized by the tri-
adic relation fp − ( fp/2) = fp/2, where fp denotes the pri-
mary frequency. While the energy distribution for the subhar-
monic components in the present study also originates from
a difference-interaction, it deviates from the boundary layer
transition scenario in that the frequencies are not exact half-
harmonics. Consequently, even when a difference-interaction
occurs, the energy is dispersed across multiple subharmonic
frequencies, ft and fs. This dispersion likely prevents the rapid
energy amplification typically observed in exact subharmonic
resonance.

Figure 5. Summary of energy-transfer relationships among
fK , fb, and f+K . All spatial distributions are averaged over the
spanwise direction.

Figure 5 shows the relationships among the fb and fK-
frequency components with the distributions of the recipient
modes φ and transfer fields T . Considering fK , fb, and the
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satellite peak frequency f+K (= fK + fb), a cycle of energy
transfer is identified, following the sequence fK → f+K → fb →
fK · · · . It should be noted that the magnitudes of transfer quan-
tities are not identical, so the cycle does not form a perfectly
closed cycle. The transfer fields T K→K+ , T K+→b, and T b→K
show that negative transfer arises in all cases near the cylinder.
This suggests that the direction of the cycle indicated by the ar-
rows is reversed in the near-wake region. Such reversals of the
energy-transfer cycle occur approximately along the boundary
of the wake recirculation bubble, implying that the direction of
energy transfer changes with the orientation of the streamwise
velocity.

Conclusion
The present analysis revealed that low-frequency compo-

nents in the cylinder wake at a Reynolds number of 200 inter-
act with the primary vortex-shedding frequency, its satellites,
and the frequency of recirculation bubble pumping. The ap-
plication of TOD clarified the energy pathways: the ft and fs
components receive energy primarily from fK and its satellites.
These energy transfer pathways are driven by nonlinear in-
teractions mediated by another low-frequency component. In
contrast, the bubble-pumping oscillation is maintained through
interactions with f+K (= fK + fb). These transfers form a cyclic
relationship, fK → f+K → fb → fK , whose direction reverses
in the near-wake region around the recirculation bubble. This
reversal highlights the critical role of wake dynamics in gov-
erning the maintenance of low-frequency wake unsteadiness.
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