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ABSTRACT
Helical pipe flow finds applications in several fields, among
which heat exchangers, chemical reactors, pipelines and even
biological systems, since the the aortic arch can be modelled
as a bent pipe. The understanding of the flow characteristics
in helical pipes can therefore allow to understand the physics
at the basis of a great number of practical applications, as a
helix being the representative of many real design geometries.
Therefore, in this work we study the laminar flow, its insta-
bility and the transition to turbulence with a two-dimensional
(2D) steady-state and instability solver, 3D direct numerical
simulations (DNS) in full and perturbation mode. First, a vali-
dation of the driving force used in the literature is carried out,
by comparing our 2D solver with cases where inflow-outflow
boundary conditions were used. Furthermore, a validation of
the computed 2D eigenmodes with respect to the results of
the 3D linearised Navier–Stokes analysis is performed. The
dependence of the laminar base flow on the geometric param-
eters (curvature and torsion) is analysed in detail. Combin-
ing the base flow and stability analysis, the critical Reynolds
number could be computed with a high accuracy, by means
of a continuation method allowing to follow the neutral curve
for each helical pipe geometry. The stability results generally
show a good agreement with the unique literature work, but
some remarkable differences are also identified.
∗ both authors contributed equally to the work.

INTRODUCTION
Stability, transition and turbulence are well-studied topics in
pipe flow, going back to the seminal studies by Osborne
Reynolds. However, for straight pipes, only recently a fairly
complete picture has emerged (Avila et al., 2023), clarifying
the subcritical nature of transition to turbulence. Going from
straight to bent pipes, Lupi et al. (2024) could show that even
(very) low curvatures lead to a modal instability, although the
supercritical nature of transition becomes dominant only above
a certain curvature radius (Canton et al., 2020). Modal stabil-
ity of helical pipe flows has only been considered in the study
by Gelfgat (2020) (and follow-up papers). However, only a

BiGlobal linear stability analysis has been performed, using
comparably low-order numerical schemes, without a thorough
three-dimensional validation.

Given the limited available data for helically bent pipes,
we initiated the current work to address some of the identi-
fied research gaps, including a detailed characterisation of the
(steady) laminar flow in helical pipes (see Canton et al. (2017)
for the corresponding toroidal flows), linear modal and non-
modal stability, and turbulent flows. For this purpose, we have
implemented a novel code for two-dimensional stability in a
helical coordinate system and ported a periodic method to sim-
ulate laminar and fully turbulent helical pipe flows on modern
GPU-based systems (Jansson et al., 2024).

METHODOLOGY
Pipe geometry and coordinate system
The geometry is characterised by the pipe radius Rp, curvature
radius Rc and the pitch ps, being 2π ps the elevation of one
revolution of the helix (see Figure 1). The values can be put
together to form the nondimensional curvature δ and torsion τ

parameters,

δ =
RcRp

R2
c + p2

s
, τ =

psRp

R2
c + p2

s
. (1)

In order to compare the stability results with Gelfgat (2020),
the torsion-to-curvature ratio λ is defined as λ = τ/δ . It can
be shown that the length of the centerline for one full revo-
lution of the helix is lrev = 2π

√
R2

c + p2
s . It should be noted

that for some (δ , τ) (see e.g. Figure 5) the low pitch causes
the physical pipe to intersect itself. The orthogonal helical co-
ordinate system from Germano (1982) is adopted, with Lamé
coefficients defined as

hs = 1+δ r sin(θ +φ), hr = 1, hθ = r . (2)
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Figure 1. Sketch of the helical pipe geometry, showing the
pipe cross-sectional radius Rp, radius of curvature centreline
Rc, and pitch ps. The helical coordinate system with radial (r),
azimuthal (θ ), and streamwise (s) coordinates is shown.

Base flow computation
To compute the steady base flow Q = {U ,P}, with U be-

ing the velocity vector and P the pressure, a two-dimensional
(2D) steady-state solver (described in Casali, 2025) is imple-
mented. Due to its streamwise invariance, the base flow is
computed on a cross-section of the helical pipe. A spectral col-
location method is used for the spatial discretisation, employ-
ing Fourier and Chebyshev basis functions in the azimuthal
and radial directions, respectively.

The computation of the steady base flow requires the nu-
merical approximation of the steady incompressible Navier–
Stokes equations, which in non-dimensional form read

(U ·∇)U +∇P− 1
Re

∇
2U − f = 0,

∇ ·U = 0 ,
(3)

where Re is the Reynolds number based on the pipe diameter
and the bulk velocity Ub, i.e. Re= 2Rp Ub/ν , and f is a volume
force driving the flow, defined as (Kumar, 2020)

f =
F
hs

es , (4)

where the forcing amplitude F is the equivalent of the stream-
wise pressure gradient ∂ p

/
∂ s and es is the unit vector in the

streamwise direction. The equations are written in the orthog-
onal helical coordinate system (Germano, 1982; Hüttl et al.,
1999) introduced above, and no-slip boundary conditions are
applied at the wall.

The system (3) is augmented with a constraint on the bulk
velocity, Ub( f ) = 1, which provides the forcing amplitude F ,
and with equations to cancel out the spurious pressure modes.
The solution is then obtained through the Newton–Raphson
method coupled with a continuation algorithm in Re, δ , τ ,
starting from the Stokes solution as initial guess.

Modal stability analysis
Hydrodynamic stability is investigated through modal stabil-
ity analysis (Schmid & Henningson, 2001; Drazin & Reid,
2004), i.e. by studying the evolution of infinitesimal perturba-
tions q′ = {u′, p′} on top of the steady base flow Q. This evo-
lution is governed by the incompressible Navier–Stokes equa-

tions linearised around the basic state,

∂u′

∂ t
+(U ·∇)u′+(u′ ·∇)U +∇p′− 1

Re
∇

2u′ = 0,

∇ ·u′ = 0 .

(5)

The perturbations are considered periodic in the stream-
wise direction s and in time t, so that through a Fourier trans-
form they assume the form (normal modes ansatz)

q′(s,r,θ , t) =
+∞

∑
α=−∞

q̂α (r,θ)e
µt+iαs , (6)

where α = 2πRp/ls is the streamwise wavenumber, being ls
the wavelength, and µ = σ + iω is the complex eigenvalue.

For each streamwise wavenumber, one obtains the follow-
ing eigenvalue problem

−µM q̂α = L q̂α , (7)

where M is the mass matrix and L the linearised Navier–
Stokes operator, defined as

M =

(
I 0
0 0

)
, L =

(
∇0U +U ·∇α − 1

Re ∇2
α ∇α

∇·α 0

)
, (8)

where I is the 3×3 identity matrix and ∇α is used to empha-
size that the differential operators depend on the wavenumber
α , since the term eiαs contributes to ∂

/
∂ s , as described in

Casali (2025). Solving the eigenvalue problem (7), we find
that the base flow U is (modally) stable when the real part of
the eigenvalue is negative, i.e. σ < 0.

In order to obtain the critical Reynolds number for each
geometry, i.e. a combination of δ and τ , a two-step procedure
is adopted. First, a secant method in Re at fixed α is employed
to reach the neutral curve (Re,α), using α from the compu-
tations of Gelfgat (2020). For a new geometry, it would be
necessary to try different α values and take the one with lower
Recr. To follow the neutral curve, a continuation algorithm is
implemented (Casali, 2025), allowing to determine Recr with
at least 0.1% accuracy, αcr and ωcr with at least 1% accuracy,
given the adopted tolerances.

When dealing with non-dimensionalisation, three kinds
of quantities, e.g. length L, play a role: physical quantities ·̃,
reference physical quantities ·0, and non-dimensional quan-
tities · = ·̃/·0. This matters in particular for pipes where
both non-dimensionalisation with R0

p or D0
p = 2R0

p can be per-
formed. It is straightforward that ReD = D0

pU0
b /ν0 = 2ReR,

i.e. the Reynolds number based on the diameter (L0 = D0
p)

is the double of the one based on radius (L0 = R0
p). To de-

rive the same relation for α and µ , it is necessary to recall
that the physical wavelength is l̃s = L02π/α . Then one has
l̃s = R0

p2π/αR = 2R0
p2π/αD =⇒ αR = αD/2. With the same

reasoning for the physical time L0/U0, it is easy to show that
µR = µD/2.

Three-dimensional linear and non-linear DNS
To validate the computations of the 2D base flow, non-

linear direct numerical simulations (DNS) of the flow in a suf-
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Figure 2. Left: Mean flow and right: error ε between 2D
computations and 3D non-linear DNS for δ = 0.65, τ = 0.3
and Re = 500 at Nrev = 3.30 (s = 14.5).

ficiently long helical pipe are carried out using Neko (Jans-
son et al., 2024). This framework solves the incompress-
ible Navier–Stokes equations in the Cartesian coordinate sys-
tem employing the spectral element method (SEM). The do-
main is discretised into non-overlapping hexahedral elements
and the solution is represented on local elements with Nth-
order Legendre polynomials interpolated on Gauss–Lobatto–
Legendre (GLL) nodes. The same interpolants are used for ve-
locity and pressure, corresponding to the PN −PN formulation.
The integration in time relies on a semi-implicit BDF3/EXT3
scheme: the equations are discretised with a third-order back-
ward differentiation formula (BDF3), and an extrapolation
scheme of order three is applied to the non-linear term at the
new time step.

The Hagen–Poiseuille velocity profile is prescribed at the
inlet, whereas a stress-free boundary condition is imposed at
the outlet and no-slip boundary conditions are applied at the
wall. A parabolic velocity profile in the streamwise direction is
used as the initial condition. The length of the pipe is chosen as
s f = 4lrev. The transient simulations are run until no noticeable
differences are observed in the flow fields. The resulting fields
are interpolated onto the same mesh as that used to compute
the 2D base flow and transformed into helical coordinates for
pointwise comparison.

To validate the unstable eigenmodes computations, we
also consider the linearised Navier–Stokes equations (5),
solved using the spectral-element code Nek5000 (Fischer
et al., 2025). In this case, a staggered grid is employed
(PN − PN−2), in which the pressure is represented with La-
grangian basis functions of order N − 2 defined on Gauss–
Legendre points. The two-dimensional base flow computed
with our steady-state solver is interpolated on the SEM mesh
and transformed to Cartesian coordinates. The perturbation
velocities are initialised as a white noise. Periodic boundary
conditions are imposed in the streamwise direction, while ho-
mogeneous Dirichlet boundary conditions are prescribed at the
wall. The kinetic energy of the perturbations is calculated as

Ek =
∫

V

1
2
(u′)2dV , (9)

where V is the volume of the pipe section.

RESULTS
Validation of the forcing
In order to validate the correctness of the forcing formulation,
both from a numerical and a physical point of view, a point-
wise comparison of the 2D base flow with the 3D non-linear
inflow–outflow DNS is performed. It is important to under-
line that in the DNS the flow is purely driven by the inflow
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Figure 3. Average ε and maximum εmax error between 2D
computations and DNS with δ = 0.65 and τ = 0.3 with respect
to the turns Nrev along the streamwise coordinate.

boundary conditions (i.e. its mass flow), therefore the forcing
is absent: the comparison between the two solutions allows
one to validate the forcing technique here implemented also
from a physical perspective.

The geometry chosen has high curvature and medium tor-
sion, i.e. δ = 0.65 and τ = 0.3. Two different values of the
Reynolds number are analysed, Re = 200 and Re = 500.

Figure 2 presents the pointwise difference ε = u2D
s −uDNS

s
for the velocity components and pressure between the 2D cal-
culation and the 3D non-linear DNS at Re = 500. The cross-
section at Nrev = s/lrev = 3.3 is shown, where the error is min-
imum. Figure 3 shows the average error ε over the grid points
and the maximum error εmax over the cross-section for both
values of the Reynolds number. The maximum error is below
1% for Re = 500 and below 0.1% at Re = 200. The average
error is about one order of magnitude lower for both cases.
The better accuracy at lower Re is due to the fact that the two
DNS do not reach the fully developed state, because of the fi-
nite pipe length. This is visible from the fact that the error
lowers along s with a monotone fashion, despite the bumpy
behaviour, with a linear trend in logarithmic scale, as can be
seen in Figure 3. The sudden increase at the end of the pipe is
due to the outflow boundary condition. Therefore, it could also
be concluded that the required pipe length to reach the fully-
developed state increases with Re, at least for the considered
geometry.

It should also be noted that the error contours of Figure 2
is quite irregular. This result, along with the awareness that
the errors would further decrease exponentially by increasing
the pipe length, allows us to conclude that both the forcing
formulation and the numerical computation of the base flow
are correct.

Base flow characterisation
For straight pipes, where the wall shear stress τw is uniform
over the surface, the skin friction factor, also called Fanning
friction factor, is defined as

C f =
τw

1
2 ρU2

b
, (10)

where ρ is the density of the fluid.
The Darcy friction factor fD is a quantity strictly related

to the Fanning friction factor, being for a straight pipe with
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Figure 4. Mean secondary flow velocity magnitude
∥∥uχ

∥∥ at
Re = 400, as a function of curvature δ and torsion τ . Isolines
of

∥∥uχ

∥∥ are shown in black. The region where the helical pipe
intersects itself is located to the left of the white line.

laminar flow:

fD =
64

ReD
, τw =

1
8

fDρU2
b =⇒ fD = 4C f (11)

In a straight pipe, the Fanning friction factor is defined as

C f =
Rp

ρU2
b

dp
ds

. (12)

In a helical pipe, the streamwise pressure gradient is equivalent
to the forcing constant, therefore the Darcy friction factor can
be computed as fD = 4F , with the non-dimensional forcing
amplitude.

Laminar flows in bent pipes are characterised by a non-
parabolic streamwise velocity profile and a secondary flow in
the radial and azimuthal directions (Casali, 2025). In particu-
lar, in the toroidal geometry, it presents two perfectly symmet-
ric vortices with respect to the equatorial plane of the torus,
named after Dean (1927). Going from the toroidal to the heli-
cal geometry, the non-zero torsion causes the breaking of the
symmetry at first, with the vortex rotating in the opposite di-
rection of the torsion (obtaining through the right-hand rule
around the tangent unitary vector) that shrinks progressively
as the torsion is further increased. To investigate the strength
of the secondary motion, the secondary flow velocity vector is
defined as

uχ = (0 ,ur ,uθ ) , (13)

and the mean norm is chosen as a representative quantity

∥∥uχ

∥∥=
1
A

∫
A

∥∥uχ

∥∥dA =
1
A

∫
A

√
u2

r +u2
θ

dA , (14)

where A is the cross-sectional area of the pipe. The basic states
are computed at Re = 400, for which the flow would be lam-
inar also in nature for almost every geometry computed, ac-
cording to Gelfgat (2020) and Casali (2025). Computations
at Re = 200 are also performed, showing the same qualitative
features. Regarding the geometric parameters, δ ∈ (0,1] and
τ ∈ [0,1.45], with values separated by steps of 0.05. The value
δ = 0 is not considered, as it represents the straight pipe, where
the secondary flow is absent.

Figure 5. Darcy friction factor fD at Re = 400, with respect
to pipe curvature δ and torsion τ . fD isolines in black. At
the left of the white line is the region where the pipe intersects
itself.

Figure 6. Computed eigenmode (left) and pointwise differ-
ence (right) for the 2D streamwise perturbation u′s between
the 2D code and Nek5000. The red plus symbol indicates the
probe location used in Figure 8.

The magnitude of the secondary flow is shown in figure
4. At fixed torsion, its value increases monotonically with δ .
This behaviour can be expected since the importance of the
Dean vortices increases with curvature. It is interesting to ob-
serve that, at fixed curvature,

∥∥uχ

∥∥ first increases with τ , then
a clear maximum is reached, in particular in the upper region
where the global maximum for (δ ,τ) = (1,1) is visible, and
then decreases as the torsion is further increased. The friction
factor is shown in Figure 5. One can directly see that it closely
follows the behaviour of the secondary flow intensity. This
finding suggests a correlation between

∥∥uχ

∥∥ and fD. Indeed,
to drive the secondary flow, more energy is required, which
can only come from the pressure gradient, and this translates
to a higher friction factor.

Validation of the eigenmodes
In order to validate the computation of the most unstable eigen-
mode, a comparison with the 3D perturbation formulation is
performed. The chosen geometry has δ = 0.1 and τ = 0.1,
since a deviation from the results of Gelfgat (2020) is found
for this case. In order to have a growing perturbation, a slightly
supercritical case (Re = 3000) is considered. The initial per-
turbation in the 3D simulations is set as white noise with ar-
bitrary amplitude, and the length of the domain is taken equal
to the wavelength of the (expected) most unstable eigenmode,
s f = ls.

Figure 6 shows the streamwise velocity component u′s of
the computed eigenmode and the pointwise difference between
the two methods, which is of the order of 10−3. The kinetic en-
ergy Ek of the perturbations (see equation (9)) is displayed in
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Figure 7. Time evolution of the kinetic energy Ek (black) of
the perturbation from the linearized Navier–Stokes simulations
in Nek5000. The straight line fit (red) is used to compute the
growth rate σ .
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Figure 8. Normalized streamwise velocity component
ûs/max

s
ûs with respect to s/ls, sampled at r = 0.573 and

θ + φ = −2.242 at time 200. The orange points correspond
to a sinusoidal function fit to the data.

Figure 7 as a function of time. The fitted straight line (red) pro-
duced the slope of d(lnEk)/dt = 1/Ek

∫
V d/dt(1/2(u′)2)dV =

2σ = 0.083535 (using the ansatz u′ = Re(ûα (r,θ)eµteiαs),
while the growth rate computed with the 2D stability code
gives 2σ = 0.083544. Hence, this agreement confirms the ac-
curacy of our method. In figure 8 the normalised streamwise
velocity component us/max

s
us with respect to s, sampled at

(r, θ +φ) = (0.573, −2.242) is shown. One period of a sinu-
soidal function is obtained, as expected. This also proves the
correctness of the scaling discussed in the previous section.

Neutral curves
Besides the base flow computation, a modal stability analy-
sis is also performed, aimed at comparing to the data reported
by Gelfgat (2020) and determining whether the two numerical
methods used (finite differences and spectral) lead to the same
results.

Each geometry, characterised by the curvature δ and
torsion-to-curvature ratio λ , is described by a different base
flow, causing the transition to turbulence to happen at very dif-
ferent Reynolds numbers, as can be seen from Figure 9. The
geometries with λ = 0 correspond to toroidal pipes, and have
already been validated with the results provided by Canton
et al. (2016). As can be seen from the graph, the results at
low values of λ (low torsion), show very good agreement with
the reference data for all curvatures. The same, except for a
bias for δ = 0.01, can be stated for high λ values. For inter-
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R
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×103

Figure 9. Critical Reynolds number (filled circles) compared
to literature results by Gelfgat (2020) (dashed). Legend in fig-
ure 11.
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Figure 10. Frequency of marginally stable modes (filled cir-
cles) compared to literature results by Gelfgat (2020) (dashed).
Legend in figure 11.
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Figure 11. Axial wavenumber of marginally stable modes
(filled circles) compared to literature results by Gelfgat (2020)
(dashed).

mediate torsion values, however, larger differences in Recr are
found. It is worth mentioning that, except for the lowest curva-
ture value, the critical Reynolds number found in the present
work is always lower than that obtained by Gelfgat (2020).
It is then likely that the discretisation in α and ω carried out
by Gelfgat (2020) was too rough, or that the present compu-
tations, with an accurate spectral resolution, allow some new
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Figure 12. Neutral curves of modes 5 and 6 (Casali, 2025)
for δ = 0.05, λ = 1.

base flow or modal features to be represented by the discreti-
sation. As an example, the cases at δ = 0.05 for 1 < λ < 2
present a remarkable difference in α and ω , so on the modes
found, but the same cannot be said for δ = 0.03, despite the
fact that both present relevant differences in Recr. The neutral
curves for Recr are continuous, but they present a sharp change
when, increasing the torsion, the symmetric mode stops to pre-
vail (so-called change of stability). Another important aspect
is that critical Reynolds numbers are generally monotonically
decreasing with torsion, except for high curvatures and tor-
sions. This finding suggests that the torsion generally has a
destabilising effect. However, for high values of τ , the basic
state resembles the flow in a straight pipe flow with swirl, thus
the critical Reynolds number increases, due to the divergence
of Rcr for straight pipes.

Figure 11 shows the streamwise wavenumber α of the
marginally stable modes, whereas their frequency ω is re-
ported in Figure 10. The agreement with Gelfgat (2020) is
again quite good, except for a few combinations (δ ,τ). A re-
markable difference is observed in the frequency for δ = 0.2
and λ ≈ 2.1, since a novel family of unstable modes, not found
by Gelfgat (2020), is identified.

Mode coexistence
The jumps along the global neutral curves for ω and α oc-
cur when different families of critical modes interchange with
each other as λ varies. An example of this behaviour can be
observed, for example, for δ = 0.05 and λ ≈ 1. The neutral
curves (Recr,α) displayed in Figure 12 show that there ex-
ist two families of modes (mode 5 and mode 6, described in
Casali (2025)) that become unstable for similar values of the
Reynolds number, with mode 6 being the critical one for λ ≥ 1.
Decreasing λ , Recr for mode 5 is reduced, while Recr for mode
6 increases. Hence, there is a value of λ for which both fam-
ilies coexist at criticality, with mode 5 becoming the critical
one for λ < 1.

It must be pointed out that the modal stability analysis
does not consider the interaction between different modes. Be-
cause of the non-orthogonality of the eigenmodes, these inter-
actions can give rise to a transient energy growth, which can
cause transition to turbulence if a certain energy threshold is
exceeded (Schmid & Henningson (2001)).

CONCLUSIONS
We report on our studies of the flow in helical pipes,

fully-developed in the streamwise direction such that periodic
boundary conditions can be applied. We start with analysing

the laminar steady base flow, where the specific pressure gra-
dient to drive the flow is validated against inflow–outflow con-
figurations. It is further shown that the amplitude of the sec-
ondary flow, and the related Darcy friction factor, is varying
non-monotonically as function of the torsion and curvature of
the helical pipe. Moving towards flow instability, we exten-
sively validate our 2D stability code that is able to compute
eigenvalues and neutral curves for any parameters of the heli-
cal configuration. We compare our stability results to literature
data by Gelfgat (2020), and find generally good agreement,
with some differences being highlighted.

Further work on helical pipe would include a characteri-
sation of the actual transition process, potentially comparing to
the interesting critical points identified by Canton et al. (2020)
in toroidal flows. Also, the relevance of transient growth in
any of the helical or toroidal configurations has not yet been
studied. Finally, the turbulent flow in a helical pipe, modu-
lated by the secondary flow, is clearly relevant, but essentially
unstudied at higher Reynolds numbers.
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