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ABSTRACT

Stratified turbulence simulated in the plane Couette flow
configuration is investigated in the present study. We per-
formed direct numerical simulations of the turbulent flow at
a fixed friction Reynolds number and a Prandtl number of
air, with a wide range of stratification rates, aiming to study
the effects of the stable vertical stratification in this canoni-
cal flow configuration. We investigate the flow statistics, non-
dimensional parameter space, and analyze various turbulent
and thermal budgets to conclude that the core region of the
flow is governed by the strong mean vertical shear, while the
strong stratification effects are mostly confined to the near-wall
region.

INTRODUCTION

The physics of stratified sheared flow can be described us-
ing a set of non-dimensional parameters, including the molec-
ular Prandtl number, the buoyancy Reynolds number, and the
horizontal and vertical Froude numbers (Davidson, 2013; Ri-
ley & Lindborg, 2013):

Pr=v/k, €8
Rg=¢/(vN?), @
Fry =up/(lyN), 3)
Fry =up/(lyN), C)

here v and k are the kinematic viscosity and thermal diffusiv-
ity, respectively; ¢ is the dissipation rate of turbulent kinetic
energy; N = +/(—g/po)(0p/dz) is the Brunt-Viisild (buoy-
ancy) frequency; up,/, and [, are the characteristic horizontal
velocity and the corresponding horizontal and vertical length
scales of the largest turbulent structure.

In this study, we present DNS of plane Couette flow with
a fixed Reynolds number of Re, = 1000 and stable thermal
stratification. We adjusted the computational box selection to
align with the results of our previous DNS at low stratifica-
tion rates (Gandia-Barbera ef al., 2021). These results revealed

how the turbulent structure of channel flow changes at these
rates. This study further investigates the evolution of the flow
in the presence of stronger, stable vertical stratification. To
accomplish this, we analyze turbulence statistics, and nondi-
mensional characteristics.

NUMERICAL SIMULATIONS

The streamwise, wall-normal, and spanwise coordinates
are represented by x, x2, and x3, respectively, while the corre-
sponding velocity components are denoted as Uj, Us, and Us.
Density is indicated by p,. Statistically averaged quantities
are represented by an overbar, whereas fluctuating quantities
are denoted by lowercase letters. Thus, we have U; = Ei +u;.
There is one exception to this notation: since the capital let-
ter p can be confused with P, we use a subscript ¢ for den-
sity, resulting in p; = p + p. The superscript (+) signifies that
the quantities have been scaled by the friction velocity and the
friction temperature:

Ur = \,/V|(9U1/6x2|wallv )

O = (k/u7)|00/0x2|wan. (6)

The wall velocity, U,, scale all other quantities.
The governing equations of the system are the Navier-
Stokes equations under the Boussinesq approximation:

a;U; =0, )
1

E),U,-+Uj(9jU,-:—(9iP+ EajjU,-—RiTptéiz, (8)
T

1
O0ipt +U;0ips = majjpt- &)

In these equations, Ri, represents the Richardson friction
number, defined as Ri; = Apgh/pou>. Here Ap is the dif-

ference in density between the two walls, with the flow be-
ing denser at the bottom wall. Dirichlet boundary conditions
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are applied to model p,. Additionally, g denotes accelera-
tion due to gravity, and pg is a reference density. The study
utilizes the Prandtl number of air, which is Pr = 0.71. The
previous equations are transformed to derive an equation for
the wall-normal vorticity wy, and for the Laplacian of the
wall-normal velocity ¢ = V2u,. For spatial discretization, the
method involves dealiased Fourier expansions in the x; and x3
directions, along with seven-point compact finite differences
in the x; direction, with fourth-order consistency and extended
spectral-like resolution (Lele, 1992). The temporal discretiza-
tion employs a third-order semi-implicit Runge-Kutta scheme
(Spalart et al., 1991). The computational code utilized in this
research has previously been employed in various studies with
different boundary conditions (Hoyas & Jiménez, 2006, 2008;
Avsarkisov et al., 2014a,b; Kraheberger et al., 2018; Lluesma-
Rodriguez et al., 2018).

Table 1 summarizes the four new DNSs of turbulent
plane Couette flow conducted for this study. The friction
Reynolds number remained approximately the same across all
simulations, Re, = u-h/v ~ 1000, while the friction Richard-
son number, Rir, ranged from 0 to 1000. As the friction
Reynolds number, the domain was kept the same, with di-
mensions Ly, = 87h,Ly, = 2h,Ly, = 37h, to contain a pair
of rolls (see Alcdntara-Avila et al., 2019). The mesh size was
Ny, =1536,Ny, =251,N,, = 1152 points, providing a resolu-
tion of 8.2 and 4.1 wall units in x; and x3 directions, respec-
tively. The wall-normal grid spacing is adjusted to keep the
resolution at Ax; = 1.57, i.e., approximately constant in terms
of the local isotropic Kolmogorov scale 7. In wall units, Ax
varies from 0.83 at the wall, up to szr ~ 2.3 at the centre-
line. This grid size is similar to the one typically used in chan-
nel flows, for both P- and C- Flows (Hoyas & Jiménez, 2006;
Avsarkisov et al., 2014a; Lluesma-Rodriguez et al., 2018; Lee
& Moser, 2018). In every simulation case, the flow had to
evolve from an initial field, which has been taken from a pre-
vious case with lower Ri,. The code was run until a transition
phase was passed and the flow had adjusted to the new set of
parameters. The transition is characterized through, among
other variables, the value of the shear stress in the moving
wall. Once this parameter reaches a plateau, statistics are col-
lected as in Garcfa-Villalba & Alamo (2011) and Deusebio
et al. (2015). In order to further validate the database, the total
density flux, which must be equal to one, has been calculated
as the sum of the turbulent and molecular density fluxes. The
following equation comes from integration of eq. 9,

(10)

and it is shown in Figure 1.

The total density flux test (Gandia-Barberd et al., 2021),
presented in Figure 1, suggests a lack of statistics for the
Risgy and Rijgoo cases. However, almost 30 wash-outs for
the Risoo case and 13 for the Rijgyy case (see Table 1) are
more than enough for the DNS of canonical channel flow. One
possible explanation for this statistical behavior is the inter-
mittent (patchy) nature of the turbulence at these stratifica-
tion rates, despite the relatively large friction Obukhov scales
(L}, =u?t/(kgayqwv) = Lopur/v) shown in Table 1. Accord-
ing to Flores & Riley (2010) and Deusebio et al. (2015), the
degree of turbulence patchiness may be defined by the value
of LY, which must exceed the approximate critical value of
L;’b = 200. Especially, for the Rijgpo case, where L;b =257,
we closely approach this threshold.

0.8}

+ 06}

0.4}

0.2}

10° 10t 10? 10
+
P
Figure 1. The heat fluxes obtained from the energy balance
equation 10. Molecular flux (o), dp," /dx‘z* ; turbulent flux (e),
up*; and the total density fluxes in inner scales. Colors are

as in Table 1.

RESULTS

Figure 2(a, b) shows vertical profiles of the mean stream-
wise velocity and the mean temperature in outer scales
(Uy,0y,h). 1t is already well-known from the literature
(Deusebio et al., 2015; Garcia-Villalba & Alamo, 2011;
Garcia-Villalba et al., 2011) that with an increase in the stratifi-
cation, these mean characteristics of the flow approach a linear
profile similar to the laminar solution in the core region. This
effect is attributed to a reduced turbulent momentum flux gen-
eration in the near-wall region under stratification. The damp-
ing of the near-wall vortex generation mechanism is another
well-known feature of the stably stratified flows. Recently, it
has been shown that even weak stratification affects the near-
wall vortex generation. It prevents the formation of large-scale
vortex rolls in the core region of the turbulent plane Couette
flow (Gandia-Barberd ef al., 2021). Despite the apparent lin-
ear behavior of the mean velocity and temperature profiles, it is
misleading to attribute the constant-shear region to the laminar
flow. This flow remains dependent on the velocity and temper-
ature stresses at the walls, as it was pointed out in Deusebio
et al. (2015).

Figure 2(c) provides the velocity profiles in an inner scale
(ur,*). As it follows from the plot, the viscous sublayer (the
layer closest to the wall highlighted with the circles’ line) is
not affected by the buoyancy force up to x; = 10. On the
other hand, the near-wall logarithmic layer is obtained only
in the plane Couette flow case without stratification and in
a one-and-a-half decade range 40 < xJ < 1000. A large log
layer, which is half-decade larger than the one simulated in the
Poiseuille channel flow at Re, = 10.000 (400 < x; < 2500)
(Hoyas et al., 2022), is caused by the large-scale streamwise
rolls, characteristic of the plane Couette flow without stratifi-
cation (Tsukahara et al., 2006; Kitoh & Umeki, 2008; Avsark-
isov et al., 2014a). Velocity profiles for cases with stratifi-
cation suggest the non-existence of the classic near-wall log-
arithmic layer in the presence of the wall-normal buoyancy
force. Instead, we obtain an extended buffer region in the
range x = 10— 100. The constant shear-dominated region ini-
tiates at approximately xJ = 100 and spans across the whole
core region of the flow.

Vertical profiles of turbulent root mean square (r.m.s.) ve-
locities are shown in Figure 2(d). The near-wall peak of u;' s
does not change its position from the wall x = 14 and co-
incides at all stratification rates. However, the strength of
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Table 1.

Overview of performed simulations. Two different Reynolds and Richardson numbers are provided depending on the moving

wall U,, and friction u, velocities. The next three columns denote the friction velocity u#, and the computational period of the collected
statistics in eddy turn-overs (u./h) and wash-outs (Up /Ly, ). The final two rows represent the Obukhov scale (Lo = ui /(kgayqy)) in
wall-units and outer scales. Line colors are consistently applied in all plots throughout the paper.

Case Line Re,, Re, Ri,, Ri, Ur Tu./h TUp/Ly, Ly Loy
Rij 25500 1047.40 0.0000 0.00 0.0411 23.74 20.81 00 1)
Riino 43500 991.72 0.0617 96.20 0.0228 11.28 17.81 1045 1.053
Rispo 74000 1010.80 0.1086 471.65 0.0137 11.15 29.39 390 0.385
Rii000 95000 987.55 0.1272  953.17 0.0104 3.80 13.15 257 0.265
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Figure 2. Vertical profiles of (a) mean velocity and (b) mean temperature scaled in outer (U,,,®,,, h) scales. The stratification rate

is increasing in the arrow direction. (¢) Mean velocity profiles scaled in inner scales (u,*). The viscous sublayer linear scaling law
(o), 5; = x3; the thin black solid line corresponds to the near-wall logarithmic scaling law ﬁr =1/0.411og(x7) +5.25; (d) Vertical
profiles of r.m.s. (root mean square) velocities in inner scale: (0), U1, rms/U+; (®), U2 rms/U+; (A), U3, rms/u-. Colors are as in Table 1.

this peak decreases by 10— 13% compared to the unstratified
case in all simulations with stratification. These conclusions
align well with other DNS results from Deusebio ez al. (2015);
Garcia-Villalba & Alamo (2011). The present study shows
that the strength of the peak is approximately constant for all

Ri and Re cases, that is u;' ms = 2.6 —2.7, including cases

analyzed in Deusebio et al. (2015); Garcia-Villalba & Alamo
(2011) (see Figures 4(a) and 7(a) therein, respectively). The
near wall peak of the u;"rms component disappears with the
increase of stratification rate. The decrease of the u; ms 11
the center of the channel observed in the unstratified case de-
velops into the plateau with stratification. The collapse of all
three uy - profiles in the region x3 = 100 — 1000 suggests the
constant shear domination. While the collapse of u; rms PTO-

files at the wall x; < 10 is evidence of the presence of viscous
sublayer in all (unstratified and stratified) DNS cases.

The buoyancy Reynolds number, defined using only
the vertical component of the turbulent dissipation Rp =
£,/(vN?), where &, = |ep|, is plotted in Figure 3(a). There
is a steep increase in Rp in the near-wall region and a reach
of saturation in the core region with a constant velocity shear
rate. One can observe the effect of increasing stratification by
the decrease in the Rp value in the plateau region, which fills
over 90% of the channel. All three simulation cases with strat-
ification exhibit the buoyancy Reynolds numbers larger than
the threshold value of Rp = 20 (Smyth & Moum, 2000), in-
dicating the existence of a stationary turbulent regime in the
flow. The vertical profiles of the Rp are very similar to the
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ones shown in Garcia-Villalba et al. (2011), with only one ex-
ception. Namely, there are no near-wall peaks at low stratifi-
cation rates, as in Garcia-Villalba et al. (2011, Fig. 3a).

The horizontal Froude numbers, defined as Frj =
&y/ (Nui), are plotted in Figure 3(b). After exhibiting a
peak in the near-wall region, Fr; shows relaxation towards
the channel center and builds a plateau for the case with
the strongest stratification. As expected, the values of Fry,
decrease with stratification, indicating an increase in the
horizontal-to-vertical integral scale anisotropy resulting from
stratification. However, none of the simulated cases reach a
strongly stratified turbulence regime Frj, <0.02, as formulated
in Lindborg (2006).

The turbulent Reynolds number defined as Rer =
Rp/F rfl is plotted in Figure 3(c). Here again, we observe a
reduction in the turbulence rate of the flow with stratification.
Although Rer is commonly used to define the turbulence state
in flows, we do not recommend using it for stratified, sheared,
turbulent channel flows. Rpg, Frj, and the Obukhov scale in
wall-units LZb (see Table 1) are much more extensively veri-
fied state metrics for flows with stable stratification.

The vertical Froude number Fr, = L, /1, is plotted in Fig-
ure 3(d). An increase of Fr, with stratification suggests that
the vertical integral scale /,, is approaching the buoyancy scale,
Ly = up /N, with stratification. In the strongly stratified turbu-
lence regime, it is expected that the vertical Froude number
will reach unity. In the present DNS study, however, we could
only reach Fr, = 0.5 in the core region.

Figure 3(e) shows the vertical profile of the gradient
Richardson number Ri, = N2/82, where S = dU, /dx, is the
mean vertical shear of the streamwise velocity, while ﬁl is the
mean streamwise velocity. It indicates that Rig increases with
stratification. Similar to Fry,, the gradient Richardson number
defines the strength of stratification in the flow and exhibits
behavior that resembles saturation plateau. Considering the
rapid decrease of Rp with stratification, it is highly plausible
that Fry, will only reach values of 0.14 or 0.15 in the Couette
channel flow configuration. This result corroborates the ob-
servation by Zhou et al. (2017) that a strongly stratified state
(as interpreted by Lindborg (2006), Rp > 10-20, Frj, <0.02),
cannot be achieved in a plane Couette flow.

However, the present DNS simulations reveal a peculiar
implication regarding the relationship between the gradient
Richardson number and the horizontal Froude number. It is
well-known that scaling of the square of the mean shear rate
relates the Ri,, Rp, and Frj, parameters to each other. As pre-
viously demonstrated in the literature, when S is dominated
by integral scales (shear-dominated scenario) and S ~ up/lp,
we obtain

Rig ~ Fr;”. ()

Alternatively, when the flow is dominated by the dissipation
scales and S ~ u,,/1,,, here u,, = (ve)'/* and Iy = (V3 /e)V/4,
we would have (Davidson, 2013):

Rig ~ Rg. (12)

However, as Figure 3(a, b, e) shows, the behavior of Rp, Frp,
and Rig does not follow either of these scenarios. The pri-
mary reason for this is the scaling failure of the mean shear
rate and thermal rate at strong stratification in the core re-
gion of the flow. Using the characteristic horizontal velocity

uy, and the vertical Ozmidov scale defined as L,,, = Ve, /N3,
for U, /0x; and with the rms-temperature 6,5 and L, for
d0/0x; yields increasingly better scaling at strong stratifica-
tion. A corresponding relationship between Ri, and Frj ob-
tained at these scaling behaviors is

2
Ri. = N2 N N2 =N_2( 8_v) =S_V~Frh
WU Jdx)?  ul L, i \NN?) N

13)
A key implication of scaling (13) is that the gradient Richard-
son number may exhibit a similar threshold of Ri, ~ Frj, ~
0.15 in turbulent plane Couette flows under strong stratifica-
tion (Ri; = 1000 and higher). However, to validate this idea,
additional direct numerical simulations with stronger stratifi-
cation rates are needed.
Finally, Figure 3(f) illustrates another significant non-
dimensional parameter, the flux Richardson number Ri ¢. This
is defined as:

Rij= (g/po)puz (14)

ui Mzdi]/d)(z ’

where —(g/po)putz is the buoyancy flux, and —u1u2dU, [dx>
is the shear production.

It shows the ratio of buoyant destruction to shear produc-
tion within the turbulent kinetic energy equation. Similarly to
the gradient Richardson number, Ri s increases with stratifica-
tion and reaches a plateau in the core region. Furthermore, the
values at the plateau are proportional to the values of Ri, for
different stratification strengths. This result is consistent with
analyses by Zhou et al. (2017).

CONCLUSION

In the present study, we perform direct numerical simu-
lations of the plane Couette flow with stable vertical stratifi-
cation at a fixed high friction Reynolds number and various
stratification rates (see Table 1). The present study aimed to
simulate the strongly stratified regime in a simple channel flow
configuration; however, our results suggest that this is proba-
bly unachievable. A similar conclusion was previously made
by Zhou et al. (2017) and Garcia-Villalba et al. (2011). In our
understanding, this is not possible due to the novel scaling rela-
tion between the gradient Richardson number and the horizon-
tal Froude number that emerges under strong stratification (see
eq. (13)). The primary cause of this scaling is the emergence
of the vertical Ozmidov scale as a characteristic scale for the
mean velocity and temperature gradient in the core region. Be-
ing much smaller than the characteristic integral vertical scale
(I, = u3 /e,) and the buoyancy scale (L = U, /N), this indi-
cates that small-scale turbulence is limited to these vertical dis-
tances.
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