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ABSTRACT

We numerically investigate the physics of isotropic ho-
mogeneous turbulence modulated by polymer additives. We
employ an Eulerian-Lagrangian approach that couples direct
numerical simulation (DNS) with Brownian dynamics simula-
tion (BDS). We model a polymer as a finitely extensible non-
linear elastic (FENE) dumbbell. In the present study, we fo-
cus on how polymers affect the statistical properties of turbu-
lence, specifically the power-law scaling of the energy spec-
trum. We show that for large enough Weissenberg numbers,
the energy spectrum exhibits the —3 power-law scaling with
the wavenumber. This implies that the characteristic timescale
of the modulated turbulence becomes constant regardless of
the wavenumber, where the timescale is comparable with the
integral timescale of turbulence. We characterize the unified
timescale by focusing on the steady state of polymers in so-
lutions. In this state, the polymer length is constant on av-
erage, indicating a balance between stretching and relaxation.
By evaluating this microscopic balance, we define an effective
relaxation time. We find that this effective relaxation time is
comparable with the unified turbulent timescale. We thus con-
clude that the balance of timescales between turbulence and
the polymers is the origin of the —3 power-law scaling.

INTRODUCTION

Even a small amount of polymers can drastically alter the
structures and statistics of turbulence compared to those in a
Newtonian fluid. The phenomenon is closely related to the
Toms effect, a well-known frictional drag reduction in wall-
bounded turbulence (Toms, 1948). It is therefore important to
understand how polymers modulate turbulence. This modu-
lation occurs through mechanical interactions between turbu-
lence and polymers. Specifically, kinetic energy is transferred
from the turbulence to the polymers as they are stretched.
However, the underlying physics is not fully understood.

Many previous studies have examined the statistical prop-

erties of polymer-laden turbulence, such as the velocity struc-
ture functions and energy spectrum, as their power-law scal-
ing reflects the fundamental nature of turbulence. However,
there is a lack of consensus. Although recent numerical simu-
lations (Rosti et al., 2023) showed the —2.3 power-law scaling
for the energy spectrum, other power-laws were also reported
by some experimental and theoretical studies (Vonlanthen &
Monkewitz, 2013; Fouxon & Lebedev, 2003). In the present
study, we aim to understand the physics of turbulence mod-
ulation by providing a new timescale-based physical picture
governing the power-law spectra.

GOVERNING EQUATIONS

We conduct hybrid Eulerian-Lagrangian numerical sim-
ulations of turbulence in dilute polymer solutions similar to
Watanabe & Gotoh (2013). This approach consists of two
parts: direct numerical simulation (DNS) for the turbulence
and Brownian dynamics simulation (BDS) for the polymers.
The governing equations for the DNS are the continuity equa-
tion,

V-u=0, (D)
and the Navier—Stokes equation,

0 1
VU= ——Vp v VUt f +V Ty, (2)
ot Pst

where p is the solution density, Vg, is the solvent kinematic
viscosity, f.y is the external force, and T'p is the polymer elas-
tic stress. The external force f, drives the turbulence to main-
tain a constant energy injection rate (Lamorgese et al., 2005).
Before adding the polymers, the initial Taylor microscale-
based Reynolds number is fixed at Re; ~ 160. As a poly-
mer model, we use finitely extensible nonlinear elastic (FENE)
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Figure 1. Normalized energy spectra for a Newtonian fluid
(red) and polymer solutions (grayscale). Darker colors show
the larger Weissenberg numbers. The dot line and dash-dotted
line represent the —3/5 and —3 power-law scalings, respec-
tively.

dumbbells. The motion of each FENE dumbbell is described
by its center of mass rg and its end-to-end vector R. Their
governing equations are the following Langevin equations:

drg Req

=u+ wi+wy), 3a
dr \/ﬁ( 1 2) ( )
dR 1 R R
— =Vu-R— — + 4 (w; —wy), (3b)
dr 275 1 — \R\Z/ernax ,/er( ! 2)

where u and Vu are the fluid velocity and velocity gradient at
the position of the dumbbell rg, Req and Ryax are the equi-
librium and maximum lengths of polymers, 7, is the relax-
ation time of the polymer, and w; (i = 1,2) are standard nor-
mal random variables. A key dimensionless parameter in the
present simulations is the Weissenberg number Wi. We define
Wi as the ratio of the polymer relaxation time to the initial Kol-
mogorov time Ty of the turbulence before adding polymers.
By varying 7,, we investigate the wide range of Wi = 0.06—
1024.

RESULTS

To quantify turbulence modulation by polymers, we in-
vestigate the energy spectra. Figure 1 shows the normalized
energy spectra E(k)/ (eslt/ 4v55t/ 4) for different Wi as functions
of the wavenumber k. In this figure, Vs and & denote the
kinematic viscosity and energy dissipation rate of the solu-
tion, respectively. For the polymer solutions, the spectra are
attenuated at high wavenumbers. For larger Weissenberg num-
bers, the spectra tend to follow the —3 power-law scaling with
the wavenumber. To elucidate the physical meaning of the
scaling exponent —3, we consider the characteristic timescale
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Figure 2. Timeseries of averaged polymer length (|R|).
Darker colors indicate larger Weissenberg numbers.

(k) = {k3E(k)}71/2 of turbulent structures at scale k™!,

which is derived from the dimensional analysis. When the
spectra follow the —3 power-law scaling (i.e. E o k~3), 1(k)
becomes constant. This indicates that the turbulence is mod-
ulated such that the characteristic time of turbulent structures
becomes independent of the wavenumber.

Next, we investigate the relationship between this unified
timescale of turbulence and the polymer relaxation timescale.
Since 1, is a model parameter and can be arbitrarily large,
it may not represent a physically relevant timescale for suf-
ficiently large Wi. Therefore, we introduce an effective poly-
mer relaxation time 7, which depends on the averaged length
(|R|) of polymers. Figure 2 shows the timeseries of (|R|). At
the statistical steady state (¢/7; > 100), (|R|) remains constant
on average. This suggests that polymers are in a state with sta-
tistical balance between stretching and relaxation. From (3b),
this balance can be expressed as

2<(VuvR)~R):1<R22>

T \1- |R‘2/Rmax

< Tfuid = Telast- 4

The left- and right-hand sides of (4) represent the contribu-
tion of stretching by the turbulence and relaxation by the poly-
mers, respectively. This balance can be rewritten in terms of
timescale balance:

(IR?) _ (RP)
= . 5
l—‘ﬂuid l—‘elast ©)

The right-hand side of (5) represents a relaxation timescale ex-
pressed solely by the polymer’s variables. Therefore, we de-
fine the effective relaxation time 77 of polymers as

: (RP)
=1 . (6)
TR/ IR R )

In figure 3, we compare the effective relaxation time T}
with the unified turbulent timescale 7¢(k). We find that when
the Weissenberg number is sufficiently large (i.e., when the
spectra exhibit the —3 power-law scaling), the ratio 77 /7¢(k)
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Figure 3. The ratio of the polymer effective relaxation time
75 to modulated turbulent timescale 7¢(k). Darker colors indi-
cate larger Weissenberg numbers.

becomes unity. This result indicates that the timescale of the
modulated turbulence is characterized by the effective relax-
ation timescale of the polymers.

CONCLUSION

To understand the underlying physics of turbulence mod-
ulated by polymer additives, we have conducted numerical
simulations of isotropic homogeneous turbulence in dilute
polymer solutions with varying polymer relaxation times. Re-
markably, we observe that for large enough Weissenberg num-
bers, the energy spectra tend to follow the —3 power-law scal-
ing with the wavenumber. We interpret this scaling exponent
—3 as being consistent with the unification of the turbulent
timescale. Furthermore, by introducing the effective relax-
ation time 75, derived from the microscopic balance between
stretching and relaxation of polymer, we demonstrate that this
unified turbulent characteristic timescale is equal to ‘L';)‘ . In
other words, the timescales of the turbulence and the polymers
are balanced. These results suggest that turbulence modula-
tion by polymer additives can be consistently understood from

a timescale perspective.

The —3 power-law scaling of the spectra is also observed
in two-dimensional turbulence. The key difference between
two- and three-dimensional turbulence is the absence of vor-
tex stretching in the former. This analogy (Bos et al., 2025)
leads us to expect that polymers may suppress vortex stretch-
ing in three-dimensional turbulence. In our presentation, we
will discuss how polymers affect vortex stretching events.
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