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ABSTRACT
We model turbulence using coherent vortices distributed

within a multi-scale statistical framework, termed ‘woven tur-
bulence’. These entangled vortices are generated based on
fractional Brownian bridges, with scale-dependent parameters
set by dimensional analysis and geometric similarity. The spa-
tial filling fraction of vortices in woven turbulence, termed
‘vortex density’, is tunable, enabling us to investigate the
statistical-structural interaction and uncover two key physical
insights of turbulence. First, the invariance of the hierarchi-
cal vortex density across scales corresponds to Kolmogorov’s
−5/3 law in the inertial range. Second, there exists a critical
total vortex density at which the intermittency of woven tur-
bulence closely matches that of real turbulence, and this crit-
ical density converges to a finite value in the inviscid limit.
In addition, woven turbulence also serves as a fast turbulence
synthesis method, requiring only the Taylor-Reynolds number
as input and exhibiting an extremely low computational cost
proportional to the grid size.

INTRODUCTION
Turbulence, prevalent in both natural and engineering

contexts, is acknowledged as one of the most representative
complex systems (Benzi & Toschi, 2023). The intricate phys-
ical mechanisms and the efficient simulation of turbulence
remain significant challenges. Various turbulence modeling
methods (e.g. Fung et al., 1992; Patruno & Ricci, 2018; Zhou
et al., 2015) have been proposed to understand and synthesize
turbulence.

Statistical modeling methods incorporate randomness and
aim to reproduce turbulent statistics. For example, random
Fourier modes (RFM) method (Patruno & Ricci, 2018) gen-

erates Fourier modes constrained by a specified energy spec-
trum so that it can reproduce low-order statistical features of
turbulence. Fractal models are based on the concept of energy
cascade and characterize turbulence as multi-scale self-similar
vortices. These models, including monofractal models, e.g.,
the 𝛽-model (Frisch et al., 1978), and multifractal models, e.g.,
the p-model (Meneveau & Sreenivasan, 1987), can reproduce
high-order statistics of turbulence. Vortices in fractal mod-
els are either conceptual entities, or synthesized using math-
ematical tools like wavelet-based methods (Zhou et al., 2015).
However, vortices in turbulence are governed by complex dy-
namics, leading to intricate coherent structures that cannot be
reproduced by current fractal models.

Coherent vortices are considered the key to understand-
ing the physical mechanisms of turbulence (Pullin & Saffman,
1998; Yang et al., 2023), as they govern energy transfer and
dissipation. Structural modeling methods study possible flow
structures in turbulence starting from the dynamics of the
Navier-Stokes (NS) equations (Pullin & Saffman, 1998), of-
fering a physics-based alternative pathway to turbulence mod-
eling. Several vortex models, such as spherical, tubular, sheet,
and spiral vortices, have been proposed to describe the fine-
scale structures of turbulence. Given that vortices in real tur-
bulence exhibit complex, intertwined coherent structures (She
et al., 1990), a critical issue lies in how to intricately assemble
the fine-scale elements from these vortex models into a turbu-
lent field.

Shen et al. (2024) proposed a bottom-up approach to
model turbulence by linking Burgers vortices through quan-
tum vortex filaments. This method simultaneously reproduces
the intertwined coherent vortices, key statistics such as Kol-
mogorov’s -5/3 law, and intermittency observed in real tur-
bulence. However, in this approach, the thickness of vortex
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tubes varies only within a narrow range, and the overall multi-
scale characteristics largely depend on the quantum vortex fil-
aments. This limits the accurate reproduction of multi-scale
features of turbulence and results in low computational effi-
ciency.

Building upon the work of Shen et al. (2024) and in-
corporating a statistical fractal framework, this study mod-
els turbulence as stochastic fractal vortex tubes with a spe-
cific vortex density. The stochasticity is achieved by gener-
ating the vortex tube centerline using a fractional Brownian
bridge (FBB), which is a computationally efficient stochastic
process with adjustable multi-scale features (Friedrich et al.,
2020). We refer to the generated flow field as ‘woven turbu-
lence’. It generates vortex tubes that resemble real turbulence
and reflect fluid dynamics, with inherent intermittency that is
intuitively adjustable via the vortex density, and incorporates
multi-scale characteristics and stochasticity from the statistical
framework.

METHODS
The construction procedure of woven turbulence is

sketched in Fig. 1. The woven homogeneous isotropic turbu-
lence (HIT) is composed of multiple sets of stochastic vortices
across N discrete scale levels within a periodic box 𝑉 of side
ℒ = 2𝜋.

As shown in Fig. 1(a), each vortex tube is constructed
along its curved centerline C, which is generated based
on FBB discrete points 𝐵𝐵𝐵(𝐽) in 3D space with index 𝐽 =
1,2, ...,𝒩. FBB exhibits Gaussianity and fractal behavior,
with precise control over long-range correlations characterized
by the scaling of the mean-squared distance (Friedrich et al.,
2020)

⟨(𝐵𝐵𝐵(𝐽) −𝐵𝐵𝐵(𝐽′))2⟩𝒩 = 𝛿2
𝐵 |𝐽 − 𝐽′ |2𝐻 , (1)

where 𝐻 denotes the Hurst exponent, ⟨·⟩𝒩 the average over 𝒩
points and 𝛿𝐵 the FBB scale factor. For each vortex tube with
core size 𝜎 characterizing its scale, we set the FBB scale 𝛿𝐵 =
40𝜎𝑖 . Note that the FBB is end-to-end connected in this work
to ensure the closure of the vortex tube. Next, these discrete
points of FBB are interpolated by the fifth-order splines and
mapped into the periodic box 𝑉 by taking the modulo with
respect to the box side length ℒ. Then we obtain the vortex
centerline C (shown as the blue dashed-dot line in Fig. 1(a))
with position 𝑐𝑐𝑐(𝑠) along arc-length 𝑠. The length of centerline
𝐿 ≈ 𝑐𝐻𝛿𝐵𝒩 is proportional to 𝒩 and 𝛿𝐵, where the value of
the coefficient 𝑐𝐻 is determined by 𝐻.

Subsequently, the vortex tube is generated based on
its centerline C. The curved cylindrical coordinate sys-
tem (𝑠, 𝜌, 𝜃) is introduced with the local cylindrical frame
(𝑒𝑒𝑒𝑠 , 𝑒𝑒𝑒𝜌, 𝑒𝑒𝑒𝜃 ) in a tubular region surrounding centerline C with
radius R. The system satisfies 𝑥𝑥𝑥(𝑠, 𝜌, 𝜃) = 𝑐𝑐𝑐(𝑠) + 𝜌𝑒𝑒𝑒𝜌 (𝜃). At
the scale level with index 𝑖 ∈ {1,2, . . . ,N}, the vorticity of the
𝑗-th vortex tube is specified by (Shen et al., 2024)

𝜔𝜔𝜔𝑇 (𝑥𝑥𝑥(𝑠, 𝜌, 𝜃) |Γ,𝜎, 𝑐𝑐𝑐(𝑠))

= Γ𝐺 (𝑠, 𝜌)
[
𝑒𝑒𝑒𝑠 + 𝜌

𝑅(𝑠) (1− 𝜅(𝑠)𝜌 cos𝜃)
d𝑅(𝑠)

d𝑠
𝑒𝑒𝑒𝜌

]
,

(2)

with the circulation Γ, the curvature 𝜅, the Gaussian kernel

function

𝐺 (𝑠, 𝜌) =
{

1
2𝜋𝑅 (𝑠)2 exp

[ −𝜌2

2𝑅 (𝑠)2

]
, 𝜌 ∈ [0,R) ,

0, 𝜌 ∈ [R,+∞)
(3)

as in the vortex model of Burgers (1948), and the local vortex
core size

𝑅(𝑠) = 𝜎 (1+𝜆𝜎 (1+ sin (2𝜋𝑀𝑠/𝐿))) . (4)

Here, the core size 𝜎 represents the characteristic scale of the
vortex tube, 𝜆𝜎 ≥ 0 denotes the core size variation magnitude
and 𝑀 the variation frequency.

The vorticity of woven turbulence 𝜔𝜔𝜔 =
∑N

𝑖=1
∑𝑛𝑖

𝑗=1𝜔𝜔𝜔𝑖 𝑗 is
given by the sum of vorticity over all vortex tubes, where 𝑛𝑖
denotes the population of vortex tubes at the 𝑖-th scale level,
and the vorticity of the 𝑗-th vortex tubes at the 𝑖-th scale level
is set as 𝜔𝜔𝜔𝑖 𝑗 (𝑥𝑥𝑥) = 𝜔𝜔𝜔𝑇 (𝑥𝑥𝑥(𝑠, 𝜌, 𝜃) |Γ𝑖 ,𝜎𝑖 , 𝑐𝑐𝑐𝑖 𝑗 (𝑠)). The core size
𝜎𝑖 , centerline length 𝐿𝑖 , population 𝑛𝑖 , and circulation Γ𝑖 of
vortex tubes at different scales are set to satisfy self-similar
relations




𝜎𝑖+1/𝜎𝑖 = 𝑟𝜎 ,

𝐿𝑖+1/𝐿𝑖 = 𝑟𝐿 ,

𝑛𝑖+1/𝑛𝑖 = 𝑟𝑛,

Γ𝑖+1/Γ𝑖 = 𝑟Γ

(5)

for 𝑖 ∈ {1,2, . . . ,N − 1}, where 𝑟𝜎 denotes the core size ratio,
𝑟𝐿 the centerline length ratio, 𝑟𝑛 the population ratio, and 𝑟Γ
the circulation ratio. In addition, the core size variation fre-
quency 𝑀𝑖 = ⌊2𝐿𝑖/ℒ⌉ /𝑟 𝑖−1

𝜎 in Eq. (4) is set to ensure the sim-
ilarity among vortex structures at different scales, where ⌊·⌉
denotes the rounding operation. Generally, we set 𝑟𝜎 = 1/2
and 𝑛1 = 1 as in typical fractal models (Frisch et al., 1978;
Meneveau & Sreenivasan, 1987).

Dimensional analysis suggests Γ𝑖 ∼ 𝜎4/3
𝑖 , so we set 𝑟Γ =

𝑟4/3
𝜎 = (1/2)4/3. This ratio is consistent with the DNS results

(Iyer et al., 2019). The length of the vortex tubes scales pro-
portionally with their core size (Ghira et al., 2022), yielding
𝑟𝐿 = 𝑟𝜎 = 1/2. To quantify how much physical space the vor-
tices occupy, we introduce the total vortex density 𝜚 =

∑N
𝑖=1 𝜚𝑖

with the hierarchical vortex density

𝜚𝑖 =
𝑛𝑖𝐿𝑖𝜎

2
𝑖

ℒ3 =
𝑛1𝐿1𝜎

2
1

ℒ3 (𝑟𝑛𝑟𝐿𝑟2
𝜎)𝑖−1 (6)

characterizing the abundance of vortices at the 𝑖-th scale level.
The specific settings of woven turbulence cases in this

study are provided in Table 1. Note that the code of con-
struction algorithm is available at https://github.com/
YYgroup/FastWeavTurb.

RESULTS
The multi-scale self-similar vortices give rise to the iner-

tial range in woven turbulence At each scale, we define the hi-
erarchical energy spectrum 𝐸𝑖 (𝑘) =

∮
𝑆 (𝑘 )

1
2 𝑢̂𝑢𝑢𝑖 (𝑘𝑘𝑘)𝑢̂𝑢𝑢𝑖 (𝑘𝑘𝑘)d𝑆(𝑘),

where 𝑢̂𝑢𝑢𝑖 (𝑘𝑘𝑘) denotes the velocity at the 𝑖-th scale level in
Fourier space, 𝑆(𝑘) the sphere with a radius of 𝑘 in Fourier
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Figure 1. Construction of woven turbulence. (a) Schematic of multi-scale vortex tubes constituting woven turbulence. At the first
scale level, we annotate the core size 𝜎, the circulation Γ, and the centerline C of the vortex tube, with the underlying FBB discrete
points 𝐵𝐵𝐵(𝐽) indicated as purple points. Note that the vortex tubes are sketched as segments, but the actual ones in woven turbulence
are closed. (b) Visualization of the woven turbulence case WT6 (with 40963 grid points and 𝑅𝑒𝜆 = 1237, see Table 1). Flow fields in
a 1/23 spatial portion are visualized by isosurfaces of the vorticity magnitude |𝜔𝜔𝜔| = 3

√︁
⟨Ω⟩, where Ω = |𝜔𝜔𝜔|2/2 denotes the enstrophy

and ⟨·⟩ represents the volume average over the computational domain 𝑉 . These isosurfaces are color-coded by the normalized helicity
density ℎ/

√︁
⟨ℎ2⟩ with helicity density ℎ = 𝑢𝑢𝑢 ·𝜔𝜔𝜔, where 𝑢𝑢𝑢 and 𝜔𝜔𝜔 denote the velocity and the vorticity, respectively.

Table 1. Setup of woven turbulence cases with Taylor-
Reynolds numbers 𝑅𝑒𝜆 from 𝑂 (102) to 𝑂 (103). All cases are
normalized such that the root-mean-square velocity 𝑢′ = 1.

Case N 𝜎N 𝑅𝑒𝜆 𝜚 𝑁

WT1 2 3.68×10−2 101 3.40×10−2 128

WT2 3 1.51×10−2 159 2.40×10−2 256

WT3 4 7.80×10−3 268 1.70×10−2 512

WT4 5 3.57×10−3 419 1.28×10−2 1024

WT5 6 1.70×10−3 722 1.21×10−2 2048

WT6 7 8.47×10−4 1237 1.20×10−2 4096

space, 𝑘𝑘𝑘 the wavevector, 𝑘 = |𝑘𝑘𝑘 | the wavenumber, and the over-
line represents the complex conjugate. Figure 2 plots the total
and hierarchical energy spectra for case WT6, where the hi-
erarchical spectra at different scales exhibit a similar shape.
Since 𝐸𝑖 (𝑘) spans a range of wavenumbers, for simplicity, we
extract a representative value for each scale by introducing a
characteristic energy 𝐸𝑖 (𝑘𝑖), where 𝑘𝑖 = 1/(3𝜎𝑖) denotes the
corresponding characteristic wavenumber. In Fig. 2, 𝐸𝑖 (𝑘𝑖)
and 𝐸 (𝑘) both follow a 𝑘−5/3 scaling in the inertial range. This
agreement suggests the hierarchical energy hypothesis

𝐸 (𝑘𝑖+1)
𝐸 (𝑘𝑖) =

𝐸𝑖+1 (𝑘𝑖+1)
𝐸𝑖 (𝑘𝑖) , (7)

i.e., the scaling of 𝐸 (𝑘) in woven turbulence can be captured
through the ratio of hierarchical energies at adjacent scale lev-
els. Based on the explicit vorticity expression Eq. (2), a quan-
titative relation between characteristic energy and vortex tube
parameters is obtained as 𝐸𝑖 (𝑘𝑖) ∝ Γ2

𝑖 𝐿𝑖𝑛𝑖𝜎𝑖 . Substituting it
into Eq. (7) with Eq. (5) yields the scaling exponent

𝑟𝐼 = −1− ln(𝑟𝑛𝑟𝐿) +2ln(𝑟Γ)
ln(𝑟𝜎) (8)

in inertial-range spectrum 𝐸 (𝑘) ∼ 𝑘𝑟𝐼 . We restrict the inertial-
range wavenumbers 𝑘 ∈ [𝑘1, 𝑘N] to lie between the small-
est and largest characteristic wavenumbers of multi-scale vor-
tices. Substituting the core size ratio 𝑟𝜎 = 1/2, the centerline
length ratio 𝑟𝐿 = 1/2, and the circulation ratio 𝑟Γ = (1/2)4/3

into Eq. (8), we obtain Kolmogorov’s -5/3 law 𝑟𝐼 = −5/3 sug-
gests 𝑟𝑛 = 8 in woven turbulence. This value 𝑟𝑛 = 8 corre-
sponds to the scale invariance of the hierarchical vortex den-
sity 𝜚𝑖 = 𝜚/N based on Eq. (6), which implies a self-similar
spatial distribution of vortices across scales.

Derived from Eqs. (1) and (2), the spectrum in the energy-
containing range satisfies 𝐸 (𝑘) ∼ 𝑘𝑟𝐸 with the scaling expo-
nent 𝑟𝐸 = 1/𝐻 −2. Thus, the role of 𝐻 in controlling the spa-
tial arrangement of vortex centerlines and thereby shaping the
energy spectrum in this range is analogous to that of external
forcing in real turbulence. Here we set 𝐻 = 5/6, correspond-
ing to 𝑟𝐸 = −4/5, which is consistent with the scaling in Shen
et al. (2024). In addition, numerical tests show that the decay
behavior of dissipation range spectrum depends on the value of
𝜆𝜎 in Eq. (4). When 𝜆𝜎 = 3/2, the dissipation range spectrum
approach exponential decay.
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Figure 2. Energy spectrum 𝐸 (𝑘) of case WT6 (see Table 1) with 𝑅𝑒𝜆 = 1237 and the corresponding model spectrum in Eq. (11). The
inset plots the hierarchical energy spectra 𝐸𝑖 (𝑘) of case WT6 and the corresponding characteristic energy 𝐸𝑖 (𝑘𝑖). Each hierarchical
energy spectrum is shown around its characteristic wavenumber 𝑘𝑖 , within the range [𝑘𝑖/10,10𝑘𝑖].

Similar to real turbulence, the wavenumber ranges of the
three-regime energy spectrum are determined by characteristic
length scales of vortices in woven turbulence. By matching the
energy spectra of woven turbulence and real turbulence across
a range of 𝑅𝑒𝜆 from 𝑂 (102) to 𝑂 (103), we establish scale
relations for the integral and Kolmogorov scales

L = 𝑐L𝜎1 and 𝜂 = 𝑐𝜂𝜎N , (9)

respectively. Here, 𝜎1 and 𝜎N are the core sizes of the
largest and smallest vortices, respectively, and the coefficients
𝑐L = 20 and 𝑐𝜂 = 0.59 are calibrated from this spectral agree-
ment. This intrinsic correspondence between vortex scales and
turbulence statistical scales in Eq. (9) is independent of 𝑅𝑒𝜆
(Ghira et al., 2022). Considering the Kolmogorov length scale
𝜂 = (𝜈3/⟨𝜀⟩)1/4 and the mean dissipation rate ⟨𝜀⟩ = 2𝜈⟨Ω⟩, the
effective kinematic viscosity in woven turbulence is estimated
by 𝜈 = 𝜂2

√︁
2⟨Ω⟩. With Eq. (9), the Taylor-Reynolds number

reads

𝑅𝑒𝜆 =
𝑢′𝜆𝑇
𝜈

=

√
15(𝑢′)2

2𝜂2⟨Ω⟩ =

√
15(𝑢′)2

2(𝑐𝜂𝜎N)2⟨Ω⟩ , (10)

where 𝜆𝑇 = 𝑢′
√︁

15/(2⟨Ω⟩) denotes the Taylor micro-scale,
𝑢′ =

√︁
2𝐸𝑡/3 the root-mean-square velocity, and 𝐸𝑡 =∫

𝐸 (𝑘)d𝑘 the total kinetic energy. The normalized mean en-
strophy ⟨Ω⟩/(𝑢′)2 =

∫
𝑘2𝐸 (𝑘)d𝑘/(𝑢′)2 is determined by the

scale range from 𝜎1 to 𝜎N , since the scale range fully speci-
fies the normalized energy spectrum 𝐸 (𝑘)/(𝑢′)2. Thus, woven
turbulence can be constructed for a specified 𝑅𝑒𝜆 through de-
termining the scale range from 𝜎1 to 𝜎N .

The model spectrum of turbulence (Pope, 2000), as an
excellent fit to various turbulence data, is specified by

𝐸 (𝑘) = 𝐶𝐸

(
𝑘L[(𝑘L)2 +75

]1/2

)𝑟𝐸−𝑟𝐼
𝑘𝑟𝐼 exp(−4.7𝑘𝜂), (11)

with 𝑟𝐸 = −4/5, 𝑟𝐼 = −5/3, and the constant 𝐶𝐸 determined
by the total kinetic energy 𝐸𝑡 . It is used to assess the spectrum

of woven turbulence. For example, the spectrum of woven
turbulence with 𝑅𝑒𝜆 = 1237 agrees with the model spectrum in
Fig. 2, with smooth transitions between the three wavenumber
ranges. This agreement confirms that the three-regime energy
spectrum is faithfully reproduced in woven turbulence.

In woven turbulence, intermittency arises from coherent
vortex tubes and depends on the vortex density 𝜚. As 𝜚 in-
creases, as illustrated in Fig. 3, the woven turbulence transi-
tions from a state of vortex clustering with strong intermittency
to an approximately Gaussian random field without intermit-
tency, and the energy spectrum remains unchanged.

Intermittency in turbulence is usually quantified by the
deviation of the inertial-range scaling exponents 𝜁𝑝 of 𝑝-th or-
der structure functions 𝑆𝑝 (𝑟) ∼ 𝑟 𝜁𝑝 from the K41 linear model
𝜁𝑝 = 𝑝/3. Note that the structure functions are defined as
𝑆𝑝 (𝑟) = ⟨[(𝑢𝑢𝑢(𝑥𝑥𝑥 + 𝑟𝑒𝑒𝑒𝑚) − 𝑢𝑢𝑢(𝑥𝑥𝑥)) · 𝑒𝑒𝑒𝑚] 𝑝⟩, where 𝑒𝑒𝑒𝑚 is an arbi-
trary unit vector. We find that for each Taylor-Reynolds num-
ber 𝑅𝑒𝜆, there exists a critical vortex density 𝜚 such that 𝜁𝑝
conform to those of DNS as shown in Fig. 4. In Fig. 5, the
critical vortex density, fitted by

𝜚𝑐 = 0.07exp(−𝑅𝑒𝜆/100) +0.012, (12)

decreases with 𝑅𝑒𝜆 and tends to a finite value for large 𝑅𝑒𝜆.
At the critical vortex density, woven turbulence simultane-
ously exhibits physically realistic vortex structures (see Fig. 6),
Gaussian velocity distributions, and intermittency comparable
to real turbulence. In addition, the difference in the scaling of
the longitudinal and transverse structure functions, as well as
the asymmetry of the local vorticity-strain correlation, is cap-
tured (not shown).

The construction of vortex tubes in woven turbulence is
performed within the local tubular space along their center-
lines, and thus the computational cost scales as 𝑂 (𝜚𝑐𝑁3).
Since 𝜚𝑐 approaches a constant at high Reynolds numbers in
Eq. (12), the effective scaling is 𝑂 (𝑁3), which is the optimal
scaling for 3D turbulence synthesis. In contrast, the compu-
tational cost of the RFM is 𝑂 (𝑁3 log𝑁) (Fung et al., 1992),
consistent with that of the 3D fast Fourier transform. Figure 7
compares the computational costs of generating an instanta-
neous turbulent flow field using DNS, woven turbulence, and
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RFM at various 𝑅𝑒𝜆. The DNS cost is the computational time
to evolve from the initial RFM field to a stationary turbulent
state. These simulations were performed on the TianheXY-C
at the National Supercomputer Center in Guangzhou, China.
For 𝑅𝑒𝜆 > 200, the computational cost of woven turbulence
is less than 10−5 of that of DNS, and this difference becomes
more significant as 𝑅𝑒𝜆 increases. Moreover, although the cost
of RFM is lower, the gap with woven turbulence narrows as
𝑅𝑒𝜆 increases. Therefore, our method exhibits high computa-
tional efficiency in generating instantaneous turbulent fields.

In summary, we model turbulence using stochastic frac-
tal entangled vortex tubes, combining the strengths of struc-
tural and statistical modelling. The method successfully re-
produces key turbulence features, including the three-regime
energy spectrum, intermittency, and coherent structures. It en-
ables fast turbulence synthesis with optimal 𝑂 (𝑁3) computa-
tional scaling and only the Taylor-Reynolds number as input.
Future work will explore vortex interactions and multifractal
architectures to make woven turbulence closer to real turbu-
lence.
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