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ABSTRACT
We use extensive direct numerical simulations of the in-

compressible two-dimensional (2D) Navier-Stokes equation to
examine the steady state of large-scale condensates in 2D tur-
bulence at finite Reynolds number Re in the absence of bot-
tom drag. Large-scale condensates appear above a critical
Reynolds number Rec ≈ 4.19. Close to this onset, we find a
power-law scaling of the energy with Re−Rec, where the en-
ergy spectrum at large scales follows the absolute equilibrium
prediction of Kraichnan. At larger Re, the energy spectrum
deviates from this form, displaying a steep power-law range at
low wave numbers with exponent −5, with most of the energy
dissipation occurring within the condensate at large scales.
The spectral exponent is consistent with the logarithmic ra-
dial vorticity profile of the condensate vortices predicted by
quasi-linear theory for a viscously saturated condensate. Our
findings shed new light on the classical problem of large-scale
turbulent condensation in forced dissipative 2D flows in finite
domains, showing that the large scales are close to equilibrium
dynamics in weakly turbulent flows but not in the strong con-
densate regime with Re ≫ 1.

1 Introduction
Turbulence is a highly chaotic state of fluid flow at large

Reynolds numbers (Frisch, 1995) that involves many degrees
of freedom and therefore requires a statistical description. In
this approach mean field quantities of interest should be deriv-
able without detailed knowledge of the microscopic dynamics,
much as the equation of state for a macroscopic system may
be derived without detailed knowledge of individual molecu-
lar motions. However, approaches adapted from classical equi-
librium statistical physics fail in general when applied to tur-
bulence because the turbulent flow is typically far from ther-
modynamic equilibrium (Ruelle, 2012), with nonzero energy
fluxes across scales and finite dissipation rates in the zero vis-
cosity limit, both of which break time reversibility. Neverthe-
less, there are instances where the mean fluxes are negligible
compared to fluctuations. This renders turbulence close to an
equilibrium state, at least at certain scales, enabling equilib-
rium statistical physics approaches.

For 3D turbulence, Lee (1952) first applied equilibrium
statistical physics to flows described by an ensemble of Fourier
modes, arriving at a Rayleigh-Jeans spectrum E(k) ∝ k2. This
work was later extended by Kraichnan, who incorporated the

helicity constraint (Kraichnan, 1973). Lee’s and Kraichnan’s
results strictly apply to the truncated Euler equations (Ci-
chowlas et al., 2005) (TEE) where a discrete set of wave num-
bers with finite modulus is retained in the evolution governed
by the Euler equation of ideal (i.e., unforced and dissipation-
less) fluid flow, leading to a finite-dimensional dynamical sys-
tem. However, these results apply in other instances as well.
First, it has been argued theoretically (Forster et al., 1977) and
demonstrated (Dallas et al., 2015; Alexakis et al., 2023) that
the Rayleigh-Jeans spectrum provides an adequate description
of the scales above the forcing scale, with deviations from this
spectrum studied by Hosking & Schekochihin (2023). Sec-
ond, at the smallest scales of 3D turbulence, it has been argued
(Frisch et al., 2008) and recently shown numerically (Agrawal
et al., 2020) that when a high-order hyperviscosity is used the
energy spectrum just above the hyperviscous scales forms a k2

spectrum. Finally, when the Navier-Stokes equation is solved
spectrally on a periodic domain in three dimensions, retaining
a finite number of Fourier modes, it was shown in (Alexakis
& Brachet, 2020) that, in the limit of small viscosity, the sharp
spectral cutoff also leads to a k2 spectrum, much like the ef-
fect of high-order hyperviscosity. In the latter two cases, the
k2 range forms due to an artificial block, also referred to as
a bottleneck. This bottleneck makes the energy flux decrease
abruptly at the largest available wave numbers k, producing
near-equilibrium flow at these k.

In 2D turbulence, where energy is transferred towards
larger scales (Boffetta & Ecke, 2012), there is a natural, and
physically significant, smallest wave number in the system set
by the inverse of the domain size. In the absence of an effi-
cient large-scale dissipation mechanism, such as bottom drag,
energy piles up at the largest scales, producing large-scale flow
structures, also known as condensates (Sommeria, 1986). The
weak dissipation and the reduced energy flux due to the low
spectral cutoff both suggest that these scales might be de-
scribed by equilibrium dynamics. The approach to describ-
ing such large-scale organisation in 2D fluid flows using equi-
librium statistical physics goes back to Onsager (1949) who
first analyzed 2D discrete point-vortex flows in terms of mi-
crocanonical statistical mechanics, revealing the existence of
states with negative temperature, where point vortices of either
sign cluster to form large-scale vortices. This line of work was
further pursued, first for point vortices (Lundgren & Pointin,
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1977) and later generalised to continuous vorticity fields obey-
ing the 2D Euler equation in the so-called Robert-Sommeria-
Miller theory (Robert & Sommeria, 1991; Miller et al., 1992),
which has been studied intensively (Bouchet & Venaille, 2012)
with the goal of predicting the long-time evolution of turbulent
large-scale structures.

In an alternative approach built on the truncated Euler
equation, inspired by Lee’s work in three dimensions, Kraich-
nan (Kraichnan, 1967) formulated an equilibrium theory for
2D turbulence. He assumed that the probability of a given state
follows a Gibbs distribution familiar from canonical statistical
mechanics, incorporating an additional ideal quadratic invari-
ant, the enstrophy Ω (mean squared vorticity), together with
the energy E . This led him to predict the energy spectrum

E(k) =
2πk

α +βk2 , (1)

where the constants α,β are generalised temperatures. These
may be positive or negative. Their values are determined by
total energy and enstrophy, E = ∑k E(k), and Ω = ∑k k2E(k),
where the sum is over all wave numbers in the range kmin ≤
|k| ≤ kmax, with the minimum wave number kmin (largest
length scale) and the maximum wave number kmax (smallest
length scale). In addition to Kraichnan’s canonical ensemble,
the statistical mechanics of the 2D TEE has also been studied
microcanonically (Shukla et al., 2016).

While Kraichnan’s absolute equilibrium theory assumes
that the statistics of the flow follow the TEE of ideal (unforced
and dissipationless) fluid flow, it remains ill-understood how
this relates to forced-dissipative turbulence. Early numerical
studies investigated primarily the dynamics of freely decay-
ing 2D turbulence (Brachet et al., 1988; Weiss & McWilliams,
1993; Bracco et al., 2000), in part due to limited available com-
putational resources. Other work focused on the cascade phe-
nomenology of forced 2D turbulence by introducing a strong
bottom drag (also referred to as Rayleigh friction) that pre-
vented the formation of a large-scale condensate, e.g. Bof-
fetta (2007). The focus of many of the more recent numerical
simulations, on the other hand, was on the forced-dissipative
condensate state (Smith & Yakhot, 1993; Boffetta & Ecke,
2012; Frishman & Herbert, 2018; Xu et al., 2024), where a
well-defined statistically steady state is attained at late times.
Chertkov et al. (2007) studied the transient dynamics of the
build-up of the condensate under sustained forcing by integrat-
ing the 2D Navier-Stokes equation subject to periodic bound-
ary conditions with small-scale stochastic forcing, hypervis-
cosity and no large-scale drag, producing (by construction) a
transient simulation where energy kept increasing. Chertkov
et al. reported a k−3 power-law range in E(k) at small k as-
sociated with the large-scale condensate (a vortex dipole in
physical space). However, the limitation of these results to
the transient regime motivates the question of how this result
is modified in a statistically stationary state where the con-
densate amplitude saturates due to dissipation at large scales.
Such steady-state condensate states have been studied in recent
years in the context of quasi-linear theory (Frishman, 2017),
leveraging the strength of the mean flow compared to fluctua-
tions to neglect nonlinear interactions between fluctuations ex-
cept where they feed back on the mean flow. This theoretical
work has led to explicit predictions for the profile of the large-
scale condensate, with results that depend on the large-scale
dissipation mechanism. When bottom drag saturates the con-
densate there is, at large Reynolds numbers, a range of radii
with constant mean azimuthal velocity (Laurie et al., 2014),
while for a viscously saturated condensate one finds a mean
azimuthal velocity profile of the form r ln(r/R) (Doludenko

et al., 2021), where r is the radial coordinate and R is the ra-
dius of the condensate, comparable to the domain size. These
predicted spatial profiles have been confirmed in direct numer-
ical simulations (DNS) when the condensate is strong.

Given the long history of statistical mechanics approaches
to describing the condensate assuming an ideal fluid, it remains
an open question whether the large scales in forced dissipative
2D turbulent condensates can in fact be described by equilib-
rium dynamics and, if so, under which conditions? We explore
this question in detail, focusing on the case without bottom
drag with condensates saturated viscously in the steady state.
Our results indicate that close to the onset of 2D turbulence,
where the upscale energy flux is small, the large scales display
a Kraichnan equilibrium form in well-resolved DNS but only
up to a finite Reynolds number Re. For larger Re, the conden-
sate is far from equilibrium and quasi-linear theory applies,
implying an energy spectrum close to k−5 at low k.

The remainder of this article is structured as follows. In
Sec. 2 we describe our setup and discuss the relevant control
parameters. In Sec. 3, we present our numerical results. Fi-
nally, in Sec. 4 we conclude with perspectives for future work.

2 Set-up
We consider incompressible flow in a 2D doubly periodic

square domain of side length 2πL, obeying

∂tω +u ·∇ω = ν∇
2
ω + fω , ∇ ·u = 0, (2)

where u ≡ (ux,uy) is the velocity field, ω ≡ ∂xuy − ∂yux is
the vertical component of vorticity, ν is the fluid’s kinematic
viscosity and fω is the vertical component of the curl of an
external body force. The forcing fω is composed of Fourier
modes with wave vectors k lying in the isotropic ring k f ≤
|k| ≤ k f +∆k f (where ∆k f L = 4), whose amplitudes evolve
randomly, being δ -correlated in time, so that the energy in-
jection rate is fixed to ε , while the enstrophy injection rate
η is fixed to η ≃ εk2

f (the equality here becomes exact when
∆k f = 0). The above system is characterised by only two non-
dimensional numbers, namely, the Reynolds number based
on the energy injection rate ε and the forcing scale k f , viz.

Re ≡ ε1/3/(k4/3
f ν), and the scale separation factor Λ ≡ k f L

between the forcing scale and the domain size.
The incompressible vorticity equation is solved using the

pseudo-spectral code GHOST (Mininni et al., 2011) with a
2/3 de-aliasing rule and a second-order Runge-Kutta time ad-
vancement method on an evenly spaced spatial grid of size N
in each direction. The finite resolution introduces a third non-
dimensional number kmaxη , where kmax =N/(3L) is the maxi-
mum allowed wave number and η ≡ ε−1/6k−1/3

f ν1/2 is the en-
strophy dissipation scale. For well-resolved runs kmaxη ≫ 1,
which we ensure in all simulations. In the above set-up the
smallest wave number kmin is such that kminL = 1. The second
smallest wave number is such that |k|L =

√
2 which is signifi-

cantly larger than kmin and may hamper comparison with pre-
dictions for the functional form of the spectrum in cases where
a strong condensate forms such that k2

min ≳ −α/β , where
α < 0 while β > 0. For this reason we also consider cases for
which kminL > 1, a situation achieved by artificially removing
all wave numbers with |k|L < kminL where kmin ≥ 1/L is cho-
sen arbitrarily. This procedure allows us to reduce the spacing
between the smallest and second smallest wave numbers, lead-
ing to a nearly continuous distribution of wave numbers and
introducing a fourth non-dimensional number λ = kminL ≥ 1.

A large set of simulations was produced varying all four
parameters. The scale separation Λ was varied between Λ = 2
and Λ = 80 while λ varied from λ = 1 to λ = 10. The
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Figure 1. Vorticity field in the large-scale condensate in the
statistically steady state with Λ = 80, kminL = 1 and Re = 4.32
(left panel) and Re = 7.25 (right panel). Close to the onset of
turbulence (left panel), the condensate is weak and diffuse, and
barely visible relative to the sea of smaller-scale vortices. At
larger Reynolds numbers (right panel) the condensate becomes
sharply peaked within the cores of the counter-rotating large-
scale vortices while the smaller-scale vortices in the interstitial
space between them remain but are subdominant.

Reynolds number values achieved ranged from Re ≃ 1 to Re ≃
60. The majority of the runs employed a resolution N = 1024
with N = 512 grid points used only for Re< 4 while grids with
N = 2048 were used for the two highest values of Re examined
in the Λ ≤ 40 runs. The slow convergence in time to the sta-
tistically stationary state prevented us from examining larger
values of Re with larger values of N. All runs were integrated
until a statistically stationary state was reached, with the injec-
tion of kinetic energy balanced by viscous dissipation and all
quantities fluctuating around a well-defined mean value.

3 Results
Here, we describe the results of our DNS in terms of

steady-state energy, energy and enstrophy dissipation rates,
spectra and fluxes, as well as the spatial profile of the vortices
comprising the large-scale condensate. The physical space
profile of the condensate is illustrated in Fig. 1 in terms of the
vorticity field at two different Reynolds numbers Re = 4.32
(left, close to the onset of turbulence) and Re = 7.25 (right,
strongly turbulent flow). While the condensate at Re = 4.32
is weak and barely visible in the vorticity field relative to the
background of smaller-scale vortices, at Re = 7.25 a large-
scale, large-amplitude vorticity dipole has clearly formed over
the sea of smaller-scale vortices, which remain visible between
the large-scale dipole. The purpose of this work is to describe
this condensate state as a function of the parameters Re and Λ.

3.1 Global behaviour
Figure 2 shows the total kinetic energy E = 1

2 ⟨|u|
2⟩ of

the flow (where ⟨·⟩ is the space-time average) as a function of
Re for all values of Λ and λ examined. Energy is scaled by
ε/(2νk2

min) which collapses the data provided there is suffi-
cient scale separation between the forcing scale and the largest
scale in the domain, i.e., Λ ≫ 1. Figure 2 shows that the only
cases that escape this data collapse are those with small values
of the scale separation factor Λ, viz. Λ = 5 and Λ = 2.

The behaviour of the energy as a function of Re consti-
tutes a bifurcation diagram. For Re smaller than a critical
value Rec ≃ 4.19 the normalised energy assumes very small
(albeit finite) values, while for Re > Rec the kinetic energy bi-
furcates towards order one magnitudes. The critical value Rec
depends weakly on the scale separation factor Λ but converges
to a Λ-independent value as Λ → ∞. This behaviour is consis-
tent with a transition from positive to negative eddy viscosity
νe(k) = β (Re)+ δ k2 + . . . (Dubrulle & Frisch, 1991), where
the first term β (Re) changes sign at Rec. For Re < Rec the
bifurcation is imperfect and the normalised energy is not zero,
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Figure 2. Energy bifurcation diagram. Energy normalised
by ε/νk2

min over the range of Re examined for different values
of the parameters λ and Λ. The green line shows a fit to the
λ ≡ kminL = 1, Λ ≡ k f L = 80 data.

but as the scale separation Λ increases, it becomes smaller and
smaller approaching a perfect bifurcation. For Re > Rec, the
energy amplitude follows a (Re−Rec)

γ power-law behaviour,
where the exponent γ appears to be strictly smaller than one,
with γ ≈ 0.75. This exponent differs from what has been re-
ported in past work with deterministic (Gallet & Young, 2013)
and stochastic (Linkmann et al., 2020) forcing. In Linkmann
et al. (2020), which is closer to our work, γ was found to
approach unity as the bottom drag is reduced. We stress,
however, that computing critical exponents by a fitting pro-
cedure involves significant uncertainty; moreover, the forcing
function considered by Linkmann et al. acts over a broader
band of wave numbers than that considered here. For a one-
dimensional deterministic bifurcation, one would expect γ = 1,
but here the presence of noise as well as the fact that the large-
scale energy is distributed among a set of wave numbers and
not confined to a single mode may combine to lead to a differ-
ent exponent.

We note that the energy satisfies the inequality
2νE k2

min/ε ≤ 1, a consequence of Poincaré’s inequality
⟨|∇u|2⟩ ≥ k2

min⟨|u|2⟩. This bound is sharp when all the en-
ergy is concentrated in the k = kmin modes. Our simulations
show that this upper bound is missed by a substantial margin
even at large values of Re. This fact indicates that the large-
scale energy in steady state is proportional to 1/ν and that the
smaller scales retain a finite energy fraction even for Re → ∞.

Steady-state energy and enstrophy balance gives

ε = νΩ and η = νZ ≃ εk2
f , (3)

where Ω ≡ ⟨|∇u|2⟩ is the enstrophy and Z ≡ ⟨|∇ω|2⟩ is the
palinstrophy. As Re → ∞, Λ → ∞, enstrophy is mostly dis-
sipated in small scales while most of the energy is dissipated
at large scales, reaching amplitudes E ∝ ε/νk2

min. Without
Λ→∞, a finite fraction of enstrophy dissipation occurs at large
scales.

3.2 Spectra and Fluxes
To better understand the observed behaviour we plot in

Fig. 3 the energy spectra for different values of Re and two val-
ues of the scale separation: Λ ≡ k f L = 80 (top panel) which is
the largest scale separation studied, and Λ ≡ k f L = 20 (bottom
panel) for which sufficiently large values of Re were reached
to reveal the asymptotic behaviour of the energy (demonstrated
in Fig. 2). Different stages in the form of the energy spectrum
are observed as the Reynolds number varies. First, for very
small Re, Re ≪ Rec, the dissipation dominates at all scales
and the energy is concentrated at the forcing scale with a fast
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Figure 3. Energy spectra for the kmin = 1 runs with Λ = 80
(top) and Λ = 20 (bottom). The blue dashed-dotted line indi-
cates the k−5 power law. Black dashed lines represent the best
fit to the equilibrium spectra E(k) = Ak/(k2 −k2

s ), where A, ks

are fitting parameters and ks can be imaginary (i.e., k2
s < 0).

exponential drop at larger wave numbers and a distribution
at small wave numbers that is due to a ”beating” effect from
the forced modes. This beating is caused by pairs of forced
modes with wave numbers that differ by ∆k such that |∆k|≪ k f
whose interaction due to nonlinearity then excites the small k
modes (see appendix of Alexakis & Brachet (2019)). As Re in-
creases, approaching Rec from below, the dissipation at large
scales remains negligible, while remaining significant for the
forced modes. The spectrum in this regime attains a form that
is very close to Kraichnan’s absolute equilibrium prediction,
cf. Eq. (1). This behaviour continues even after the thresh-
old Re = Rec is crossed, leading to negative values of α/β ,
where α and β are the generalised temperature parameters ob-
tained by fitting Kraichnan’s spectrum to the DNS data. This
observation supports the claim that the large-scale dynamics
in 2D turbulence in the absence of large-scale friction can be
described by equilibrium statistical physics for Re close to Rec.

As Re is further increased and the condensate becomes
stronger, the functional shape of the spectrum changes. A new
k−5 power law appears (blue dash-dotted line), extending from
the smallest wave number up to an intermediate wave number
that increases as Re increases. In the bottom panel of Fig. 3,
where Λ = 20 and larger values of Re are reached, the k−5

power law extends close to the forcing scale. As shown in
the appendix of van Kan et al. (2025) and discussed below
in Sec. 3.3, this steep k−5 power law at large scales is due to
the formation of a condensate with a logarithmic vorticity pro-
file that was recently predicted by Doludenko et al. (2021).
For moderate Re the k−5 power-law is followed by a shal-
lower power-law that is closer to the equilibrium prediction
k−1 (dashed line) than to k−5/3 (dotted line).

We remark that since energy is primarily dissipated at
large scales 2ν

∫ k f
kmin

E(k)k2dk ≈ ε , and hence a spectrum of
the form E(k) = Ak−5 implies that the prefactor A at large
Re becomes A = εk2

min/ν . The blue dashed-dotted line in
Fig. 3 compares this power-law with this prefactor with the
corresponding result for the largest Re examined. Furthermore
the fraction of enstrophy dissipation occurring at large scales,
ν
∫ k f

kmin
E(k)k4dk/εk2

f , becomes proportional to Λ−2 ln(Λ), in
agreement with our observation that enstrophy is dissipated
primarily at small scales only when the scale separation factor
Λ ≡ k f /kmin is sufficiently large. We emphasise finally that
the k−5 profile depends on the form of the dissipation. If a
weak bottom drag is considered instead, the vorticity profile
becomes proportional to 1/r and the resulting spectrum in the
statistically stationary state is k−3, see e.g. Parfenyev (2024).
The sensitivity to the type of dissipation reflects the fact that
the condensate at high Re in this driven-dissipative setup is not
a quasi-equilibrium state: as Re increases, the system transi-
tions from a quasi-equilibrium to an out-of-equilibrium state.

The out-of-equilibrium nature of this system is associ-
ated with finite mean fluxes of energy and enstrophy across
scales, shown in Fig. 4, averaged over the stationary state.
The energy flux due to nonlinear interactions is given by
ΠE(K) = −⟨u<K · (u · ∇u)⟩, where u<K has been low-pass
filtered to contain only Fourier modes with wave numbers of
modulus less than K. The enstrophy flux is defined similarly
as ΠΩ(K) = −⟨ω<K(u ·∇ω)⟩, where ω<K is the low-pass-
filtered vorticity. The energy flux ΠE becomes negative at
scales larger than the forcing scale (Λ ≡ k f L = 80 in the top
panel, Λ ≡ k f L = 20 in the bottom panel) as Re increases be-
yond Rec, indicating an upscale energy transfer at a rate that
increases with Re. There is a large variance in the energy flux
at large Re, which leads to fluctuations that remain visible at
low k and could only be further reduced by extensive averag-
ing. The magnitude of the upscale flux approaches the energy
injection rate ε as Re increases. The enstrophy, on the other
hand, is transferred towards smaller scales at a rate that also
increases with increasing Re. Here, the variance is smaller
and the enstrophy flux approaches the enstrophy injection rate
η at large Re. This positive enstrophy flux also drives wave
numbers k > k f towards a k−3 spectrum at small scales as Re
increases; see Fig. 3 and Boffetta & Musacchio (2010). We
note that the constant inverse flux of energy and the constant
forward flux of enstrophy demonstrated here is far from a triv-
ial result in a system where no large scale dissipation mech-
anism is present and the system relies on viscous dissipation
to saturate the large-scale energy growth. 2D turbulence only
achieves this state by reaching sufficiently large condensate
amplitude with a sufficiently steep spectrum so that all the en-
ergy injected is dissipated in just a few large-scale modes.

3.3 Radial vorticity Profile
The spectral viewpoint of the condensate state described

above is complementary to a physical-space picture of the sys-
tem. Recent investigations of the forced-dissipative conden-
sate in the context of quasi-linear theory have led to explicit
expressions for the spatial profile of the condensate vortices,
with differing predictions depending on the dissipation mech-
anism saturating the growth of the condensate, as discussed
earlier. In the present case of a viscously saturated conden-
sate without bottom drag, Doludenko et al. (2021) predict a
vorticity profile in the condensate state of the form

ω(r) =−2Σ(log(r/L)+ c0), (4)
where ω(r) is the time-averaged vorticity at distance r from
the center of the condensate. The constant Σ has the dimen-
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Figure 4. Energy flux for Λ ≡ k f L = 80 (top), 20 (bottom)
and different values of Re.

sion of vorticity and in the Re → ∞, Λ → ∞ limit asymptotes

to Σ = Σ∗ ≡ ±
√

ε

ν
, where the sign differs between the two

counter-rotating large-scale vortices. Finally, c0 is an order
one constant. Expression (4) is valid for 1 ≪ k f r ≪ k f L.

In Fig. 5 we plot the mean vorticity profile ω(r) from dif-
ferent runs. To measure ω(r) we trace for each instant of time
the maximum and minimum value of the vorticity, and mea-
sure the mean vorticity at all grid points at distance r from
these maxima. This procedure was repeated many times in
the stationary state, and the time-averaged vorticity profile was
calculated. The top panel displays the vorticity profile from the
runs with the largest scale separation k f L = 80. The bottom
panel shows ω(r) normalised by the measured 2Σ for different
values of Λ = k f L and the largest Re attained at these Λ. For
small Re spatial oscillations at the forcing scale are observed.
As Re increases the amplitude around r = 0 increases and for
sufficiently large Re > Rec the predicted functional form of
ω(r) is confirmed (top panel) and this is so over an increas-
ingly wide range of radii at large Re as the scale separation fac-
tor Λ between the forcing scale and the domain size increases
(bottom panel), in agreement with the prediction of Doludenko
et al. (2021). The inset displays the measured value of the
slope Σ normalised by Σ∗, showing that Σ ≈ Σ∗ at large Re.

The spatial structure and the spectral properties of the
condensate are naturally linked via the Fourier transform. In
the appendix of van Kan et al. (2025), the Fourier transform of
the logarithmic vorticity profile was computed, which yields
an energy spectrum with a −5 exponent in agreement with the
large-scale form of the energy spectra obtained in our DNS
(Fig. 3). In contrast, when the condensate is saturated by a
linear bottom drag, in which case the vorticity profile is of the
form ω(r) ∝ 1/r, a k−3 spectrum is found instead, in agree-
ment with the literature; see, e.g., Parfenyev (2024). It is in-
teresting to note that the −3 exponent coincides with the value

10−2 10−1 100
r/L

0
50

100
150
200
250
300
350

ω
(r)

c0−2Σlog(r/L)

Re=4.21
Re=4.24
Re=4.26
Re=4.29
Re=4.32

Re=4.36
Re=4.64
Re=5.23
Re=5.80
Re=7.25

10−2 10−1 100

r/L

0

1

2

3

4

5

ω
(r)

/2
Σ−

c 0

−log(r/L)

kfL=80
kfL=40

kfL=20
kfL=10

20 40 60
Re

0.0

0.5

1.0

Σ/
Σ*

Figure 5. Top panel: Vorticity profile ω(r) of the condensate
for different Re (top) and k f L = 80. The dashed line indicates
the predicted functional form. Bottom panel: ω(r) normalised
by the measured quantity 2Σ for different values of Λ ≡ k f L
(bottom) at the maximum value of Re reached. The inset shows
the measured value of Σ normalised by Σ∗ ≡

√
ε/ν .

reported by Chertkov et al. (2007) for the case with no bot-
tom drag or any other large-scale dissipation mechanism in
their hyperviscous simulations. We surmise that these simula-
tions were likely limited to the transient regime and failed to
reach the final statistically stationary state. The agreement be-
tween the spectral exponents reported in the transient regime
and the saturated condensate with bottom drag is thus coin-
cidental since, as already discussed, the steady-state energy
spectrum depends explicitly on the dissipation mechanism.

4 Conclusions
In this article we have characterised the viscously satu-

rated condensate in stochastically forced 2D turbulence using
extensive direct numerical simulations while varying indepen-
dently both the Reynolds number Re and the scale separation
Λ between the forcing scale and the domain size. The purpose
of this work is to determine whether the condensate dynam-
ics can be approximated by inviscid equilibrium theory or by
quasi-linear theory wherein there is a local balance between
energy injection and viscous dissipation. Our results estab-
lish that for sufficiently large scale separations, one or other of
these two theories applies but over different ranges of Re.

When Re is close to its critical value for the onset of turbu-
lence, large scales are well described by equilibrium dynam-
ics. This is true both below and above onset. Above onset,
a condensate forms but is predominantly composed of single-
scale Fourier modes whose amplitude increases with Re. We
emphasise that while the forcing-scale Reynolds number Re is
of order one in this range, the effect of viscosity on the large
scales is still negligible and so these scales are well described
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by inviscid dynamics. This becomes more and more so as the
scale separation Λ increases. Close to the onset of turbulence
at the critical Reynolds number Re = Rec ≈ 4.19, we find a
self-similar scaling of the kinetic energy with Re−Rec with
an exponent smaller than 1. The large-scale energy spectrum
follows Kraichnan’s equilibrium prediction for Re close to Rec.

As Re increases further and the condensate becomes
stronger, the energy spectrum deviates from this equilibrium
form, showing a steep power-law range at low wave numbers
with exponent −5. In this range of Re, most of the energy
dissipation occurs within the condensate and so takes place at
large scales supplied by a constant energy flux from the forcing
scale to the largest scales of the system. In physical space, the
condensate assumes a logarithmic profile in agreement with
the quasi-linear theory prediction of Doludenko et al. (2021).
We have shown that the spectral exponent −5 is a direct con-
sequence of this logarithmic radial vorticity profile while the
exponent −3 is found instead when the growth of the conden-
sate is arrested by weak bottom drag. The deviations from
the equilibrium predictions as well as the dependence of the
condensate’s functional form (in real and Fourier space) on
the dissipation mechanism indicate that in the large Re limit,
the large scales of forced-dissipative 2D turbulence are out-of-
equilibrium and fit better with quasi-linear theory.

Several open questions for these viscously saturated con-
densates remain. The critical scaling exponent of the ki-
netic energy near the onset of 2D turbulence was only deter-
mined numerically and remains to be explained on theoretical
grounds. Although this work focused on the case of two di-
mensions, the dependence of the results on the inclusion of a
third dimension remains to be investigated, both in a quasi-
2D setting (Alexakis, 2023; van Kan, 2024), for instance, in a
thin-layer geometry (van Kan & Alexakis, 2019) or under the
influence of rapid rotation (Seshasayanan & Alexakis, 2018)
or topography (Siegelman & Young, 2023; Gallet, 2024), even
though such studies will require significantly greater compu-
tational resources. Another important future direction is to ex-
amine the robustness of the results presented here for other
forcing mechanisms and other forms of dissipation, e.g., lin-
ear or nonlinear bottom drag in the context of instability-driven
turbulence (van Kan et al., 2022), including turbulent convec-
tion (Guervilly et al., 2014) and active turbulence (Alert et al.,
2022), where condensates can form (Linkmann et al., 2019).
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