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ABSTRACT

Compared with the near-wall and near-equilibrium re-
gions of fully developed turbulent channel flow (FD TCF)
where non-homogeneity is introduced by both mean shear and
non-linear turbulent diffusion in the near-wall region and only
mean shear/turbulence production in the near-equilibrium re-
gion, the core region is only affected by non-linear turbu-
lent diffusion and is locally non-homogeneous down to scales
smaller than the Taylor length scale. This non-homogeneity
gives rise to a scale-by-scale cascade that is out of Kolmogorov
equilibrium where the inter-space turbulent energy transfer
rate is comparable to the inter-scale turbulent energy transfer
rate at all scales. Both are negative and equal to a constant
fraction of average turbulent dissipation rate with a logarith-
mic correction over an inertial range of two-point separations
in both homogeneous directions. They sum up to minus the
turbulence dissipation rate plus a small or vanishing pressure-
related transfer rate contribution.

INTRODUCTION

Qualitatively, the turbulence cascade is a central univer-
sal aspect of turbulence in all fully developed turbulent flows.
No decisive advance in turbulence theory and modelling can
be imagined without significant progress in our understanding
of turbulence cascades as they determine inter-scale turbulent
energy transfer rates. For stationary homogeneous turbulence,
Kolmogorov showed in 1941 that the average inter-scale trans-
fer rate is in equilibrium with the average turbulence dissipa-
tion rate over the inertial range of scales at high Reynolds num-
bers (Frisch, 1995). However, this scale-by-scale equilibrium
is not applicable to non-stationary and/or non-homogeneous
turbulence. Chen & Vassilicos (2022) and Beaumard et al.
(2024) developed a theory for non-homogeneous turbulence
and predicted a constant inter-scale and inter-space turbulence
transfer rates over the inertial range for turbulent flows without
turbulence production from mean shear. Experiment support
for this prediction was obtained under the rotating impeller of
a turbulent mixer (Beaumard et al., 2024) and on the centreline
of turbulent plane wakes of nearby pairs of square prisms (Nor-
iega & Vassilicos, 2026). Here we consider direct numerical
simulations (DNS) of FD TCF which are non-homogeneous in

the direction normal to the upper and lower walls and periodic
in the two wall-parallel directions. In the near-equilibrium re-
gion of this turbulent flow, Apostolidis et al. (2023) showed
that turbulence production is important over all inertial scales
and that the scale-by-scale inter-scale transfers are therefore
out of Kolmogorov equilibrium over length scales as small as
the Taylor length A. Here we study inter-scale turbulent energy
transfers in the FD TCF’s centreline region where turbulence
production is negligible but inter-space transport becomes of
importance.

TWO-POINT TURBULENT ENERGY EQUATION

Our study is based on the scale-by-scale two-point turbu-
lent energy budget equation obtained directly from the Navier-
Stokes equations and the Reynolds decomposition by Hill
(2002):
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with implicit summations over i = 1,2,3 and k = 1,2,3. The
Reynolds decomposition of the fluid velocity component ; is
i = U; + u; with U; = (if;) where the brackets signify averag-
ing over time and homogeneous (streamwise and spanwise)
directions. Similarly, the pressure per unit mass density is
p = P+ p with P = (p), and two-point fluctuation differences
are Ou; = %(ui(x +r,t) —u;(x —r,t)) whereas two-point fluc-
tuation sums are u} = 1 (u;(x+r,1) +u;(x — r,1)). The coor-
dinates of the centroid x and the two-point separation vector
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Table 1. Summary of DNS datasets of FD TCF.

Re; L./8 L8 N, N, N, Ny
934 8t 3w 2048 385 1535 10
3000 6 1.5 5120 768 2048 8

r are, respectively, x, ry in the streamwise, y , ry in the wall-
normal and z, r; in the spanwise directions

By virtue of FD TCF statistical stationarity, D; = 0 by
FD TCF stationarity. If we limit ourselves to r = (ry,0,r;),
ie. r, =0, then ITy = 0 because U = 0 for r, = 0. In the
centreline region the turbulence production P is negligible as a
consequence of vanishing mean shear, and in the outer region
the viscous diffusion term D, is also negligible. Therefore, at
wall distances y close to channel half width 8, eq(1) simplifies
as follows for r = (ry,0,r;):

0=—T,—TI+T,+D,—¢ )

where T, is the non-linear inter-space transfer rate, II is the
non-linear inter-scale transfer rate, 7), is the rate of transfer
by pressure-velocity correlations, € is the average turbulence
dissipation rate and D, is the viscous diffusion rate in scale
space which is small compared to €, and therefore negligible,
at scales larger than the Taylor length A = \/10v(K)/(€) (Va-
lente & Vassilicos, 2015) where K is the local turbulent kinetic
energy. (For a relation between the Taylor length and the aver-
age distance between stagnation points (to measure two-point
separation distances with) as a function of wall-normal dis-
tance, see Dallas et al. (2009).)

A recent theory (Chen & Vassilicos, 2022; Beaumard
et al., 2024) based on an hypothesis of homogeneous two-point
physics in non-homogeneous turbulence and an intermediate
asymptotic analysis of equation (1) predicts the existence of an
inertial range where all three non-linear transfer rates in equa-
tion (1) are, to leading order, constants independent of two-
point separation in an inertial range of scales. This prediction
has been made for the type of non-homogeneity dominated by
turbulent transport/diffusion such that turbulence production
and mean linear advection are negligible. Experimental sup-
port for this prediction has been obtained by (Beaumard et al.,
2024; Noriega & Vassilicos, 2026) in turbulent wakes and un-
der the impeller inside a mixer. A related yet different predic-
tion was made in the near-equilibrium layer of FD TCF (Apos-
tolidis et al., 2023) where the non-homogeneity is of a differ-
ent nature: presence of turbulence production throughout the
inertial range and absence of average turbulent transport. At
the central region of a FD TCEF, turbulent production and mean
linear advection are also minor but the fluctuating pressure ef-
fects can be quite different from those in turbulent wakes or
under a mixing impeller. Therefore, it is worth studying the
scale-by-scale behaviour of the non-linear terms in equation
(2) around the centreline of a FD TCF.

DNS DATASETS

The terms in equation (2) are evaluated from datasets ob-
tained from direct numerical simulations (DNS) of FD TCF at
Rer =934 (TCF934) by Hoyas & Jiménez (2008) and Re; =
3000 (TCF3000) by Thais et al. (2011). The fields are well re-
solved and also large enough ([878,26,376] for TCF934 and

Figure 1. Profiles of dominant terms in the one-point tur-
bulent kinetic energy budget for TCF934 (solid lines) and
TCF3000 (dashed lines). The profiles are plotted versus y/d in
the near-wall region, with black lines for turbulent production
rate, orange lines for turbulent transport rate and green lines
for pressure transport rate. All terms are normalised by the
average turbulent energy dissipation rate.
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Figure 2. Profiles of the Taylor length A, the Corrsin length
scale L¢ and non-homogeneity length scale L; (reflecting non-
linear turbulent transport). The profiles are plotted versus y/d
for TCF934 (solid lines) and TCF3000 (dashed lines) in the
near-wall region. All scales are normalised by the distance
from the wall y.

[6m5,20,1.5m8] for TCF3000). For statistical convergence,
more than 10 times & /u; are available for TCF934 and more
than 10 time 6 /U, (where Uy, is the bulk velocity) are avail-
able for TCF3000. The summary of DNS datasets is shown in
table 1 with the resolution in all three directions (Ny, Ny, N;)
and number of files (Ny) used for computing one-point and
two-point statistics.

RESULTS
Non-homogeneity length scales

Statistical non-homogeneity can be characterised by non-
homogeneity length-scales. In the case where the non-
homogeneity is dominated by mean shear and turbulent pro-
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Figure 3. Profiles of dominant terms in the one-point tur-

bulent kinetic energy budget of TCF934 (solid lines) and
TCF3000 (dashed lines). The profiles are plotted versus y/d,
with black lines for energy production, orange lines for turbu-
lent transport and green lines for pressure transport rate. All
terms are normalised by the average turbulent energy dissipa-
tion rate.
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Figure 4. Profiles of the Taylor length A4, the Corrsin length
scale L and non-homogeneity length scale L (reflecting non-
linear turbulent transport). The profiles are plotted versus y/8
for TCF934 (solid lines) and TCF3000 (dashed lines). All
scales are normalised by the distance from the wall y.

duction, the relevant length-scale is the Corrsin length-scale
Corrsin (1958):

Lc= %) 3)

where S is the mean shear rate. Scales larger than L are par-
ticularly sensitive to mean shear. (This is not the place to make
a statement concerning scales smaller than L¢, one can consult
see (Chen & Vassilicos, 2022; Apostolidis et al., 2023) if in-
terested.) If the non-homogeneity is dominated by significant
non-linear turbulent transport without turbulence production,
an appropriate non-homogeneity length-scale recently intro-
duced by Noriega & Vassilicos (2026) is the ratio of the av-
erage turbulent energy flux to the gradient of this flux. In the

context of FD TCF we define it as follows

“

where u; is the wall-normal fluctuating velocity. At scales
larger than L; the turbulent diffusion’s non-homogeneity of the
turbulence cannot be overlooked.

The length-scales A , Lc and Ly are based on one-point
statistics relating to the one-point turbulent kinetic energy bud-
get. We therefore plot wall-normal profiles of dominant terms
in this budget in figures 1 and 3. These figures give us some
appreciation of the non-homogeneity of these terms. Figure 1
shows near-wall wall-normal profiles for 0 < y/é < 0.06 and
figure 2 shows wall-normal profiles of A /y , L¢/y and L;/y in
the same y-range. Figure 3 shows wall-normal profiles from
wall to centreline, i.e. 0 <y/§ <1, and figure 4 shows wall-
normal profiles of A /y , L¢/y and L;/y in the same y-range.
In the near wall region (y© < 60 where y© = ury/Vv, us be-
ing the wall friction velocity and v the kinematic viscosity),
turbulence production is particularly active and peaks around
yT ~ 12 showing that non-homogeneity induced by produc-
tion is not negligible, which is confirmed by L¢/y < 1 in that
region. Furthermore, L is always below A, which confirms
that mean shear and turbulence production are significant at
the very smallest scales of the inertial range and even below,
i.e. at scales where viscosity matters. The non-linear turbu-
lent transport is significant in the buffer region (y*© < 30) and
becomes insignificant for 30 < y* < 60, which is reflected by
the value of L;/y which is below 1 at y© < 30 and above 1
for 30 < y© < 60. Like L¢, Ly is also smaller than A when
non-linear turbulent transport is active, meaning that the very
smallest scales r and r; of the inertial range and even smaller
scales where at where viscosity matters are affected by non-
homogeneity induced by both mean shear and non-linear tur-
bulent diffusion.

In the near-equilibrium region (60 < y™ < Rer/2) where
turbulent transport is negligible and dissipation is mainly bal-
anced by production, L; is always one to two orders of magni-
tude larger than the distance from the wall y. However, L¢ is
approximately proportional to y, which is a consequence of the
approximate log-law of mean velocity profile, and it is smaller
than y but larger than A. This reflects the fact that statistical
non-homogeneity is mainly introduced by mean shear and tur-
bulent production in the near-equilibrium region and affects
two-point statistics at scales larger than A. The separation be-
tween L¢ and A increases with increasing wall distance and
larger Reynolds number and leading to the emergence of an in-
ertial range which is influenced by neither viscosity nor mean
shear.

Entering into the core region (y© > Rer/2), production
decreases monotonically while a net transport rate of turbulent
energy gradually increases from the near-equilibrium region
and exceeds turbulence production where y™ > 0.8Re;. Ac-
cordingly, L¢ steeply increases and tends to infinity as a con-
sequence of § — 0 as y — §, meaning that non-homogeneity
from mean shear and turbulence production does not influ-
ence two-point statistics in the central region (y™ > 0.9Re;).
However, L; decreases as y/d — 1 and becomes even smaller
than 2 when y* > 0.9Re;. Given that average turbulent en-
ergy fluxes converge from both walls towards the centreline,
the flux at the centreline averages to zero and leads to L; — 0,
which leads to the emergence of non-homogeneity at scales
well below A from turbulent fluctuations. The FD TCF’s cen-
treline region y™ > 0.9Re;, where there is minimal if any tur-
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bulence production and only non-linear turbulent transport act-
ing as a source of energy, is therefore fertile ground for the
study of the scale-by-scale behaviour of the non-linear terms
in equation (2) for r = (ry,0,r;).

Two-point statistics

Some examples of our results are plotted in figures 5 and
6. Firstly, the inter-scale and inter-space transfer rates are both
negative and of comparable magnitude over all scales r, (with
ry = r; = 0) and over all scales r; (with r, = r, = 0) sampled.
Hence, scales equal to or smaller than ry or r, gain energy
both from larger scales and from elsewhere in the flow. In-
deed, non-linear turbulent diffusion is from the walls to the
centreline, and this occurs at all scales. Secondly, the presence
of non-vanishing inter-space transfer rates at scales as small
or even smaller than the Taylor length A means that the tur-
bulence is locally non-homogeneous at such scales around the
centreline. In agreement with our inter-space turbulence trans-
fer results, L; < A and L¢ > y shown in figure 4 clearly sig-
nals that local non-homogeneity due to turbulence transport is
present down to scales smaller than A in the core region where
non-homogeneity due to turbulence production is absent at all
scales.

We identify three length scale ranges in scale-by-scale
transfer rate results such as those of figures 5 and 6. Firstly,
at scales ry (figure 5(a)) and r; (figure 5(b)) larger than Ly,
and Lo, respectively, I1, T;, and T, converge towards their re-
spective one-point transfer rates as expected. Lo, and Ly, are
the lengths defined by the first zero-crossing of the respective
fluctuating velocity two-point correlation functions.

Secondly, in the range of r, between the integral length
scale Ly and Ly, (figures 6(a) and 6(c)) and of r, between inte-
gral scale L; and Ly, (figure 6(b) and 6(d)), IT and 7,, are con-
stant with a log(ry/y) correction. T, is negative and constant
(at about 11% of turbulence dissipation) without logarithmic
correction for L, < r, < Ly, whereas it is negative and con-
stant with a log(r;/y) correction for L; < r, < Ly,.

Thirdly, in the range L; < A < ry < Ly, all three transfer
rates, I, T, and 7}, are constant with a log(ry/y) correction
(figure 6). Specifically,

—T1/e ~ 0.62—0.05410g(r,/y),

—T,/€ = 0.5240.1151log(ry/y)

and

T,/€ ~ —0.14 — 0.064log (/)

at Re; = 3000. The same holds in the range Ly < A < r, <L,
but with T, = 0. Specifically,

—IT/e =~ 0.41 —0.151log(r;/y)

and

—T,,/€ ~0.69+0.191og(r- /).

These results confirm the leading order predictions of
the theory of non-homogeneous turbulent cascades in non-
homogeneous turbulence without turbulence production re-
cently developed by Chen & Vassilicos (2022) and Beaumard
et al. (2024). Our results for the centreline region of FD TCF
suggest logarithmic corrections to the constant leading orders
and pave the way for investigations concerning higher orders,
the range of validity of the hypothesis of homogeneous two-
point physics in non-homogeneous turbulence, and what sets
the actual dimensionless coefficients in equations such as the
ones above.

CONCLUSION

Non-homogeneity causes a departure from Kolmogorov
scale-by-scale equilibrium which manifests as different types
of scale-by-scale non-equilibria in different types of non-
homogeneity. By defining two non-homogeneity length scales
one based on mean shear/turbulence production and the other
on turbulent diffusion, different types of non-homogeneity are
probed in different regions of a FD TCF: (i) in the near-
wall region, the non-homogeneity is introduced by both mean
shear/turbulence production and turbulent diffusion down to
scales smaller than Taylor length; (ii) in near-equilibrium re-
gion, only the turbulence production contributes to the non-
homogeneity outside viscous range of two-point separation
lengths; (iii) in the central region, the turbulent diffusion is the
main cause of non-homogeneity down to two-point separation
lengths well below the Taylor length. In the near-equilibrium
region, the non-homogeneity is driven by turbulence produc-
tion and the scale-by-scale non-equilibrium can be explained
in terms of the hypothesis of homogeneous two-point physics
adapted to a turbulence production context as has been done by
Apostolidis et al. (2023). This is a case where the presence of
significant two-point turbulence production at all scales down
to the Taylor length is vital for the scale-by-scale turbulent
kinetic energy budget (Apostolidis et al., 2023). In the FD
TCF’s centreline region where there is no turbulence produc-
tion, non-homogeneity is driven by non-linear turbulent trans-
port. The recently introduced length-scale L; which captures
scales of turbulent transport non-homogeneity but does not
capture scales of mean flow non-homogeneity shows agree-
ment with our finding that the inter-space turbulent energy
transfer rate is not negligible all the way down to length scales
below the Taylor length. At such scales, the FD TCF’s core re-
gion is therefore locally non-homogeneous and scale-by-scale
Kolmogorov equilibrium is absent and replaced by a new type
of equilibrium described by the equations in the left column of
this page.

The DNS data of FD TCF that we have used to estimate
the two-point energy budget in the core region also show that
both the inter-space and the inter-scale transfer rates are neg-
ative over all non-zero length scales sampled, signifying that
turbulent kinetic energy is received at a given scale from larger
scales and from neighbouring space. Inter-scale and inter-
space turbulent kinetic energy transfer rates normalised by tur-
bulence dissipation are constant with a logarithmic correction
over an inertial range of length scales. The pressure-velocity
rate of transfer is significantly smaller throughout the scales
but present in all length-scale ranges except A < r, < L, where
it vanishes.
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Figure 5. Non-linear inter-scale transfer rate I1, non-linear inter-space transfer rate 7, and pressure-velocity correlation term 7}, at
v/8 ~ 1 for TCF934, as functions of normalised streamwise (a) and spanwise separations (b). All terms are normalised by €. The
vertical lines from left to right indicate the non-homogeneity length L; (red dotted line), the Taylor length (black dotted line), the
integral length scale (blue dotted line), and the correlation zero-crossing length (blue dash-dotted line). The upper horizontal green
dashed line corresponds to one-point turbulent transport of turbulent kinetic energy at the centroid. The lower horizontal green dash-
dotted line corresponds to I1+ 7, ~ —1.08¢ in (a) and [T+ 7;, = —1.06¢ in (b).
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Figure 6. Log-law fits of I1, T, and T}, at y /6 =~ 1 for TCF934 and TCF3000, as functions of normalised streamwise (a,c) and spanwise
separations (b,d). The colours corresponding to different terms and vertical lines definitions are the same as in figure 5. The fitting
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