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ABSTRACT
Wall-bounded turbulent flows are often assumed to ex-

hibit outer-layer similarity, where the outer-layer flow, when
appropriately scaled, becomes independent of wall roughness.
We assess this hypothesis using proper orthogonal decom-
position (POD), which identifies the energetically-dominant
coherent structures and provides a compact, objective basis
for comparing flow organization between smooth and rough-
walled flows. The analysis quantifies differences in the spa-
tial shape of corresponding POD modes via the angle between
them, based on their inner product. The POD is done on
three-dimensional (3D) snapshots of the turbulent pipe flow
at friction Reynolds number of Reτ ≈ 2000, with roughness
heights of 0, 10, and 20 in friction units (smooth, and rough
with heights of 0.5% and 1% of the pipe radius), obtained
using direct numerical simulation (DNS). Results show that
the POD mode shape differences between rough and smooth
pipes exceed thresholds attributable to computational factors
(flow realization, sampling frequency, etc.) and variations in
the friction Reynolds number. Moreover, the POD modes of
rough-walled cases are more similar to each other than to the
smooth pipe, suggesting that turbulent structures in the outer
region may differ between smooth and rough pipes. Further
studies are needed to confirm this.

SIMULATION SETUP
The simulation design of this work is inspired by the work

of Chan et al. (2018), and extended to higher Reynolds num-
bers. Three friction Reynolds numbers of Reτ ≈ 550, 1000,
and 2000 are considered in the simulation campaign. The wall
roughness has a functional form of

δ r = hcos
2πz
λ

cos
2πRθ

λ
, (1)

where δ r is the roughness height, z and θ are streamwise and
azimuthal coordinates of the wall, R denotes the pipe’s ra-
dius, h is the roughness amplitude (or height), and λ is the

roughness wavelength that is identical in the streamwise and
azimuthal directions. Here, h is set in friction units (based
on the friction length of the smooth pipe at the same bulk
Reynolds number, δν ,s) and has values of h+ = h/δν ,s ≈ 10,
20, and 40. The wavelength λ is selected to have a constant
λ/h ratio of 7.5 for Reτ ≈ 2000. A smooth case was also sim-
ulated as a baseline for comparison. Both smooth and rough
pipes have a length of 8πR in the streamwise direction. The
simulation campaign involves a total of 12 cases with four se-
tups per friction Reynolds number (only a subset of which is
used here). The convention adopted here is as PR+-h+ where
R+ = Reτ,s = R/δν ,s is the friction Reynolds number and h+

is the roughness amplitude, such that P550-0 and P2000-20
correspond to a smooth pipe at Reτ ≈ 550 and a rough pipe at
Reτ,s ≈ 2000 with h+ ≈ 20. Figure 1 illustrates the computa-
tional domain, including the shape of the walls, for P2000-40.
A summary of the relevant cases used in this work is given in
Table 1.

Figure 1: A schematic of the roughness shape and the
flow inside the pipe for P2000-40. The gray transpar-
ent surface shows the wall, while the pseudocolor shows
streamwise velocity from lowest (blue) to highest (red)
values.
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Table 1: A summary of the main simulation setups used
here. ReD, Reτ,s and Reτ are the bulk (based on di-
ameter), friction Reynolds number in the corresponding
smooth wall, and the actual friction Reynolds number,
respectively. h and λ are the amplitude and wavelength
of the cosine shaped roughness and R denotes the radius
of the pipe.

Case ReD Reτ,s Reτ h+ h/R λ/h

P2000-0 83000 2000 1998 0 0 —

P2000-10 83000 2000 2422 10 0.005 7.5

P2000-20 83000 2000 2881 20 0.01 7.5

P2000-40 83000 2000 3346 40 0.02 7.5

We carried out direct numerical simulation (DNS), us-
ing the code Neko (Jansson et al., 2024) which is a spectral-
element solver primarily designed for incompressible Navier–
Stokes equations. The grids used in this work have resolutions
of (∆z+,∆r+,R+∆θ) = (∆z,∆r,R∆θ)/δν ,s ≈ (5.1,0.3,5.3)
next to the wall for the rough pipes, and (10,0.5,5.3) for the
smooth ones. Transients are removed by discarding at least
the first 300R/Ub (where Ub is the bulk velocity) time units on
the final mesh, with statistics collected over the next 500R/Ub
(around 24ET T , where ET T = R/

√
τwall,s/ρ is the eddy

turnover time based on the smooth pipe friction). Figure 2
shows the mean velocity and Reynolds stresses obtained for
P2000-0, P2000-10, and P2000-20 (the three main flows stud-
ied here) at different streamwise and azimuthal locations along
the sinusoidal roughness element. As expected, the mean pro-
files become independent of the spatial sampling location far-
ther from the wall.

METHODOLOGY
The goal here is to modally decompose the flow (via

POD) and assess the outer-layer similarity by comparing the
respective POD modes between different flows. An advantage
of using POD for this analysis is that the information from
different radial (wall-normal) locations and velocity compo-
nents are combined together in a quantitative manner. Another
advantage is that the decomposition contains more informa-
tion about the statistical structure of the flow, including spatial
and temporal correlations. In addition, POD is mathematically
well-understood, and robust to numerical aspects.

Proper Orthogonal Decomposition (POD)
For a flow with a statistically homogeneous spatial direc-

tion – thus a continuous translational symmetry – the POD
modes converge to Fourier modes (cf. George, 1988). The spa-
tial POD modes for velocity component i thus take the form,

φi,qkθ kz = fq(r)ei(kθ θ+kzz) ,

where q is the quantum index in the radial direction, and kθ and
kz are the Fourier wavenumbers in the azimuthal and stream-
wise directions.

In the presence of roughness, the POD modes only follow
a discrete symmetry set by the roughness wavelengths. Since

(a)

(b)

Figure 2: (a) Mean velocity and (b) Reynolds stresses
(b) for P2000-10 and P2000-20 (solid lines) compared
to P2000-0 reference data of Yao et al. (2024) at
Reτ ≈ 2000 (dotted blue lines). For each of the rough
cases multiple streamwise and azimuthal locations are
shown along the sine roughness pattern. The collapse of
the lines imply an independence of the flow from wall
roughness away from the wall. P2000-0 of this simula-
tion campaign matches that of Yao et al. (2024) and is
not shown here.

we are only interested in the outer region of the flow, and as-
suming that farther from the wall the symmetry becomes closer
to a continuous one (note that this arguably has some potential
overlap with the assumption of outer-layer similarity), we will
use the same method (i.e., Fourier expansion) for the rough
pipes as well. Note that only a region r ≤ Rmax above the
roughness peaks can be considered in the Fourier expansion
and thus the POD.

Enforcing the translation symmetry, and therefore the
Fourier expansion, results in a larger number of modes where
each (radial) structure is potentially represented by multiple
streamwise and azimuthal modes. This means that the en-
ergy contained within that structure is the sum of the energy
of its constituting Fourier modes. This is a well-known issue
in the field, related to symmetries (cf. Rowley and Marsden,
2000; Marensi et al., 2023). One possible approach to deal
with this is employing a secondary classification method to
identify Fourier modes that are related to the same structure,
as done by, e.g., Massaro et al. (2024) using a Voronoi-based
method. In this work, we adopt a mode-by-mode comparison
between flows, which provides a direct generalization of two-
dimensional energy spectra to the full 3D spatial structure.

Figure 3 illustrates the reduction of the 2D energy spectra
at multiple radial locations to the energy spectrum of the total
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energy contained within each Fourier mode, and that contained
within the first radial POD mode q = 1. We note that modes
with longer wavelengths contain more of the total energy of the
flow. Furthermore, for those longer wavelengths a larger por-
tion of the energy is contained within the first POD mode. This
can significantly simplify our analysis and reduce the question
of outer-layer similarity to a comparison of the POD modes for
the first few quantum indices.

Measurement of POD Mode Dissimilarity
The quantitative measure used here to assess the similar-

ity of the POD modes is the angle between them, based on the
same inner product used for obtaining the POD modes.

The inner product of two modes, φi,qkθ kz(r) and φ ′
i,qkθ kz

(r)
(for the same kθ and kz) is defined using the dot product

⟨φ ,φ ′⟩= 1
Vtot

∫
V

φ
∗
φ
′dV =

Lz

Vtot

∫
A

f ∗q f ′qdA=
Lz

Vtot

∫ rmax

0
f ∗q f ′q2πrdr,

where no summation over q is implied, (·)∗ denotes the com-
plex conjugate, Lz is the streamwise length of the computa-
tional domain, rmax is the outermost extent of the integration
(farthest from the centerline), and Vtot = πr2

maxLz is the total
volume of the computational domain. Since POD modes are
orthonormal, we have ⟨φ ,φ⟩= ⟨φ ′,φ ′⟩= 1 for same q, kz, and
kθ .

The idea here is to use the dot product to quantify the
similarity of modes φ and φ ′, which are the POD modes with
matching q, kz, and kθ , from two different flows or config-
urations. For modes from different PODs, the inner product
⟨φ ,φ ′⟩ is in general a complex number. For simplicity of anal-
ysis, a real number can be defined as the angle θ between the
two modes, as

cosθ =
ℜ(⟨φ ,φ ′⟩)√
⟨φ ,φ⟩⟨φ ′,φ ′⟩

,

where ℜ denotes the real part. This is simply the generaliza-
tion of the angle between two vectors in the real space using
their dot product.

The computed angle θ ∈ [0,π] quantifies the difference
between modes φ and φ ′ (closely related to the correlation
coefficient) with values close to 0 obtained for similar radial
shapes, values close to π/2 for modes that are completely dis-
similar, and values close to π for similar modes where one is
the opposite of the other (i.e., negatively correlated, similar
to two vectors pointing in opposite directions). Since POD is
completely insensitive to the sign of the mode, θ = 0 and π

must be interpreted the same way. Therefore, we further map
the angle θ onto the interval [0,π/2], using the following:

γ =
π

2
−
∣∣∣θ − π

2

∣∣∣ ∈ [0,π/2] .

Finally, note that for complex matrices, eigenvectors and
therefore the POD (SVD) modes, are unique only up to a con-
stant eiα , where α is a random phase. Therefore, the computed
γ can be strongly affected by the arbitrary value of α . This de-
pendence on the random phase shift is then removed by shift-
ing one of the POD modes in increments of 5◦ over the range
α ∈ [0,π), calculating γ for each shift, and taking the mini-
mum value. An example of the impact of this random phase

shift on γ , before and after correction, is shown in Figure 4,
for the same realization of the flow (same set of snapshots) but
different sampling frequencies. Note that both panels show
the same comparison, with the only difference being that in
one γ is reported without minimization over α and in one it is
shown after this corrective step. Since the spatial POD modes
are robust to temporal aliasing, we expect values of γ close to
0◦, over the majority of streamwise and azimuthal wavenum-
bers. This is the observed behavior in Figure 4 (b), only after
minimization over all α .

The corrected γ (over all α) is the angular distance in
function space between mode shapes, measuring how much
the radial structure differs between two flows, independent of
sign ambiguity, phase ambiguity and energy magnitude. This
is reported in degrees for more intuitive interpretation, such
that γ ∈ [0◦,90◦]. Note that γ = 0◦ signifies effectively the
same radial shape of the modes and γ = 90◦ shows two modes
that are completely independent from each other.

The difference in energy of the modes, i.e., the depen-
dence on uτ , is included in the singular values associated with
each mode, and γ only depends on the shape of the mode. In
the rest of this work, we solely focus on γ .

Establishing a Baseline
The impact of various parameters on the shape of the POD

modes, and the dissimilarity γ in particular, has to be assessed.
Given that the goal is to compare smooth and rough-walled
pipes at matched bulk Reynolds numbers (but slightly differ-
ent friction Reynolds numbers) a few different factors need to
be examined, including (i) the sampling (snapshot) frequency,
(ii) flow realization and simulation setup, (iii) Reynolds num-
ber, and (iv) the radial extent of the domain rmax used in the
analysis (including calculation of POD modes).

The effect of sampling frequency is examined in Figure 4
(b). It is observed that, for the first quantum index q = 1, while
some of the modes with λz/R ≤ 1 are affected by the sampling
frequency (potentially due to their higher frequency in time),
the λz/R≥ 1 region is rather insensitive with γ ≤ 5◦. The POD
modes for P2000-* are computed with a snapshot frequency
of ∆tUb/R = 1 and are, therefore, expected to be robust in the
region λz/R ≥ 1.

The effect of flow realization and simulation setup is stud-
ied in Figure 5 (a) that compares the POD modes of P550-0
from the current simulation campaign, with that of Yao et al.
(2023) & Massaro et al. (2024). Note that the two simula-
tions are completely independent of each other, with differ-
ent solvers and numerics, different domain lengths (Lz/R= 8π

here and 10π in Massaro et al. (2024)), different grid resolu-
tions, different initial conditions and transient periods, differ-
ent snapshot collection span, and different snapshot frequen-
cies ∆t. While differences as large as γ ≈ 60◦ is observed,
for the region λz/R ≥ 1 (and λθ/R ≥ 0.2, as will be discussed
later) not impacted by sampling frequency, the differences re-
duce to much lower values of γ < 15◦. Whether these differ-
ences arise from the different time spans (i.e., statistical con-
vergence of POD modes) or domain lengths (both of which are
expected to affect the largest scales) requires further analysis.
Nevertheless, the comparison defines a repeatability criterion
and tells us (i) to limit our analysis to the region λz/R ≥ 1 (and
λθ/R ≥ 0.2), and (ii) that differences lower than 15◦ may be
attributed to external factors, rather than a physical difference
between the two flows.

The impact of the Reynolds number on the shape of the
POD modes in investigated in Figure 5 (b). While the flows of
interest are P2000-0, P2000-10, and P2000-20, all at the same
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(a-1) (a-2) (a-3)

(b-1) (b-2) (b-3)

Figure 3: The 2D pre-multiplied energy spectra (in logarithmic scale, base 10) of P2000-0 from the current simulation
campaign. Panel (a-1) to (a-3) show r/R = 0.9, r/R = 0.5, and r/R = 0.1, respectively. Panel (b-1) shows the specrum as
an integral over circular cross section of the pipe (the mode-by-node total energy as will be decomposed by POD), while
panel (b-2) plots the total energy contained in the first POD mode, q = 1, only. Panel (b-3) shows the ratio of the energy
contained within the q = 1 mode compared to the total (ratio of b-2 to b-1) in linear scale. All spectra are normalized
by friction velocity. The total energy per mode is the result of a surface integral and is further normalized by the cross
section.

(a)

(b)

Figure 4: Computed γ (in degrees) for P550-0 compar-
ing POD modes for different snapshot frequencies of
∆tUb/R = 0.5 and 2: (a) before minimizing γ over in-
cremental phase shifts, and (b) after minimization.

bulk Reynolds number, their observed Reτ exhibits around
20% difference from one another (Table 1), requiring such
assessment. As mentioned earlier, the scaling with friction
velocity of the energy of the flow, and therefore the modes,
is absorbed into their corresponding energy and the spatial
POD modes should be independent of that scaling (for large
Reynolds numbers). Despite the rather large difference be-
tween the friction Reynolds number of Reτ ≈ 1000 and 2000
for the comparison in Figure 5 (b), it is observed that in the re-

gion of interest, λz/R ≥ 1 (and λθ/R ≥ 0.2), γ remains within
the acceptable threshold of around 15◦.

The effect of the radial extent of the domain, rmax, is also
considered. Figure 2 shows that outer-layer similarity can only
be expected sufficiently far from the wall, where the velocity
and Reynolds stress profiles become independent of stream-
wise and azimuthal location along the sinusoidal roughness
pattern. The velocity profile of P2000-10 becomes indepen-
dent of the location for y+ ≥ 30, while this occurs around
y+ of 100 for P2000-20. Similarly, Reynolds stresses be-
come independent of location at y+ ≥ 50 and 150, respec-
tively. These correspond to r/R ≈ 0.98 in P2000-10 and 0.95
in P2000-20. The selection of the radial extent is important
because (i) the spatial POD modes contain information from
the entire domain, (ii) they will change with any change in
domain selection, and (iii) the Fourier expansion used here
is only valid in the presence of continuous translational sym-
metry. The effect of rmax is studied in Figure 5 (c) and (d),
where it is observed that changing rmax primarily impacts the
region λθ/R ≤ 0.2. The impact is very similar in both P2000-
0 and P2000-10 and for rmax/R changes from 1.0 to 0.95 and
from 0.95 to 0.9 (albeit with some minor differences as well).
Importantly, γ remains below 15◦ in the region of interest:
λz/R ≥ 1 and λθ/R ≥ 0.2. In the remainder of this analysis,
we use rmax/R = 0.90 for all three cases (P2000-0, P2000-
10, and P2000-20), which is well within the acceptable region
rmax/R ≤ 0.95 based on Figure 2.

OUTER LAYER SIMILARITY VIA POD
We now examine the outer-layer similarity of the flow.

Based on the observations of the previous section, we note that
while some variation between POD modes is always expected,
in the identified region of interest (λz/R ≥ 1 and λθ/R ≥ 0.2),
γ remained below 15◦. Therefore, values of γ > 15◦ exceeding
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(a)

(b)

(c)

(d)

Figure 5: Difference between the radial shape of the
q = 1 POD modes characterized using γ . Different pan-
els correspond to: (a) the impact of realization, simu-
lation setup, and domain size for P550-0, (b) the impact
of Reynolds number for P1000-0 versus P2000-0, (c) the
impact of radial extent of the domain included in POD
computation (rmax) in P2000-0 for rmax/R = 1 compared
to rmax/R = 0.95, and (d) the same for P2000-10 for
rmax/R = 0.95 compared to rmax/R = 0.9.

the established threshold could indicate physical differences
between the flows beyond computational variability.

Figure 6 presents the main result of this work and com-
pares the shape of the POD modes between P2000-0, P2000-
10, and P2000-20. Panels (a) and (b) show that γ for both
rough pipes (P2000-10 and P2000-20), when compared to the
smooth pipe (P2000-0), rises above the 15◦ threshold across
nearly the entire wavenumber space, except for a narrow re-
gion with λz/R ≥ 4π (λz = Lz/2) and π/2 ≤ λθ/R ≤ π (λθ =
Lθ/4 to Lθ/2). However, the most striking observation is the
remarkable similarity between the two rough cases (Figure 6
(c)), where γ values are consistent with those expected from
Reynolds number variations alone (cf. Figure 5 (b)). This
could suggest an underlying physical difference in the flow

(a)

(b)

(c)

Figure 6: Difference between the radial shape of POD
modes characterized using γ: (a) P2000-10 compared to
P2000-0, (b) P2000-20 compared to P2000-0, and (c)
P2000-10 compared to P2000-20. All panels show the
q = 1 mode for a domain limited to rmax/R = 0.9 (for
both rough cases as well as the smooth one). The figure
shows that modes from different rough cases are more
similar to each other (panel (c)), i.e., γ ≤ 15◦ in the
region λz/R ≥ 1 and λθ/R ≥ 0.2, than they are to the
smooth-walled modes (panels (a) and (b)).

structure between smooth and rough pipes.
Figure 6 was obtained for rmax/R = 0.9, but the same

qualitative behavior is observed for other rmax values of 0.85R,
0.95R, and Rmax (the radius of the roughness peaks). The
nearly identical values of γ , especially for rmax/R = 0.85, in-
dicate that the observed differences are not an artifact of the
choice of rmax. This suggests that, at this Reynolds num-
ber, roughness effects on the flow structure extend beyond
y+ ≈ 300. An important question for future work is whether
there exists a value of rmax below which the shape differences
between smooth and rough modes vanish, and how such a
threshold would scale with Reτ .

Another interesting observation is the oblique line char-
acterized by λθ ≈ βλ 1.25

z (for a constant β ) where γ jumps
to a values above 55◦. This is evident in Figure 6 (a) and
(b), with a smooth transition toward these higher γ values,
but is less pronounced in Figure 6 (c). This region is inde-
pendent of rmax. Comparing with Figure 4 (b) and Figure 5
(a), (b), and (d), several factors (snapshot frequency, flow re-
alization, and Reynolds number) could potentially affect this
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region. However, the magnitude of γ along this oblique line
exceeds what would be expected from such computational sen-
sitivities, as evidenced by the near absence of this feature in
Figure 6 (c). While this oblique region may provide further
evidence of physical differences between smooth and rough
pipe turbulence, detailed analysis is left for future work.

SUMMARY AND CONCLUSIONS
The present work investigates outer-layer similarity in tur-

bulent pipe flows via proper orthogonal decomposition (POD).
Multiple factors motivated this choice. POD provides a unified
framework that captures spatial correlations across the entire
radial domain, ranks flow structures by their energy content,
and enables quantitative comparison of flow structures.

The physical motivation for using POD stems from find-
ings of the attached eddy model (AEM; cf. Marusic and
Monty, 2019), which suggests that the same logarithmic be-
havior and scaling laws can be obtained independent of the
shape of the attached eddies. Conversely, this finding implies
that universal behavior of mean quantities (such as mean ve-
locity and Reynolds stresses) may not necessarily imply uni-
versal turbulence structure from a structural perspective; the
shape of flow structures can change while exhibiting the same
mean profiles. Furthermore, if we accept the AEM and as-
sume that the presence of roughness can change the shape of
the attached eddies (over the entire or a large portion of the hi-
erarchy), then the effect of roughness can progress through the
entire logarithmic region (or at least a portion of it) and can
impact the outer flow at high Reynolds numbers (and poten-
tially all Reynolds numbers, since the logarithmic region also
grows). While we did not directly employ the AEM (or other
model-based coherent structures), this reasoning was the main
motivation why we primarily focused on the difference in the
spatial (radial) shape of the POD modes between the rough
and smooth pipe flows. Additionally, observations by Ciola et
al. (2025) and Maeyama and Kawai (2023) that by removing
the near wall region one could get a completely different outer
layer go in the same direction and further motivated the focus
on outer-layer similarity.

The analysis conducted here suggests potential struc-
tural differences in outer-layer turbulence between smooth and
rough pipes. This is indicated by the angle between corre-
sponding POD modes rising above a threshold below which
differences could be attributed to computational parameters.
Further support for this observation is provided by the sim-
ilarity between the two rough pipes. The present study did
not address the cause of these differences, but rather provided
evidence that structural differences may exist. These findings
should guide further investigation aimed at understanding the
physical nature of these differences before definitive claims
can be made.

Note that the present study focused on the flow through
pipes, which is more significantly impacted by the constric-
tion effects from the roughness, such that the mean velocity
in the outer-layer (e.g., at the centerline) increases dramati-
cally. Therefore, repeating this study for the turbulent chan-
nel flow, or better yet, temporal boundary layers with fixed
boundary layer thickness, could help distinguish these con-
striction effects from the observed structural differences. Sim-
ilarly, analysis of different friction Reynolds numbers is es-
sential in understanding the dependence of our observations
on finite Reynolds number effects.

Finally, this work focused exclusively on quantifying dif-
ferences between POD mode shapes. Several important ques-

tions remain for future investigation: (i) the specific mode
shapes in smooth and rough pipes, (ii) the physical structures
these modes represent, and (iii) the physical mechanisms and
implications of shape changes.
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