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ABSTRACT

We present a forcing-informed (FI) resolvent analysis, a
framework for extracting the input-output relations of self-
sustained, statistically stationary nonlinear flows. The key idea
behind the present approach is to estimate the basis of the
subspace spanned by the time history of the nonlinear forc-
ing (input subspace), as well as that of the output subspace.
The learned bases are used to construct a new transfer func-
tion matrix, called the forcing-informed (FI) resolvent opera-
tor, which is founded on the self-sustained flows. In the FI re-
solvent analysis, the extracted forcing and response modes are
theoretically grounded to exist in the actual flow field, in con-
trast to conventional resolvent analysis. In addition, the time
history of the nonlinear forcing can also be used to estimate the
linear operator, thereby allowing us to obtain the FI resolvent
operator in a fully data-driven manner. The proposed method
is demonstrated for a 2D cylinder wake and a 3D transitional
boundary layer, while addressing the role of the nonlinear forc-
ing term in nonlinear energy transfer in these flows.

INTRODUCTION

Uncovering self-sustaining mechanisms is crucial for elu-
cidating the intrinsic dynamics of complex nonlinear flows and
for controlling them with enhanced insights. However, iden-
tifying self-sustaining mechanisms from numerical simulation
data is challenging, even with the availability of high-fidelity
simulation datasets, because of the nonlinear and complex be-
havior of fluid flows. Thus, a method capable of identifying
such a mechanism is desirable.

Resolvent analysis (Trefethen et al., 1993; Jovanovié¢ &
Bamieh, 2005; McKeon & Sharma, 2010) has served as a
powerful tool for understanding (Iwatani et al., 2023), mod-
eling (Gémez et al., 2016), and controlling (Yeh et al., 2020)
flows by identifying input-output relations in the flow field
of interest. The effectiveness of the resolvent analysis has
been demonstrated, even for turbulent base flows (McKeon
& Sharma, 2010), thereby attracting the interest of the fluid
mechanics community to date. The key concept in McKeon

& Sharma (2010) is the feedback mechanism, which rein-
terprets the nonlinear forcing term in the linearized Navier—
Stokes (NS) equations around the time-averaged flow as an
exogenous forcing to the linear system (Farrell & Ioannou,
1993). The nonlinear forcing term is viewed as an essential
feedback controller that maintains the oscillatory motions of
self-sustained flows. However, the resolvent operator lacks
the full spatiotemporal characteristics of the nonlinear forc-
ing terms; only the mean flow modification due to the time-
averaged nonlinear fluctuation component of the NS equation,
that is, the Reynolds stress, can inform the resolvent opera-
tor of the nonlinear forcing. It has been pointed out that this
lack of forcing information often leads to response and forc-
ing modes inconsistent with the actual flow (e.g., Zare et al.
(2017); Towne et al. (2018)).

Hence, in this study, we develop an input-output analysis
method for (statistically stationary) nonlinear flows that incor-
porates forcing information, aiming to understand the mecha-
nisms underlying self-sustained flow dynamics. The proposed
method is applied to a two-dimensional cylinder flow at a
Reynolds number of 150 and a three-dimensional controlled
(H-type) transition in a high-subsonic boundary layer. The
physical interpretations of the extracted forcing and response
modes for these example flows are discussed.

FORCING-INFORMED RESOLVENT ANALYSIS
Fundamentals

Let us consider the Reynolds decomposed compressible
NSEs and the Reynolds-averaged NS (RANS) written as

9q+9qd =N(q)+Lqd +F(q), (1
dqg=N(q) =N(q)+F(q). 2)

Here, ¢’ denotes the perturbation of the state vector, L is the
linearized Navier—Stokes operator, and F(q’) collects the non-
linear terms. Subtracting Eq. (2) from Eq. (1) gives the non-
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linear perturbation equation as

ad =Lqd + R(q), 3)

where f{; (¢') :== F(q') — F(q') is the zero-mean nonlinear
term. Note that fy; is computable since the expression is
available for this governing equation, which is revisited later.
The Fourier transform of Eq. (3) yields a relation at a fre-
quency :

do = Rfo, 4

where R = [iwl — L] ™! is the resolvent operator, §g and fq, are
the Fourier coefficients of the ¢’ and f{;; . Note that we may
also consider a general integral transformation (such as the
Laplace and wavelet transforms). The choice of kernel func-
tion in the integral transform determines the temporal structure
of the forcing and response modes, as discussed in the resol-
vent analysis literature (Yeh et al., 2020; Ballouz et al., 2024).
We restrict ourselves to the harmonic response and forcing
modes (they vary according to ¢/®') in this study.

In the conventional resolvent analysis, the forcing and re-
sponse modes are given as the solution to the following opti-
mization problem:

ldol? _ . IRofol?

max | 2 = max 1% ®)
Fo?0 lfal?  foro [lfell?

where || - || := +/(:,-) is the 2-norm of a vector. The SVD of
the resolvent operator R solves the maximization problem (5);
choosing fa, = Vg,1 (the right singular vector vg; that corre-
sponds the leading singular value o} (R)) gives the maximum
gain o1 (R) and the corresponding response ug ; which is the
left singular vector. However, as pointed out in prior stud-
ies (Zare et al., 2017; Taira et al., 2017; Towne et al., 2018;
Morra et al., 2021; Nogueira et al., 2021; Barthel et al., 2021),
the forcing and response modes obtained by the SVD of R of-
ten fail to extract the flow structure that actually exists in the
flow field from numerical simulations or experiments due to
the lack of information (spatiotemporal coherence) about the
nonlinear forcing term f{;; in Eq. (3). In terms of linear al-
gebra, although the (5) seems to maximize the gain between
the nonlinear forcing f, and response g, the maximization
problem of the Rayleigh quotient merely searches the surface
of the unit sphere in vector space CN¢ (arbitrary orientation)
for the optimum solution, regardless of the actual spatial cor-
relation of fy. In other words, there is no theoretical guarantee
that the optimal solution to (5) reflects the actual forcing infor-
mation. Hence, let us consider how to incorporate the actual
spatiotemporal structure of the nonlinear forcing term into the
input-output analysis framework hereafter.

Basis estimation

The heart of this proposed method is to estimate the ba-
sis vectors of the input subspace spanned by the time-series
data of the nonlinear forcing term, while benefiting from high-
fidelity simulation data. To do so, let us collect snapshots and
create the data matrix of forcing X:

Xo= [ P8 S e S ™ ] ©

where N, is the number of the realizations, e.g., the number of
the run of the numerical simulation or the number of the sets of
the snapshot separated by a finite time window as in Welch’s
method (Welch, 2003). Here, M is the number of snapshots in
each realization. Similarly, let us consider the data matrix of
response Y:

N, N,
vie[¢V a7 @

Using these data matrices, the input and output subspaces
are defined as ¥4 := Col(X) and #g := Col(Y), respectively,
where Col[-] denotes the column space of a matrix. Since we
are now interested in the frequency domain as in Eq. (4), by
performing the Fourier transform of every realization of X and
Y, we may obtain the following matrices,

(0) = [fi(w), - fn, ()], (8)
(@) = [§1(®),-4n,(®)] , )

~) <)

at every frequency of @. For each, the input and output sub-
spaces are given as Yg(g) 1= Col[X (w)] € ¥ and Tp(0) =
Col[? (@)] C #y , respectively. In general, the basis vectors of
these two subspaces are given by the rank factorization of X
and Y for each, written as

X=®C, Y=W¥D. (10)

Here, ® € CNo*No and ¥ € CNo*M are the sets of basis vec-
tors as many as the rank of X and Y, and C € CNexNo gnd
D € CNv*Ne gre the coefficient matrix. From Eq. (10), the
column vectors of ® and W apparently span the input and out-
put subspaces, respectively. Note that the rank factorization is
merely a mathematical expression; there are several practical
numerical algorithms to reveal the rank of a matrix, such as
the singular value decomposition (SVD). In addition, noticing
that the fy; and ¢’ can be recovered as

fa=[ ~ #(0)C(0) do, (11

qd = /w ¥(0)D(0)edo, (12)

we can view this decomposition as a general expression of the
modal decomposition of a flow field, in which the temporal co-
herence and spatial coherence are considered separately (Taira
et al., 2017). Since the temporal coherence is now described
by €/?", the spectral proper orthogonal (SPOD) decomposition
(corresponding to the SVD of X and Y) and the dynamic mode
decomposition (DMD) method may be applied, for example.
As such, there are several numerical methods to obtain the ba-
sis vectors of input and output subspaces, including the mod-
ern modal decomposition methods. In this study, we use the
SPOD to obtain the bases, allowing us to express the vectors §
and f as

fw = ‘Dspodch% do = ‘Pspodzwbv (13)

where @gpoq and Fypoq are the orthonormal SPOD modes,
and Xy and Xy are diagonal matrices whose entries indicate
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the amplitude of SPOD modes (basis vectors). Here, a and
b are coefficient vectors with unit norm. In this sense, the
data-driven resolvent analysis (Herrmann ef al., 2021) uses the
DMD basis of output ¢’ for both input and output subspaces,
ie., q' = ‘PDMDa, fILIL = LPDMDb-

Forcing-informed resolvent operator

Using the learned bases, let us derive the proposed
forcing-informed (FI) resolvent operator G. From the FI re-
solvent operator G, we will extract the input and output modes
theoretically grounded to exist in the actual flow field. To
derive the Fl-resolvent operator, we sustitude Eq. (13) into
Eq. (4) to arrive at

Syb = Ga, (14)
where
G 1= ¥ 0aRPspodZs (15)

is the FI resolvent operator, since G knows the spatiotem-
poral correlation of the nonlinear forcing term ®g,04Xep-
Using the SVD of the FI resolvent operator G sp

Z”G,jZG,jVG* i (GGAk > GG,kJrl) and Eq. (13), the most domi-
nant response and forcing mode can be recovered as

Grasn = Pernduyd = PoodGa = Wenodllc: 10,
qresp spod =y Eq. (14) spod a=ve spod4G,109G,1,

fforc = q)spodzaﬁVG,l» (16)

respectively. In the above equation, we choose a = v 1, which
is justified since a is a free vector with unit norm. We refer to
the modes (Eq. (16)) obtained by FI resolvent analysis as the
FI response and forcing modes. This pair of FI forcing and re-
sponse modes is the dominant input-output relation governing
the self-sustaining flow of interest. These FI resolvent modes
exist in the actual flow field since they are expressed as lin-
ear combinations of the basis vectors of input and output sub-
spaces, respectively. Finally, when the FI resolvent operator is
arank-1 matrix, the amplitude of the output Xy, coincides with
the leading singular value 0.1, as demonstrated later.

Data-driven estimation of linear operator

The FI resolvent operator G requires the three matrices,
®, ¥, and L, to be available. As the former two are obtained
using SPOD, estimating L in a data-driven manner completes
the overall data-driven formulation. Based on Eq. (3), the lin-
ear operator is approximated as

L~ Lgya = [Y = X]Y" (17

where Y collects the snapshots of the time derivatives of the
output dg’ /dt, Y7 is the pseudo-inverse of Y. Once we com-
pute Z :=Y — X, the same algorithm used in the (projected)
DMD (Schmid, 2010) (or its parallelized version (Asada &
Kawai, 2025)) is applicable. Finally, the FI resolvent oper-
ator is constructed in a full-data-driven manner as Gga, =
<I>:fp0dU§(ia)I — L, )Ug " WpoaZw, where Uy is the r dominant
left singular vectors of Y, that is, the POD modes and L, is
the linear operator projected on the first » POD modes. Obvi-
ously, the FI resolvent operator G € CN*N¢ s much smaller
than the resolvent operator R € C¥e*Na_ reducing the compu-
tational cost of the SVD and saving on memory requirement.

Energy balance in the statistically stationary
self-sustained flows

To relate the obtained forcing and response modes to the
self-sustaining mechanisms, we follow the work by Jin et al.
(2021), who considers the time-evolution equation of the dis-
turbance energy defined as E = (¢',q’). The time-averaged
evolution equation of E is written as

dE
E = <ql7qu> + <qlaf]<]L> = Oa (18)

where - denotes the time-averaging operation. Eq. (18) de-
scribes that the (long-time) energy amplification or attenuation
due to the linear mechanism ({¢’,Lq’)) is being balanced with
the counterpart of the nonlinear mechanisms ((g’, f;; )) in the
self-sustained statistically stationary flows. In particular, the
term (¢, fI/\1L> tells that the energy amplification/dissipation
due to the nonlinear mechanism is determined by the phase
difference (inner product) between ¢’ and fy; . Similarly, in
the frequency space, we may show that the phase difference
between the response and forcing modes also tells the energy
amplification/dissipation due to Frore at the frequency of inter-
est. Thus, the real part of the Hadamard product

T = Real(Gresp © froe ) (19)

represents where the forcing amplifies or attenuates the output
energy in the time-averaged sense.

RESULTS AND DISCUSSIONS
2D cylinder flow

We first consider the 2D cylinder flow at a diameter-based
Reynolds number of Re = 150 and at a freestream Mach num-
ber of M., = 0.2, which exhibits self-sustained Karman vor-
tex shedding. The Strouhal number associated with the vortex
shedding Stx = fD/Us. ~ 0.18, where f is the shedding fre-
quency, D is the diameter, and U is the freestream velocity.

First, the eigenvalues of the linear operator Lg,, obtained
from data by Eq. (17) are shown in Fig. 1. The most unstable
eigenvalue Lgy, collapses onto one of the L obtained by di-
rect computation (black cross), which indicates that the present
data-driven method works appropriately. Although not shown
here, the eigenvector exhibits the physical vortex-shedding
mode, and the response and forcing modes shown later look
almost the same regardless of the construction methods of the
linear operator.

In Fig. 2, the gain (the leading singular value o) of the
proposed FI resolvent operator (green line) exhibits the peaks
of the harmonics of Stx (i.e., 2Stx,3Stx), at which the linear
mechanism is inactive (which can be judged from Fig. 1). On
the other hand, the gain of the conventional resolvent operator
(gray line) only possesses a peak at Stx. This result demon-
strates that incorporating the spatiotemporal structure of the
nonlinear forcing term fy; is necessary to capture the nonlin-
ear amplification mechanisms. Besides the harmonics, the FI-
resolvent gain at the fundamental frequency Stx matches the
SPOD gain (orange crosses), while the gain of R overpredicts
it. This gap reflects the fact that the amplitude of response
mode is determined not only by the singular value of R but
also the inner product between the right singular vector of R
and the nonlinear forcing term f (Taira et al., 2017).

Subsequently, the streamwise momentum component of
the FI response and forcing modes from the FI resolvent op-
erator G at Stx, 2Stg, and 3Stx are shown in Fig. 3. The FI
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Figure 1. Eigenvalues of linear operator estimated in a data-
driven manner Ly, (blue circles), along with the most unsta-
ble eigenvalue of linear operator obtained by a direct compu-
tation Lgjrect (black cross).

response modes at the fundamental Stx and second-harmonic
28tk frequencies are similar to the DMD modes at the cor-
responding frequencies (Taira et al., 2020), indicating the
present method extracts the physical modes. Comparing the
FI response and forcing modes at Stx in Fig. 3 with the con-
ventional resolvent analysis in Fig. 4, the response modes look
similar to each other, whereas the shape of the forcing mode
is different; the FI-forcing mode possesses the structure in the
cylinder wake, while the conventional forcing mode empha-
sizes the region upstream of the cylinder. Since the forcing
term f{, (¢) is the nonlinear function of ¢’ (feedback con-
troller), the FI-forcing mode should not appear upstream of the
cylinder where no flow oscillation occurs. In addition, at 2S5k,
the FI-forcing mode is similar to the forcing mode that explic-
itly models the triadic interaction of Stx + Stx = 2Stx (Rosen-
berg et al., 2019), demonstrating that the proposed method can
capture the nonlinear resonant mechanism.

Finally, we examine the spatial distribution of .7 in Fig. 3
(the bottom row). The region where the nonlinear forcing term
supplies the energy to the output is visualized as a positive
signed green colored region, whereas the region in which the
forcing attenuates the energy is visualized as a negative signed
pink colored domain. It is identified that the nonlinear forc-
ing at Stg acts as the driving force in the recirculation region
at around 0.5 < x/D < 2, whereas it dissipates the energy in
the region of the time-averaged separated shear layer consid-
ered as the source of linear instability. In the wake domain
(2 < x/D), 7 is negative (pink) at Srx, whereas it is almost
positive (green) at harmonics 2Stg,3Stx, indicating that the
nonlinear forcing term supplies energy to the wake region at
these frequencies (harmonics), where the linear amplification
mechanism is inactive.

3D transitional boundary layer

We then examine the 3D transitional boundary layer.
The DNS data of the H-type transition in high-subsonic
boundary layers at a Mach number of 0.8 over a
nominally zero-pressure-gradient pseudo-adiabatic (isother-
mal) flat plate (https://www.klab.mech.tohoku.
ac.jp/database/index.html) is analyzed. In the
DNS, infinitesimal initial disturbances consisting of a two-
dimensional Mack’s first mode (Mack, 1975) at a frequency of
@y p and its subharmonic oblique mode (Herbert, 1983) are in-
troduced to trigger instabilities. For details of the DNS setup,
the reader is referred to Iwatani et al. (2025). As shown in
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Figure 2. Gains of FI resolvent operator G (green), conven-
tional resolvent operator R, and SPOD modes of output (or-
ange cross).

Fig. 5, we focus on the late stage of the transition, in which the
three-dimensional characteristic vortices, such as the lambda-
vortex and the ring-vortex, appear and evolve downstream
nonlinearly.

The leading gain of the FI resolvent operator is shown in
Fig. 6. The gain exhibits peaks not only at frequencies where
the linear amplification mechanism is active (|@/ap| < 2/3),
but also at frequencies where the nonlinear amplification
mechanism is active (|@/@,p| > 2/3). Here, the linear stabil-
ity of this flow is analyzed through eigenvalue analysis of the
linear operator estimated from data, and note that this is not
the linear instability of Mack’s mode and subharmonic insta-
bility. Hereafter, we examine the forcing and response modes
at @/wyp = 1/2 (active linear amplification) and ®/w,p = 2
(inactive linear amplification).

In Fig. 7, the spatial distributions of the streamwise mo-
mentum component of the forcing and response modes and
the distribution of 7 in X-Z (wall-normal-spanwise) cross-
section at the streamwise location of the ring vortices (corre-
sponding to the dashed rectangle in Fig. 5) are shown. Looking
at the response modes, we may find, for example, the charac-
teristic modal structure at X ~ 0.08-0.1 at spanwise locations
of Z=0.5N(N =0,1,2...), corresponding to the ring-vortex
(see also Fig. 5). In this way, the response modes reveal the
coherent spatial structure in the late stage of the H-type transi-
tion. The forcing modes (middle column of Fig. 7) also exhibit
coherent spatial structures at both frequencies, indicating that
the nonlinear forcing terms play an essential role in shaping
the coherent flow structure in the late stage of the transitional
boundary layer. Finally, looking at the spatial distribution of
T (the right column of Fig. 7), the negatively signed (purple)
region largely coincides with the local peaks of the response
mode’s amplitude at @/wyp = 1/2 (linearly unstable). The
positional relation indicates that the nonlinear forcing decays
the fluctuation energy amplified by the linear instability. In
contrast, ®@/@yp = 2 (linearly stable), the area of the green-
colored region (nonlinear energy amplification) expands rela-
tive to the area at @/ w,p = 1/2, indicating that the nonlinear
amplification mechanism becomes predominant, especially in
regions away from the wall. Through the FI resolvent analysis,
the spatial structure of the nonlinear forcing term and the role
of the forcing at a specific location in the self-sustaining mech-
anism of the late stage of the H-type transition are identified.
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Figure 3.

(middle) FI forcing mode, and (bottom) spatial distribution of .7 (Eq. (19)), at St
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Figure 4. Streamwise momentum component of response
(left) and forcing (right) modes from the resolvent operator R
at Stg.

Figure 5. Late stage of the H-type transition, visualized by
the iso-surfaces of Q criterion colored by spanwise velocity.

CONCLUSIONS

In this study, we proposed a data-driven input-output anal-
ysis framework, called the forcing-informed (FI) resolvent
analysis, that extracts the input-output relations in the non-
linear (statistically stationary) flows. The proposed method
focused on the physical significance of the nonlinear forcing
term appearing in the perturbation equation derived from the
Navier—Stokes equations, which plays a critical role in sustain-
ing the oscillatory motions of nonlinear flows. To incorporate
the forcing information into the proposed method, the input
and output subspaces derived from their respective snapshot
data were introduced, and their basis vectors were numerically
obtained. The estimated bases and linear operator were used
to construct the FI resolvent operator (transfer function) that
encodes the input-output relations in the nonlinear flow of in-
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Results of the FI resolvent analysis of cylinder wake: (top) streamwise momentum component of the FI response mode,
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Figure 6. Gains of the FI resolvent operator G, along with
the iso-contours of the streamwise component of the response
and forcing modes.

terest. At the same time, the snapshot datasets of the input
and output are also used to estimate the linear time-invariant
operator, enabling the fully data-driven computation of the FI
resolvent operator. The forcing and response modes extracted
by the proposed method are expressed as linear combinations
of the basis vectors of the output and input subspaces, ensuring
that the modes lie within the actual flow field.

The proposed method was applied to a two-dimensional
cylinder flow and a three-dimensional transitional boundary
layer. In both cases, the nonlinear amplification mechanism,
which the conventional resolvent analysis fails to predict, was
captured through the gain of the FI resolvent operator. By
learning the basis of the input subspace, the forcing mode
was confined to the region where the response mode emerges,
thereby forming the feedback mechanisms crucial for a self-
sustaining mechanism. In addition, examining the phase dif-
ference between the FI response and forcing modes clarified
the role of the FI forcing mode in the self-sustaining mech-
anism, i.e., whether it amplifies or attenuates fluctuation en-
ergy. Further details of the proposed method will be reported
in Iwatani et al. (2026).
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