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ABSTRACT

The effects of helicity (velocity—vorticity correlation) on
scalar transport in inhomogeneous turbulence is investigated
with the aid of multiple-scale renormalised perturbation the-
ory. Helicity is ubiquitously present in geophysical, astro-
physical, and engineering flows where vorticity, rotation and
density stratification play key roles. It is suggested that the
inhomogeneity of turbulent helicity represented by V{u'- @’)
[u’: velocity fluctuation, @'(= V x u’): vorticity fluctuation]
coupled with the non-uniform scalar VO gives a contribution
to the turbulent scalar flux (u’6’) (®: mean scalar, 6": fluc-
tuating scalar). In the inhomogeneous turbulence, this helicity
effect alters the turbulent scalar flux as compared with the non-
helical turbulence. It is also pointed out that non-similar spa-
tial distributions between the turbulent energy and turbulent
helicity should be important for this helicity effect.

INTRODUCTION

Helicity, an inviscid invariant of fluid equation, is a mea-
sure of non-reflectional symmetry of fluid system. Helicity
contributes in a crucial way to the dynamic properties of tur-
bulence and its statistical behaviours (Pouquet & Yokoi, 2022).
As for its roles on the effective momentum transport, the inho-
mogeneous turbulent helicity density H = (v’ - @) [u’: veloc-
ity fluctuation, @' (= V x u’): vorticity fluctuation] enters the
Reynolds stress as the coupling coefficient of the mean abso-
lute vorticity, and counter-balances the eddy viscosity, which
coupled with the mean velocity strain (Yoko & Yoshizawa,
1993; Yokoi & Brandenburg, 2016). This helicity effect on
the turbulent momentum transport has been recently imple-
mented into the subgrid-scale (SGS) modelling and the va-
lidity of the helicity SGS model has been confirmed with a
series of high-resolution direct numerical simulations (DNSs)
(Yokoi, et al., 2026). This effect was applied to the stellar con-
vection problem to elucidate the angular-momentum transport
in a star (Yokoi & Miesch, 2025).

On the other hand, the helicity effects in the scalar trans-
port have not been fully explored. There are only a few in-
vestigations on this problem (Brandenburg, et al. 2025, and
works cited therein). In particular, the helicity effects on tur-
bulent scalar flux in inhomogeneous turbulence is still open
problem. In this work, we address this problem with the aid of
the multiple-scale renormalised perturbation theory: a closure
theory of inhomogeneous and anisotropic turbulence.

TURBULENT SCALAR DIFFUSION

A mean scalar © obeys the equation

%—?+(U~V)®:—V~H9+KV2® 1)

where x is the molecular diffusivity and Hyg is the turbulent
scalar flux define by

Hy — (') @)

In the following, with the aid of multiple-scale renormalised
perturbation expansion theory (Yoshizawa 1984; Yokoi, 2020;
Yokoi 2024, and references cited therein), we explore the tur-
bulent helicity effect on the turbulent scalar flux Hyg.

MULTIPLE-SCALE ANALYSIS

In the multiple-scale formulation, we introduce the fast
variables (&;7) and the slow variables (X;7) with the defini-
tions of

E=x,X=0x; t=¢t,T=0t 3)

The scale parameter 0 is linked to the large-scale spatial and
temporal derivatives as

Jd _d dJ
Vx:V§+5VX7 E:ﬁ+687 (4)

A field quantity f is decomposed into the mean and fluctua-
tions as

fE. X, T)=F(X:T)+ f'(§,X:7,T) ®)

The mean field F' depends on the slow variables, but the fluctu-
ating field f’ depends on both the fast and slow variables. We
assume that the fluctuating field is homogeneous with respect
to the fast space variable &. Then the Fourier transform of the
fluctuating field is written as

FEXinT) = [ £k Xiw,T)expl-ik- (5~ UTldk (6)
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where the factor k- (§ — U7) means that the transform is taken
in the frame moving with the mean velocity U.

Here, we just show the fluctuating scalar 6’ equation.
Hereafter, the dependence of f’ on the slow variables X and
T may not be explicitly written.

In this two-scale formulation, the scalar field 8'(&;7)
equation in the wave-number space is written as

20/ (k: )

Z[6' ) {z FTY +AK*0' (k; 1)

—iky / 8(k—p—q)dp dq uy(p:7)6'(q; r)]

20 DO (k;T)

— _ . =
- 6{ kT oy, ~ DT

—/ .5(k—p—q)dp dq

aHeg}

X, (M

x a% () (0:0)6 (7)) — (k)

(& is the operator defined by the first equality).
A field quantity f” is further expanded as

=Y &"f(ki7) ®)
n=0

The zeroth-order field f(’) corresponds to the homogeneous
isotropic turbulence, and the large-scale inhomogeneities in
space and time enter through the higher-order terms in §.

With this derivative expansion, the equations of the first-
and second-order scalar fields, 0] (k;7) and 6} (k; ), are writ-
ten, respectively, as

90; (k; 7)
o1

—ike/ 8(k —p—q)dp dq uy,(p; 7)6](q; 7)
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2165, u] = + Ak265(k; 7)

where some higher-order terms are dropped, and u, (k;7) is
the solenoidal velocity defined by

k dup, (k;T)
(ki) = (ki) iy —g—=—" (1D)
which automatically satisfies the solenoidal condition as
k-ug; (k;7) =0 (12)

|
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’(x) '(x+r) w(x+r)

(2) (b) (©)

Figure 1. Two-point and two-time velocity correlation
(u'(x;¢)u’(x;¢')) in homogeneous and isotropic turbulence.
The displacement vector of two points is defined by r = x’ —x,
and r = |r|. (a) Longitudinal correlation, (b) transverse corre-
lation, and (c) cross correlation.

Note that du,, /90X, does not vanish in general.
Associated with (9) and (10), the Green’s function of the
scalar equations, Gy (k,X; 7,7/, T), is introduced as

ZL[Gy(k;T,7'),up] = 8(t— 1) (13)

TURBULENT SCALAR FLUX

The turbulent scalar flux is calculated as

Ho = '(5,7) /dk k+k’) e
/d (up(k; )65 (K3 7))
B S(k+Kk)
u(k;7)6] (K1) (u)(k;7)6)(K;7))
* 5./ dk ( TSIk T Sk )

(uj(k; )05 (K'57))  (u)(k;7)6](K';7))
* 52/‘”‘ ( TSk T STk

(v (k;7)04(K'; 7))
+W +0(53) (14)

As for the lowest-order velocity field, we assume it
the homogeneous isotropic. In homogeneous and isotropic
turbulence, the two-point and two-time velocity correlation
(u'(x;1)u’(x;¢')) depends only on the distance r = |r| of the
two points [r(=x’ —x): displacement vector], and is expressed
as

(i (x;0)uy(xX'51")) = (i (0;0)ud(r; /)>
r’r’ v f (6 - r’—’) +el]gh (15)

where g, f, and h are the coefficients linked to the dilatational
energy, solenoidal energy, and helicity, respectively (Figure 1).
Equation (15) is the mathematically generic expression of the
velocity correlation of homogeneous and isotropic turbulence
in the configuration space. Note that in mirror-symmetric sys-
tem £ vanishes. In the case of incompressible fluids, g associ-
ated with the dilatational energy vanishes.

Corresponding to Eq. (15), the expressions for the two-
point and two-time velocity correlation function Q;; and the
Green’s function G;; in incompressible turbulence in the wave-
number space are expressed as

{1y (k, X3 7, Ty (K, X3 7/, 7))

. s . / =
Qlj(k7Xafvf7T) 6(k+k/)

= D;j(k)Q(k,X;7,7,T) + s,j/H(k X;1,7,T) (16)
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Gij(k,X;7,7,T) = (G;(k,X;7,7,T))
= D;j(k)G(k,X;7,7,T) (17)

where D;;(k)(= §;; — kik;/k?) is the solenoidal projection op-
erator (&;;: Kronecker delta, ¢ je: alternating tensor) (Fig-
ure 1). For the scalar counterpart, we assume

(6)(k,X;7,T)04 (K, X; 7', T))

. / —
Qﬂ(k7X’vavT)_ 6(k+k/>

(13)

Go(k,X;7,7',T) = (Gy(k,X; 7,7, T)) (19)

Hereafter, for the sake of simplicity of notation, we suppress
the explicit writing of slow variables X and 7' dependence.

FIRST-ORDER ANALYSIS
With the aid of G’e [Eq. (13)], Eq. (9) can be formally
solved as

0] (k;7) = aX( / A1) Gly(k: 7, 7 )ity (ki 71)

T Do/ (k; 1)
—/ dt, Gy(k:7,7)) 0 D /8k p—q)dp dq
< [ an Gyiiee mi (i (0 B 1)
- A ] an (VAN ) 0\
+ike/ S(k—p—q)dpdq
T
X[ dty Gy (ks T, 71 )y (p3 71) 09 (a 71) (20)

Multiplying uj,(k; 7) and taking an ensemble average, from the
first term in Eq. (16), we have

(up;(k; 7)) (K5 7))

S(k+K)
_ ,aﬁ/ o Gk T, 71)uy (ki 1) g, (K 71) )
B axf ! S(k+K')

_ / dr, (G 1)) (s ) B, (K 7))
axl 5(k+K)

a0 2

= —T&g'[mdfl Go(k;T,71)0(k; T,71) @1

which leads to

/dk (u(k; £+18() D) _ave 2

where K is the turbulent scalar diffusivity given by
2 4 T
= g/dk / dt; Go(k;t,711)Q(ksT,71)  (23)

At this level of expansion, we have no contribution of helicity
represented by the second or H-related term in Eq. (16).

SECOND-ORDER ANALYSIS
With the aid of G'e [Eq. (13)], we formally solve Eq. (10)
as

DG{(k;Tl)

0;(k; 7) / dt) Gy(k;7,71) DT

aX(;/ dt) Gy (k; T, 7 )ug o (k; 7)

ke 00 0 T1)

du.
/
+ﬁiax/ dn Gy(kit,7) = " R T (24)

(R.T. denotes the residual terms). Then, the turbulent scalar
flux due to 65 is given by

S(k+Kk)
= 7/:003171 ﬁ <G9(k;r,rl)u6i(k;r)w>

20 /T Jt (Go (ks T, 71 )up; (k: T)ug, ,(K';71))
- 1

X, S(k+K)
ky 0O 1
e ﬁﬁ d“ Skt K) -
ul, (K';
<G9 (k; T, 71 )ugy; (k; r)%> +N.T. (25)

The third term of Eq. (25) is from the second term of the
solenoidal velocity fluctuation [Eq. (11)], which is related to
the pressure interaction effect. This term can be rewritten as

ke 90 7 ! ! (k: ' sy O, (K T1)
lkfzai)(é/7d’rl(s(ki_'_k/)<C;e(k,7:7"L-l)l/loi(k,’f,')W

_ ke 0 d  (up;(k:)ug, (k;71))
e an/ dn Go (kT G S+ k)
ky 00 1 )
_ lﬁTXg./fw T 76(k+k/)G9(k,r,rl)><
dup, (k;T)
<gTuam<k; n)> (26)

Substituting Eq. (16), from the first term of Eq. (26), we have

ky 0O [T ] d {ug;(k:T)up,, (k7))
/dk lkizaixf/,wdﬁ Ge(k’T7Tl)E 8(k+k/)

1 1 /7
:Esiml(/dk/?/, dty Gg(k;T,71) %

JdH (k,X;7,7,T)\ 00
o, o, @7

Then, we have a contribution of the turbulent helicity H to the
turbulent scalar flux Hy as

uj(k; )65 (K5 7))
H{ _/dk St =Tx (@) @9

with

1 1 /7
g/dkk—z/ dt) Gg(k;t,71)VH (k;7,71) (29)
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Equation (28) with Eq. (29) indicates that the turbulent scalar
flux (u’6’) can be induced in the direction perpendicular both
to the turbulent helicity gradient VH and the gradient of the
mean scalar gradient VO.

It follows from Egs. (22) and (34) that the turbulent scalar
flux Hg = (u’0’) is expressed as

Ho =H{) +HY = —xrVO+nu(VH) x (VO)  (30)

This theoretical result shows that, in addition to the usual eddy-
diffusivity effect —xpVO [Eq. (22)], which gives a turbulent
flux anti-parallel to the mean scalar gradient VO, we have a
turbulent scalar flux in the direction perpendicular both to the
mean scalar gradient, (VH) x (VO). In the following, this tur-
bulent helicity effect in scalar diffusion will be discussed fur-
ther.

ONE-POINT TURBULENCE MODELLING

The analytical expressions of the transport coefficients in
Eq. (29), xr [Eq. (23)] and 1t [Eq. (29)], contain the spectral
functions of turbulent energy and turbulent helicity, O(k) and
H (k), and the response function of the scalar equation, Gg (k).
With the aid of Eqgs. (23) and (29), we construct a model for
the turbulent scalar flux Hg = (u’60’) using appropriate one-
point turbulent statistical quantities. According to Egs. (23)
and (29), the primary one-point quantities are the local density
of turbulent energy K and the local density of turbulent helicity
H defined by

K= (u?)/2 31)

H=( o) (32)

In addition, we consider the timescale of turbulent scalar, 7y,
reflecting the scalar response function Gg. The timescale 7y
may be expressed in terms of the turbulent scalar variance
Kg(= (6’%)) and its dissipation rate £g.

In the simplest possible case that the spectral function Q
can be evaluated independently to the time integral, Eq. (23)
provides a simple mixing-length expression of the turbulent
diffusivity xr as

K
KT :C91T9K2C91?:K (33)

where Cgy is the model constant and Tg(= Kg/€g) is the
timescale of scalar variance. Equation (22) with Eq. (33)
corresponds to the conventional simplest gradient diffusion
model.

On the other hand, with H [Eq. (32)], the turbulent scalar
flux can be modelled as

HY =y (VH) x (VO) (34)
with

K?K
N = Corl?19 = CerK~ —2 (35)
E &y

where Cg is the model constant, and /(= K3/ /¢) is the tur-
bulence length scale. This ng is the transport coefficient for
the turbulent scalar flux due to the helicity effect except for
the helicity gradient VH. We should note that 1y is not uni-
form but varies in space and time in inhomogeneous turbulence
(VK #£0).

HELICOCLINICITY

As Eq. (1) shows, the turbulent scalar flux Hg enters the
mean scalar equation in a divergence form as V-Hg. In ho-
mogeneous turbulence, where the transport coefficient ng is

uniform, for ng), we have

V. HE,2> =nV-[(VH) x (VO)] =0 (36)

since V-[(V¢) x (V)] =0 for arbitrary scalars ¢ and y. This
means that in homogeneous turbulence, the turbulent scalar
flux due to the helicity ng) does not contribute to the mean
scalar evolution. In other words, at this level of analysis of he-
licity effect, the kinetic helicity will not change the evolution
of the mean scalar ® even if we locally have a non-zero turbu-
lent scalar flux Hg = (0'6’) in the direction perpendicular to
the gradient of the scalar, VO.

On the other hand, in inhomogeneous turbulence, where
ng varies in space, ng) contributes to the mean scalar trans-
port as

V-HY = (Vi) [(VH) x (VO)] 37

This suggests that the turbulent helicity H contributes to the
scalar flux perpendicular to the gradient of scalar V@. This
can be rewritten as

V-HY < VO [(VK) x (VH)] (38)

This gives an effective scalar transport if the helicity gradi-
ent VH is oblique to the gradient of turbulent energy, VK.
This may be called “helicoclinic” effect on the analogy of
the baroclinic effect in the vorticity generation arising from
the misalignment between the pressure and density gradients
V x [(=Vp)/p] = (Vp) x (Vp)/p? in a variable density fluid.
Equation (38) indicates that if

. (V?H) _ (VK) x (VH)

= £0 (39)

is non-zero in the direction of the mean scalar gradient VO, we
have a non-zero scalar transport due to turbulent helicity.

It is worth while noting that Eq. (38) is written in the form
of the triple product of the gradients of functions ®, K, and H
(Nambu bracket). It is well known that, in the velocity space,
the velocity evolves on the intersection of the Hamiltonian =
const. and the Casimir = const. in the Euler flow (Fukumoto
& Zou, 2024). If we remember that the Casimir for the Euler
flow is the helicity, the expression (38) is suggestive for ex-
pressing the local mean scalar evolution of ® associated with
the energy gradient VK and the helicity gradient VH. A fur-
ther investigation is required in this subject.
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NUMERICAL SET-UP

In order to confirm the helicity effect in the turbulent
scalar diffusion, some numerical simulations are to be per-
formed.

One of the possible numerical set-ups is the one with an
inhomogeneous turbulent energy K and an inhomogeneous he-
licity H are externally imposed by forcing in the x-y plane
(Figure 2). The mean scalar gradient VO, which is homoge-
neous in the x-y plane, is externally imposed with a constant
d0®/dz in the z direction. The diffusivity 1y is determined
by the turbulent energy K (g o K). In the presence of the
modulation of turbulent energy, it leads to Vng # 0. Without
helicity (H = 0), we have no scalar transport in the x-y plane.
Even with non-uniform helicity (VH # 0), if the spatial pat-
tern of the H contour is similar to the K counterpart (VH ||
VK: “helicotropic” state), we have no net @ transport since
V-H®) =V [y {(VH) x (V©)}] o [(VK) x (VH)]- VO = 0
(Left). In this case, spatial distribution of ® in the x-y plane
must be uniform. On the other hand, in the case of non-similar
distributions of K and H with each other [(VK) x (VH) # 0],
it is expected that a non-trivial granular spatial pattern of the
® contour should be observed in the x-y plane (Right). Such
a non-trivial ® pattern is purely caused by the helicity effect
(the “helicoclinic” effect), since the anisotropy effects due to
the mean velocity shear are avoided in this numerical set-up.

VKYH
VK VH
I/
X X
A 4
y y
z z
- -~
-~ V(—):(?—@ez -~ V(—):(?—@ez
0z 0z

Figure 2. A possible DNS set-up for examining the helicity
effects on scalar diffusion.

PRELIMINARY NUMERICAL RESULTS

A series of numerical simulations on the turbulent scalar
diffusivity are in progress in collaboration with Hamba (2026).
Although the initial results are preliminary, some of them will
be presented here.

In the line of thoughts described above, the turbulent en-
ergy K and the turbulent helicity H are imposed by exter-
nal forcing. The spatial distribution of the turbulent helic-
ity is different from that of the turbulent energy (Figure 3).
The turbulent energy K, which is positive-definite, has two
peaks at (x,y) = (n/2,7) and (x,y) = (37w/2, ) (Left), while
the turbulent helicity H, which is not positive-definite, has
a positive peak at (x,y) = (7/2,7) and a negative peak at
(x,y) = (3m/2,7) (Right).

The contour of the z component of turbulent scalar flux
Hy, (Left) and the vector arrows of the x and y components
of turbulent scalar flux, Hy = (Hgy, Hgy) (Right) are shown in
Figure 4. Depending on the spatial distributions of K and H,
non-zero spatial distributions of the turbulent scalar flux Hyg

" T T T T T T 6F T T T T T T
5F - 4 5F i B
4k 4H —\\\

: 2 : “VK.\“‘I
> 3L (O (o > 3L &) \.‘. 4
2k 1 2+ — .
- +
1F g 1F B
0 L L ' 1 L ' O ' 1 1 ' L 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
X X

Figure 3. Spatial distributions of the turbulent energy K (x,y)
(Left) and the turbulent helicity H (x,y) (Right).

are observed. This non-zero turbulent flux Hy in the x-y plane

validates the turbulent scalar flux Hg) [Eq. (34)] due to the
kinetic helicity.

e
iy

P

s

Figure 4. The contour of the z component of turbulent scalar
flux, Hg,(x,y) (Left), and the vector arrows of the x and y com-
ponents of turbulent scalar flux Hg = (Hg,,Hg,) (Right).

The spatial distribution of the mean scalar ® in the x-y
plane is shown in Figure 5. We observe a non-trivial modula-
tion of ® because of the helicity effect in the turbulent scalar
diffusion.

Figure 5. Spatial distribution of the mean scalar ®(x,y) in
the x-y plane.

A further examination is needed for the detailed under-
standing the conditions for and the properties of the helicity
effect in scalar diffusion.

EXPERIMENTAL SET-UP
As Eq . (34) shows, the turbulent scalar flux due to helic-

ity, HE,Z), is perpendicular to the mean scalar gradient VO. It
occurs only when the turbulent helicity gradient VH is oblique
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Figure 6. A possible experiment of helicity effect on scalar
diffusion in laboratory: von Karman swirling flow at Univer-
sity of Buenos Aires (Top photo). A schematically depicted
set-up (Bottom image).

to the mean scalar gradient V®. Such configurations are ubig-
uitously presented in nature.

One experimental set-up in laboratory might be a von
Karman swirl flow, in which a global swirl in the azimuthal
or O direction is driven by a pair of disk impellers whose ro-
tation axis is in the vertical or z direction (Figure 3). In von
Karman swirling flows, helicity inhomogeneous in the radial
or r direction, dH/dr, and inhomogeneous in the axial direc-
tion, dH /dz, is provided by the impellers located at the top
and bottom of the cylinder. In addition, it is also possible to
impose a scalar quantity (condensation or temperature) gradi-
ent in the z direction by the top and bottom boundaries.

With this experimental set-up, the expression of the tur-
bulent scalar flux (30) or its model expression with (33) and
(35) should be validated. In case the local turbulent scalar flux
(0’@’) can be measured in a single point in the von Karman
swirling flow, the measured local flux (u’6’) should be com-
pared with the model expression (VH) x V0.

In the laboratory experiments, modulations of turbulent
motion in the azimuthal or 6 direction is ubiquitously observed
in von Karman swirl flows (Berning and Rosgen, 2023). In
such a case, a scalar transport in the sense of non-vanishing
\z H(e2> # 0 should be measured depending on the the gradi-
ents of turbulent helicity and mean scalar, VH and VO. An
experimental measurement of V - H592> might be an interesting
subject of study in the future.

CONCLUSION

With the aid of the multiple-scale renormalised perturba-
tion expansion theory, the kinetic helicity effect in the turbu-

lent scalar diffusion was investigated. It was suggested that the
inhomogeneous turbulent helicity VH coupled with the gradi-
ent of mean scalar, V@, can contribute to the effective scalar
diffusion perpendicular to V@. In inhomogeneous turbulence
with non-uniform turbulent energy distribution represented by
VK, this turbulent diffusion effect due to the inhomogeneous
helicity can globally contribute to the evolution of the mean
scalar distribution. This effect may be called the helicoclin-
icity effect. Numerical and experimental set-ups for the val-
idation of this helicity effect were proposed with preliminary
numerical results with the set-up.
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