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ABSTRACT
Active grids offer direct control over the spectral con-

tent of wind tunnel turbulence through the choice of actuation
parameters. This work examines the nonlinear frequency in-
teractions produced by an active grid built from off-the-shelf
components, driven simultaneously at two flapping frequen-
cies of 3 Hz and 5 Hz with a 25-degree angular amplitude at a
freestream velocity of 8 m/s. Hot-wire anemometry measure-
ments were taken at 14 streamwise locations spanning from
20 to 280 inches downstream of the grid. The power spectra
show discrete peaks not only at the two forcing frequencies but
also at their sum, difference, and harmonic combinations, con-
firming active nonlinear triadic interactions in the flow. The
bicoherence identifies statistically significant quadratic phase
coupling at the forcing frequencies and their triadic combina-
tions, with measurable coupling persisting to the farthest mea-
surement location. The biphase, computed with a statistical
significance mask based on the number of ensemble averages,
reveals a coexistence of forward and reverse energy cascade
events in the sub-forcing-frequency range, consistent with the-
oretical predictions for externally forced turbulent flows. The
spatial evolution from near-field to far-field shows a clear tran-
sition from organized, broadband phase coupling in the near
field to a state of decay in the far field, where statistically sig-
nificant coupling is confined to the directly forced modes.

INTRODUCTION
Active grids generate turbulence at Reynolds numbers

far beyond the reach of passive grids by mechanically agitat-
ing the flow through an array of rotating paddle rods (Hide-
haru, 1991; Mydlarski & Warhaft, 1996). When operated un-
der a structured periodic protocol, the paddle motions inject
energy at specific frequencies, and two simultaneous forcing
frequencies f1 and f2 produce spectral peaks not only at f1
and f2 but also at their sum, difference, and harmonic com-
binations. These combination tones are the spectral signa-
ture of nonlinear triadic interactions (Waleffe, 1992). The
power spectrum alone cannot determine whether these peaks
arise from genuine quadratic phase coupling or from the sim-

ple coexistence of unrelated energy at those frequencies (Kim
& Powers, 1979). The level of quadratic phase coupling can
be determined from the bispectrum, a third-order complex-
valued spectrum that retains phase relationships across fre-
quency pairs (Kim & Powers, 1979). Its normalized form,
the bicoherence, quantifies the fraction of energy at the sum
of two frequency attributable to quadratic phase coupling, and
the biphase indicates the direction of the associated energy cas-
cade (Cui & Jacobi, 2021; Waleffe, 1992). Waleffe (1992)
showed through helical mode decomposition that all triadic
interactions reduce to two classes: Class F interactions draw
energy from the largest scale and produce a forward cascade,
while Class R interactions draw from the middle scale and con-
stitute a reverse cascade. This framework provides the the-
oretical basis for interpreting the coexistence of forward and
reverse cascade events in externally forced turbulence. Most
bispectral analyses of turbulent flows have been conducted at
a single streamwise location (Cui & Jacobi, 2021). The spatial
development of triadic coupling along the streamwise direc-
tion has not been examined through bispectral analysis. The
present work applies bispectral analysis to free-stream turbu-
lence generated by an active grid with simultaneous sinusoidal
forcing at two harmonically distinct frequencies. Three main
findings are reported: the two forcing frequencies decay at
fundamentally different rates, with the lower-frequency mode
maintaining strong self-coupling throughout the domain; the
difference-frequency triad is the most persistent interaction,
suggesting the lower mode is sustained through a nonlinear
feeding pathway; and secondary triadic interactions develop
over a finite downstream distance before decaying, a feature
that single-location measurements cannot resolve.

EXPERIMENTAL SETUP
All experiments were conducted in the closed-loop wind

tunnel at the University of Houston. The rectangular test sec-
tion measures 42× 66 in2 in cross-section. A freestream ve-
locity of U∞ = 8 m/s was maintained for all measurements,
giving a mesh Reynolds number ReM =U∞M/ν ≈ 1.45×104

based on the paddle size M = 5 in.
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Flow perturbations were introduced using a custom ac-
tive grid installed at the test section inlet. The grid consists
of 136 square paddles of side length M, each independently
actuated by a servo motor driven through an Arduino-based
control system. The outermost ring of paddles was fixed in the
fully open position to isolate the centrally driven paddles from
wall-adjacent boundary effects.

The active paddles were arranged in a spatial checker-
board pattern, with adjacent paddles assigned to different ac-
tuation signals. One subset followed a sinusoidal motion at
f1 = 3 Hz and the other at f2 = 5 Hz, both at an angular am-
plitude of ±25◦. The two frequencies are not harmonically re-
lated, so their triadic products — the sum f1 + f2 = 8 Hz, the
difference f2 − f1 = 2 Hz, and higher-order combinations —
are spectrally distinct from the self-coupling harmonics of ei-
ther frequency. Both signals were generated from a shared tim-
ing reference, fixing the relative phase between the two forcing
frequencies across each experimental run.

Streamwise velocity measurements were acquired us-
ing a Dantec Dynamics 55P11 single-wire hot-wire probe in
constant-temperature anemometry mode. The signal was sam-
pled at 10 kHz, and 1200 s of continuous data were recorded at
each location. This duration provides sufficient ensemble av-
eraging for converged bispectral estimates and suppresses spu-
rious phase coupling below the statistical significance thresh-
old. The probe was traversed along the tunnel centerline to 14
streamwise locations between x/M = 4 and x/M = 56, span-
ning the near-grid region through the far field where the or-
ganized forcing structure has decayed into a broader turbulent
background.

ANALYSIS METHODS
The quadratic nonlinearity of the Navier–Stokes equa-

tions couples Fourier modes in triads satisfying f3 = f1 + f2.
These interactions produce systematic phase relationships es-
sential to the formation of the energy cascade (Kim & Powers,
1979; Waleffe, 1992; Duvvuri & McKeon, 2016; Wang et al.,
2024). The conventional power spectrum P( f ) = ⟨|X( f )|2⟩
identifies the distribution of energy across frequencies but dis-
cards all phase information. Phase-coupled dynamical states
are therefore invisible in power spectra alone, even when the
underlying coupling is strong (Lii et al., 1976; George et al.,
2017; Lyu et al., 2020). To quantify these interactions directly,
we employ the bispectrum of the streamwise velocity fluctua-
tion u(t), defined as:

B( f1, f2) = ⟨X( f1),X( f2),X∗( f1 + f2)⟩ (1)

where X( f ) is the Fourier transform of a windowed segment
of the streamwise velocity and the asterisk denotes complex
conjugation (Kim & Powers, 1979). As the third-order ana-
log of the power spectrum, B( f1, f2) is complex-valued and
retains phase relationships; its real part, when integrated, re-
covers the velocity skewness (Lii et al., 1976; Van Atta, 1979;
Midya et al., 2022). Significant triadic coupling is present
when the phase sum φ( f1) + φ( f2)− φ( f3) is non-random
across ensembles (Haubrich, 1965). To isolate the coupling
strength from the local energy levels, we utilize the bicoher-
ence b( f1, f2):

b( f1, f2) =
|B( f1, f2)|√

P( f1)P( f2)P( f1 + f2)
(2)

which represents the fraction of energy at f3 attributable to
quadratic phase coupling (QPC) between f1 and f2 (Greb &
Rusbridge, 1988; Cui & Jacobi, 2021). Unlike filtering-based
approaches that can impose artificial phase relationships (Ja-
cobi & McKeon, 2013; Baars et al., 2015; Kovach et al., 2018),
the bicoherence operates directly in Fourier space without
requiring arbitrary bandwidth selection (Zandvoort & Nolte,
2021).While b quantifies coupling intensity, the direction of
the associated energy transfer is carried by the biphase:

β ( f1, f2) = tan−1
(

Im{B}
Re{B}

)
(3)

In the ensemble limit, β converges to the phase delay φD be-
tween the high-frequency component and the lower-frequency
pair that produces it (Jacobi & McKeon, 2013; Duvvuri &
McKeon, 2015). The sign convention depends on the measure-
ment domain. Theoretical analyses formulated in wavenum-
ber space assign β ∈ (0,π) to the forward cascade; for time-
domain signals such as single-point hot-wire measurements,
this assignment is reversed (Cui & Jacobi, 2021). For the
present measurements, β ∈ (−π,0) indicates a forward en-
ergy cascade from lower to higher frequencies, and β ∈ (0,π)
indicates a reverse cascade. This classification aligns with
the broader framework of cascade directions in both homo-
geneous and active turbulence (Alexakis & Biferale, 2018;
Słomka et al., 2018). For the present analysis, records of 1200
seconds sampled at 10 kHz were divided into 20 second seg-
ments with 90% overlap. This yields Nseg = 591 averages and
a frequency resolution of ∆ f = 0.05 Hz, ensuring that grid-
forcing frequencies and their triads fall on distinct bins. To
avoid interpreting random phase fluctuations, we apply a sig-
nificance threshold bsig =

√
2/Nseg ≈ 0.058 (Haubrich, 1965;

Elgar & Sebert, 1989). Bicoherence values below bsig are re-
tained in the plots but set to zero, as they are indistinguish-
able from sampling noise. The biphase is masked entirely at
those frequency pairs, since a phase estimate without signif-
icant coupling carries no physical meaning (Elgar & Sebert,
1989; Cui & Jacobi, 2021). The resulting estimates provide a
stable representation of the triadic architecture of the flow.

RESULTS
Figure 1 compares power spectra at x/M = 52 under ac-

tive and passive-grid conditions. The passive-grid spectrum
shows broadband turbulent decay with no discrete spectral fea-
tures. Under active-grid forcing, the strongest peaks appear at
the forcing frequencies of 3 Hz and 5 Hz, with combination
tones at 2 Hz and 8 Hz, and harmonics at 6 Hz and 10 Hz
also present. The spectral content above approximately 20 Hz
decays onto the passive-grid curve, confirming that the deter-
ministic forcing does not alter the high-frequency turbulent dy-
namics. The presence of combination tones is consistent with
triadic frequency interactions, but the power spectrum cannot
distinguish genuine quadratic phase coupling from the statis-
tical coexistence of energy at those frequencies (Kim & Pow-
ers, 1979). Figure 2 shows power spectra at x/M = 4, 28,
and 56. The 3 Hz and 5 Hz peaks persist at all three loca-
tions, confirming that the forced modes remain energetically
active throughout the measurement domain. Near the grid exit,
a low-frequency peak at 1 Hz is visible, consistent with the in-
direct combination 3− (5− 3) = 1 Hz. This feature decays
with downstream distance and is absent in the far field.

Figure 3 shows bicoherence maps at x/M = 4, 28, and 56,
masked for statistical significance (Elgar & Sebert, 1989). At
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Figure 1: Power spectral density at x/M = 52 under passive-grid
(red) and active-grid (blue) forcing conditions. The dashed verti-
cal lines mark the forcing frequencies (3 Hz and 5 Hz).
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Figure 2: Power spectral density at x/M = 4, 28, and 56, cor-
responding to streamwise distances of 20, 140, and 280 inches
from the grid. The dashed vertical lines mark the forcing fre-
quencies, with a theoretical −5/3 slope shown for reference.

x/M = 4, bicoherence is elevated broadly across the frequency
plane, reflecting transient phase relationships in the near-field
grid wake. By x/M = 28, the broadband background has de-
cayed and bicoherence concentrates into discrete peaks. At
x/M = 56, coupling is confined to a small number of well-
defined frequency pairs, all corresponding to combinations of
3 Hz and 5 Hz and their sum and difference tones. This spa-
tial transition from broadband to discrete coupling is consis-
tent with the progressive decay of grid-generated turbulence
and the emergence of scale-selective nonlinear interactions
(Duvvuri & McKeon, 2015, 2016).

Figure 4 shows biphase maps at the same three locations
as Fig. 3, retaining values only where the bicoherence is sta-
tistically significant (Elgar & Sebert, 1989). Following Cui &
Jacobi (2021), a biphase in (−π,0) indicates a forward energy
cascade and a biphase in (0,π) indicates a reverse cascade.
At x/M = 4, the 3 Hz line is predominantly negative while
the 5 Hz line shows a mixed distribution. By x/M = 56, both
forcing-frequency lines are predominantly negative, indicating
a net forward energy transfer in the far field.

The (3,3) biphase is negative at every location, indicat-
ing a consistent forward cascade from 3 Hz to 6 Hz through-
out the domain. The (5,5) biphase shows positive values in
the near field, indicating a transient reverse cascade during the
period of its strongest coupling, before transitioning to neg-
ative values further downstream. The (3,5) triad undergoes
a sign reversal between x/M = 12 and x/M = 16, marking a
shift from forward to reverse and back to forward cascade for
the primary sum-frequency interaction. The (2,3) biphase re-
mains near ±π at all locations, indicating that the 2+3 = 5 Hz
interaction maintains a near-standing phase relationship with
no systematic preferential cascade direction. This is consis-
tent with the high and persistent bicoherence of this pair: the
5 Hz mode is continuously regenerated through the difference-
frequency pathway without directional energy preference. To-
gether, the two forcing frequencies generate qualitatively dis-
tinct interaction networks. The 3 Hz mode drives persistent,
self-reinforcing triadic coupling throughout the full domain.

The 5 Hz mode generates stronger initial coupling but loses
phase coherence faster. The (2,3) difference-frequency triad
acts as the primary energy conduit between the two forcing
modes, sustaining the 5 Hz mode over distances at which its
own self-coupling has already decayed substantially. Addi-
tionally, combinations of frequencies that add to 3 and 5 Hz,
seen as the diagonals in Fig. 4, tend to have positive phase,
indicating that these two forcing frequencies are continually
sending energy in a reverse cascade to lower frequencies.

Three distinct evolutionary regimes are visible in Fig-
ure 5, which shows the downstream evolution of bicoherence
and biphase at the six target pairs from x/M = 4 to x/M = 56.
The (3,3) and (2,3) triads maintain bicoherence above 0.74
and 0.68, respectively, at all downstream locations, with no
systematic decay. Their persistence identifies the 3 Hz mode
as the anchor of the nonlinear interaction network. The (5,5)
and (2,5) triads decay monotonically with downstream dis-
tance. The (5,5) bicoherence falls from 0.91 at x/M = 4
to 0.10 by x/M = 44. Under Taylor’s frozen-field hypoth-
esis (Taylor, 1938), a temporal frequency f corresponds to
a spatial wavelength λ = u∞/ f at a fixed convection veloc-
ity. Higher-frequency modes therefore represent shorter spa-
tial scales, which are expected to lose phase coherence over
shorter streamwise distances. This provides a physical basis
for the observed asymmetry between the 3 Hz and 5 Hz self-
coupling persistence. The (3,8) triad exhibits a third behav-
ior: it is negligible at x/M = 4, grows to a peak of 0.774 near
x/M = 16, and decays below the significance threshold be-
yond x/M = 32. This secondary interaction requires the 8 Hz
mode to first be produced by the primary 3+5= 8 Hz coupling
before it can participate in a further interaction with the 3 Hz
mode, and its decay coincides with the decay of the (5,5) bico-
herence. This three-stage behavior — absence, growth, decay
— provides direct evidence that the nonlinear interaction net-
work is not fully established immediately downstream of the
grid. Single-location measurements would observe only the
intermediate state and could not distinguish between a devel-
oping and a decaying secondary interaction.
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Figure 3: Two-dimensional bicoherence maps b( f1, f2) at x/M = 4, 28, and 56 from the grid. Top row: zoomed view for
f1, f2 ≤ 10 Hz. Bottom row: full frequency range.

The coexistence of forward and reverse cascade events
observed here is consistent with the Waleffe (1992) classifi-
cation of triadic interactions into Class F and Class R. Class F
interactions extract energy from the largest scale in a triad and
transfer it to smaller scales; Class R interactions draw from the
middle scale and can feed energy back to larger scales. The
near-field biphase maps, where both positive and negative val-
ues appear across the forced frequency lines, suggest that both
classes are active simultaneously in the early stages of the flow.
The convergence toward predominantly negative biphase val-
ues in the far field indicates that Class F interactions become
dominant as the organized forcing structure decays. The (2,3)
triad is a notable exception: its biphase near ±π at all loca-
tions suggests a balance between the two classes, consistent
with its role as a regeneration pathway rather than a net energy
conduit in one direction. The biphase panel of Figure 5 adds
cascade direction to each regime. The (3,3) biphase is nega-
tive at every location, confirming a consistent forward cascade
from 3 Hz to 6 Hz throughout the domain. The (5,5) biphase
is positive at x/M = 8 and 12, marking a transient reverse cas-
cade during the period of its strongest coupling, before settling
to negative values further downstream. The (3,5) triad under-
goes a sign reversal between x/M = 12 and 16, then returns
to consistently negative values from x/M = 20 onward. The
(3,8) biphase begins positive at x/M = 4 and transitions to
negative from x/M = 8 onward, developing a forward cascade
direction in parallel with its growing bicoherence, before drop-
ping below significance at large x/M.

CONCLUSION
This study characterized the nonlinear triadic interactions

produced by an active grid under simultaneous dual-frequency
sinusoidal forcing at 3 Hz and 5 Hz, using bispectral analysis
at 14 streamwise locations spanning x/M = 4 to x/M = 56.
Three findings emerged from the spatial evolution of the bico-
herence and biphase maps.

First, the two forcing frequencies generate qualitatively
distinct interaction networks that decay at fundamentally dif-
ferent rates. The 3 Hz mode maintains strong self-coupling
and persistent bicoherence throughout the entire measurement
domain. The 5 Hz mode produces higher initial coupling near
the grid but loses phase coherence monotonically with down-
stream distance. This asymmetry is consistent with the expec-
tation that higher-frequency modes, corresponding to shorter
spatial scales under Taylor’s frozen-field hypothesis (Taylor,
1938), lose phase coherence over shorter streamwise distances
at a fixed convection velocity.

Second, the difference-frequency triad at (2,3) Hz is the
most persistent nonlinear interaction in the flow. Its bico-
herence remains elevated at all downstream locations and its
biphase stays near ±π , indicating that the 3 Hz and 2 Hz
modes continuously regenerate the 5 Hz mode through a
quadratic sum interaction with no strong directional prefer-
ence. This pathway sustains the 5 Hz mode over distances at
which its own self-coupling has already decayed substantially,
identifying difference-frequency regeneration as the dominant
interscale energy conduit in this forced configuration. Third,
the (3,8) Hz secondary triad follows a three-stage evolution
not resolvable from measurements at a single downstream lo-
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Figure 4: Two-dimensional biphase maps β ( f1, f2) at x/M = 4, 28, and 56 from the grid. Top row: zoomed view for
f1, f2 ≤ 10 Hz. Bottom row: full frequency range. Values are shown only where the bicoherence is statistically significant.

cation. It is negligible near the grid, grows to a peak near
x/M = 16 once sufficient 8 Hz energy has been produced by
the primary 3+5 Hz coupling, and decays beyond x/M = 32
in parallel with the decay of (5,5) self-coupling. This behav-
ior confirms that secondary triadic interactions in forced tur-
bulence are feedforward: they require the prior establishment
of primary product modes before they can emerge (Waleffe,
1992; Duvvuri & McKeon, 2015). The biphase analysis re-
vealed a coexistence of forward and reverse energy cascade
events, consistent with the theoretical expectation for exter-
nally forced flows (Waleffe, 1992; Cui & Jacobi, 2021). In
the near field, both forcing-frequency lines show mixed cas-
cade directions. By x/M = 56, both converge toward predomi-
nantly negative biphase values, indicating a net forward energy
transfer consistent with a flow in which the organized forcing
structure has largely decayed into broadband turbulence. The
transition from broadband phase coupling in the near field to
discrete, forcing-frequency-anchored coupling in the far field
provides a clear picture of how deterministic injection evolves
toward unforced turbulent decay (Kang et al., 2003; Hearst &
Lavoie, 2015). These results demonstrate that the active grid
is not simply a broadband turbulence generator when operated
under deterministic dual-frequency forcing, and that any in-
jected structure may continue to persist through QPC feedback
of energy. The nonlinear interaction structure is reproducible,
frequency-selective, and spatially resolved through bispectral
analysis without any arbitrary filtering. The approach general-
izes to other forcing configurations and offers a direct means of
characterizing energy injection mechanisms in any wind tun-
nel facility employing structured active grid protocols.
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