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ABSTRACT

Nonlinear interactions between different scales in turbu-
lence play an important role in momentum transport in tur-
bulence and are also crucial in turbulent heat transfer. De-
spite both phenomena are similar in several characteristics,
they are also dissimilar in spectral feature. In this study, we
perform direct numerical simulations of plane Couette turbu-
lence with passive scalar heat transfer under various Reynolds
and Prandtl number conditions to investigate the Reynolds-
and Prandtl-number dependencies of spectral dissimilarities
between turbulent heat and momentum transfers. The results
show that turbulent heat transfer tends to occur at relatively
smaller scales compared to momentum transfer, and the ra-
tio between representative wavelengths of turbulent heat and
momentum transfers displays both Reynolds and Prandtl num-
ber dependencies. The scale dissimilarity becomes more pro-
nounced with increasing Reynolds number, while it exhibits a
non-monotonic dependency on the Prandtl number, showing
most significant dissimilarity at relatively low Prandtl number
around Pr=0.5.

INTRODUCTION

Nonlinear interaction between different scales is an im-
portant aspect of turbulence, by which turbulent energy is re-
distributed between different scales and spatial diffusions of
momentum and heat are significantly enhanced. In particular,
the effect of turbulent mixing and diffusion of momentum and
heat results in a substantial increase in friction drag and heat
transfer on the wall. Therefore, the possibility of their dis-
similar control, i.e., simultaneous achievement of momentum
transfer suppression and heat transfer enhancement, has long
been of great interest in turbulence research from an engineer-
ing point of view.

Wall-bounded turbulent flows are characterized by multi-
scale vortical structures including relatively small-scale coher-
ent structures in the near-wall region and large-scale structures
located in the logarithmic region or further away from the wall.

It is, therefore, important to understand how these flow struc-
tures at different scales interact with each other and how such
scale interactions result in the momentum and heat transfer in
wall turbulence. In recent years, there have been intensive ef-
forts to study the role of scale interactions in turbulent kinetic
energy transfer in wall turbulence (see, for example, Cimarelli
etal.,2016; Mizuno, 2016; Lee & Moser, 2019; Chiarini et al.,
2022, etc.), but not much for heat transfers.

In our previous study (Kawata & Tsukahara, 2022), we
investigated the spectra of the turbulent momentum and heat
transfers in a plane Couette turbulence by means of direct nu-
merical simulation (DNS), and showed that the heat transfer
spectrum exhibits the peak at a relatively short streamwise
wavelength as compared to the momentum transfer spectrum.
This indicates that fluid motions related to the increase of the
wall heat flux are at relatively smaller streamwise length scales
than those related to the increase of wall shear stress. This
observation of spectral dissimilarity between momentum and
heat transfer is certainly interesting, but the study was limited
to at the friction Reynolds number Re; = 126.1 and Pr=0.71.
In this study, we perform DNS of plane Couette turbulences at
several different Reynolds and Prandtl number conditions in
order to investigate the Reynolds- and Prandtl-number depen-
dency of the scale dissimilarity of momentum and heat trans-
fers. We show that the scale dissimilarity becomes more pro-
nounced with increasing Reynolds number, while its Prandtl-
number dependency is non-monotonic, with the most sig-
nificant dissimilarity found at relatively low Prandtl number
around Pr =0.5.

DIRECT NUMERICAL SIMULATION

The plane Couette flow considered in the present DNS is
driven by shear by two flat plates; the distance between them
is h, the bottom plate is stationary and the top one is translat-
ing with a constant velocity Uy,. The x-, y- and z-axes denote
the streamwise, wall-normal and spanwise directions, respec-
tively, and the origin of the coordinates is placed on the bottom
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Figure 1. Geometrical configuration of DNS

wall. The temperatures on the walls are uniform and constant
in time with the temperature difference A® (the temperature
of the top wall is higher by A®).

The governing equations for the velocity and scalar tem-
perature fields are the non-dimensional continuity and Navier-
Stokes equations for incompressible fluid flow:

du;
S =0, (1a)

1

du du’ ap* 1 0%}

Lty —L =— — 1b
ot* + ity Ix} ox} + Rey, ax;;27 (Ib)
and a transport equation of a scalar temperature 0:
960" 6" 1 9%6*
= tug (Io)

or ox;, - PrRey, axzz ’

The above equations are scaled based on Uy, h or/fand A®,
and the superscript * denotes instantaneous non-dimensional
quantities. The Reynolds number and the Prandtl number are
defined as Rey, = Uyh/v and Pr = v/ca, where v and o are
the kinematic viscosity and thermal diffusivity of the fluid, re-
spectively. The periodic boundary condition is applied for x-
and z-directions for both velocity and temperature fields. As
for the boundary conditions on the walls, non-slip condition
and constant-temperature-difference condition are adopted for
velocity and temperature fields, respectively:

Aty" =1, (u” v, w") = (1,0,0), 6" =1,
2)
Aty* =0, (u*,v*,w*)=(0,0,0), 6*=0.

The governing equations (1a) and (1c) are solved by the same
numerical schemes as those used by Tsukahara et al. (2006),
where the velocity and temperature fields are solved in physi-
cal space with the finite difference method, while the pressure
Poisson equation is solved in Fourier space. The central dif-
ference schemes with the fourth and second order are used for
the wall-parallel (x- and z-) and -normal (y-) directions, respec-
tively.

We have run seven DNS cases with different Rey, and
Pr for the range 4,300< Rey, <19,000 and 0.1 < Pr <4, as
listed in Table 1. The Case-Ref is the reference case from our
previous study (Kawata and Tsukahara, 2022), where a rela-
tively large computational domain (L, = 24h, L; = 12.8h) was
used to perform a DNS at Rey, = 8,600 and Pr = 0.71. In
the present study, on the other hand, smaller computational
domains with Ly = 9.14h and L, = 4h are used to reduce

Table 1. DNS cases simulated in the present study and the
computational conditions. The obtained friction Reynolds
number Re; and the resultant grid resolutions. The Case-Ref is
the reference computation performed by Kawata & Tsukahara
(2022).

Case Rey, Pr Ny x Ny x N, Re;

R43P1 4300 1.0 28%x96x2% | 69.9
R86PO1 || 8,600 0.1  28x96x2% | 126.8
R86PO5 || 8,600 0.5 28x96x2% | 1257
R86P1 8,600 1.0 28x96x2% | 1257
R86P2 8,600 2.0 27x192x2° | 1223
R86P4 8,600 40 2°%x192x2° | 127.7
R190P1 || 19,000 1.0 2°x192x2° | 256.2
Ref 8,600 071 2°x96x2° | 126.1

computational cost for each case. We have confirmed that
the statistical quantities related to the velocity field, such the
Reynolds stresses and their spectra, obtained in Case-Re86Pr1
are in a qualitative agreement with those obtained by Case-
Ref, suggesting that the effect of relatively small domain does
not qualitatively affect the turbulent velocity field obtained in
the present DNS (note here that the temperature field is pas-
sive to the velocity field). The number of computational grids
in each case is determined to retain sufficient spatial resolu-
tions: AxTv/Pr ~ 4 — 10, AyminVPr ~ 0.1 and Azv/Pr ~ 4
(here the superscript T denotes the values scaled based on the
wall units).

In the present study, we denote the instantaneous veloc-
ities and temperature as u; = U; +u; and 6 = © + 6’, where
the uppercase letters U; = (u;) and ® = (0) denote the mean
values averaged in the x- and z-directions and in time, and the
lowercase letters with / are the fluctuations from the mean val-
ues. The friction Reynolds number Re; = u;0/v (ur is the
friction velocity and & = 0.5h is the channel half height) is
evaluated from the obtained mean velocity profiles, and the
value in each case is also presented in Table 1.

RESULTS AND DISCUSSIONS

Figure 2 presents the distributions of the streamwise spec-
tra of the Reynolds shear stress £_,,, and turbulent heat flux
E_ g, which are defined as

Eowlik) = 2((k)7 (1)), G

E_o(yke) = —z%(<6(kx)§*(kx)>), (3b)

where i; (k) and 6 (k;) are the Fourier coefficients of ; and 6/,
respectively, at the streamwise wavenumber ky, and the super-
script T and 2 denote the conjugates and the real parts of com-
plex quantities, respectively. The distributions are presented
in the premultiplied form as functions of the wall-normal po-
sition y and the streamwise wavelength A, = 27 /ky, and are
compared for three different Reynolds numbers Rey, = 4300,
8600 and 19000 at the Prandtl number Pr = 1. It is shown in
Fig. 2(a) that as the Reynolds number increases the Reynolds
shear stress spectrum k,E,, becomes more concentrated and
shifts toward shorter wavelengths, particularly in the near-wall
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Figure 2. Distributions of premultiplied spectra of (a) Reynolds shear stress kyE_,, and (b) turbulent heat flux kxE_, g at three different
Reynolds numbers Rey, = 4300, 8600 and 19000 with Pr = 1. The values of kxE_,,, and kxE_,g are scaled by the maximum values of
—(u'v') and —{V'8’) in each case, respectively.
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Figure 3. Distributions of premultiplied spectra of turbulent heat flux kxE_ ¢ at five different Prandtl numbers Pr = 0.1,0.5,1,2,4 with
Rey, = 8600. The values are scaled by the maximum values of —(1’8’) in each case.

region, where the peak corresponding to the coherent struc- energy shifting toward smaller scales as the Reynolds number
ture in the inner layer becomes pronounced with increasing increases. However, the shift is more pronounced in the turbu-
Rey,. Particularly at the lowest Reynolds number Rey, = 4,300 lent heat flux spectrum k,E, g than in the Reynolds shear stress
the distribution of kyE_,, appears relatively broad in the y- spectrum k,E_,,, especially in the central region of the chan-
direction, extending from the near-wall to the central region of nel, indicating that turbulent heat transfer is more sensitive to
the channel, and the distinct energy peak near the wall, which small-scale turbulence.

is clearly observed at higher Reynolds numbers, is not ob- Figure 3 compares the distributions of the turbulent heat
served. This indicates that the near-wall structures and the very flux spectrum at five different Prandtl number ranging 0.1 <
large-scale structure of the plane Couette turbulence are not Pr < 4 with Rey = 8600. Note here that the Reynolds shear
clearly separated at this low Rey,. The turbulent heat flux spec- stress spectrum kE_,, corresponding to these distributions of
trum kcE_ g exhibits, as shown in Fig. 2(b), a similar trend to kyE_,g is that in Case R86P1 presented in Fig. 2(a), as the
the Reynolds shear stress spectrum k£, with the spectral Reynolds number is Rey, = 8600 for all these five cases. As
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shown in Fig. 3, the contribution by the near-wall peak of
the kyE_ g distribution are more pronounced as Pr increases.
On the other hand, the near-wall peak disappears at the low-
est Prandtl number case Pr = 0.1, and E_ ¢ is significant at
relatively short wavelengths in the channel core region. This
tendency seems to be correspond to the known turbulent heat
flux profile in channel or Couette flow which presents higher
Prandtl number condition have its peak closer to the wall (Abe
etal., 2004).

Now, we quantify the scales of turbulent fluid motions that
are mainly responsible to each wall shear stress and wall heat
flux based on the distributions of the spectra of the Reynolds
shear stress and turbulent heat flux presented in Figs. 2 and 3.
The wall shear stress Ty, and the wall heat flux g, are decom-
posed to their laminar-case values—7y jam and gy, jam—and
the increases from them by the additional momentum and heat
transfers due to turbulent motions—A7y, tur and Agy qur—as

_ Uw h 1o
Tw—/.iT—i- —<uv>dy7 (4a)
b T
Tw,lam ATy tur
AO h 'y
qW=x7+/ —(V'6')dy, (4b)
N—— \0—,_/
qwlam Aqw.lur

where 1 and k are the dynamic viscosity and thermal con-
ductivity of the fluid, respectively. The above equations indi-
cate that the Reynold shear stress — (¢/v') and the turbulent
heat flux (—'0’) are directly related to the increase of the
wall shear stress and the wall heat flux, respectively, from their
laminar-case values. As the Reynolds shear stress — (#/v') and
the turbulent heat flux — (v/8’) are the integrals of E_,, and
E_ g, respectively, the turbulent part of the wall shear stress
and the wall heat flux are expressed in terms of the spectral
quantities as follows:

ATw,tur :/ g—uv(kx)dkxv (5a)

M= [ 6ok, (5b)

where &, and &_,9 be the turbulent momentum-transfer
spectrum and the turbulent heat-transfer spectrum, respec-
tively, which are defined by integrating the Reynolds shear
stress spectrum E_,, and the turbulent heat flux spectrum
E_, g across the channel as

1 h
Ewlk) =5 /0 E-uw(y.ko)dy, (6a)

1 rh
£volk) = 5 [ Bk (6b)

Equations (5) show that &_,, and &_,¢g are the spectral con-
tents of Ty, tr and g, respectively, and therefore evaluating
&_yy and &g enables us to investigate the scales of turbulent
fluid motions that are directly related to increase of wall shear
stress and wall heat flux.

By integrating the distributions of k,E_,,, and k. E_ ¢ pre-
sented in Fig. 2 in the y-direction, we obtain the profiles of the
premultiplied turbulent momentum transfer spectrum k8-,
and the premultiplied turbulent heat transfer spectrum k,&_,¢
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Figure 4. Comparison of normalized premultiplied spectra
of (blue) turbulent momentum transfer k&*,, and (red) tur-
bulent heat transfer k&~ o at different Rey with Pr =
1: (R43P1) Rey = 4,300, (R86P1) Rey = 8,600, and
(R190P1) Rey = 19,000. The vertical dashed lines in each
panel indicate representative wavelengths of (blue) momentum

transfer A, ps and (red) heat transfer A, g.

at Pr = 1 with three different Reynolds numbers, which are
compared in Fig. 4. As shown, both profiles of k&, and
kx&_,g exhibit broad profiles with a peak located at wave-
lengths on the order of A;/h =~ 1, and the peak wavelengths
are shown to decreases with increasing Rey,. These changes of
the peak locations correspond to the Reynolds-number depen-
dency of the distributions of the premultiplied spectra kyE_,,
and kcE_,g investigated in Fig. 2; as the Reynolds number
increases, both distributions of kxE_,, and kyE_, g shift over-
all toward shorter wavelengths, and their near-wall peak loca-
tions also move closer to the wall and toward shorter wave-
lengths. The striking feature found here is that comparing the
profiles of ky&_,, and k,&_,¢ for each Rey case the k&g
profile is somewhat shifted towards shorter wavelengths as
compared to the k,&_,, profile in all Rey, cases, confirming
the same tendency as observed by Kawata & Tsukahara (2022)
at Rey, = 8600 and Pr = 0.71 for the other Prandtl number
Pr = 1.0 and three different Rey, this time. This shift of the
&_,g profile to the shorter A, side implies that turbulent heat
transfer occurs certainly smaller (streamwise) length scales
than momentum transfers. It also appears that the dissimilarity
between the &_,,, and E_,¢ profiles becomes more notable as
Rey, increases.

To further investigate the Reynolds number dependency
of the dissimilarity between the turbulent momentum and heat
transfer spectra, we have run an additional computation for
the case at a very low Reynolds number Rey = 1500 with
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Figure 5. Comparison of normalized premultiplied turbulent
momentum and heat transfer spectra under the turbulent stripe
condition: Rey = 1,500 and Pr = 1. The solid and vertical
dashed lines indicate the same as in Fig. 4.

Pr =1 (R15P1), where turbulence is intermittent and a turbu-
lent stripe structure appears (see, for example, Tsukahara et al.,
2005). To capture the very large-scale laminar—turbulent pat-
tern of the turbulent stripe, a larger computation domain (L, x
LyxL;=51.2hx hx25.6h, Nxx Ny x Nz = 1024 x96 x 512)
was employed. Figure 5 presents the profiles of k&, and
kx&_ 9 obtained in this case, which exhibits no dissimilarity
between the spectra of turbulent momentum and heat transfers.

We also investigate the Prandtl-number dependency of the
turbulent heat transfer spectrum &_,. Figure 6 presents the
profiles of k&, and k& 9 at Rey = 8600 and five dif-
ferent Pr. Note here that the profiles of k.&,g in each case
is obtained by integrating the corresponding k. E_ ¢ distribu-
tion presented in Fig. 3, and the profiles of k8-, are all
nearly identical to each other (they are slightly differ from
each other although simulating statistically same flows, be-
cause the spatial resolutions and time steps are somewhat dif-
ferent in each computation corresponding to different Pr). As
can bee seen in Fig. 6, all Prandtl number cases exhibit the dis-
similarity between the turbulent momentum and heat transfer
spectra—the shifts of &_,¢ profiles in shorter wavelengths—
consistently indicating that heat transfer by turbulence occurs
relatively smaller streamwise length scales than momentum
transfer. The difference between the profiles of &_,,, and &_ ¢
appears to be especially notable at Pr = 0.5 and Pr = 1.

In order to quantify the scales of the turbulent structures
that are mainly responsible to momentum and heat transfer,
we define the representative wavenumbers for eahc turbulent
momentum and heat transfer based on the profiles of &, and
&_,p as follows:

/ ke

M (Rey, Pr)
t/ &y (k) dky

, (7a)

[ ko )k

Hy(Rew,Pr) = .
| 6ot

(7b)

The streamwise length scales based on the above-defined
wavenumbers—Ay y = 27 /My and Ay y = 27w/ Hy—can be in-
terpreted as the integral streamwise length scales related to
each momentum and heat transfers.

The vertical dashed lines in Figs. 4, 5 and 6 indicate
(blue) A,y and (red) A,y in each case. As shown in Fig. 4,
both A,y and A,y clearly decreases as Rey, increases, indi-
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Figure 6. Comparison of normalized premultiplied spectra
of (blue) turbulent momentum transfer k,&~,, and (red) heat
transfer ky&™ o at different Rey and Pr: (b1-b5) at Pr =
0.1,0.5,1,2 and 4 with Rey, = 8,600. The dashed lines in each

panel indicate representative wavelengths A, p7 and Ay g

cating that both length scales related to momentum and heat
transfers become smaller with increasing Rey, as generally ex-
pected. It is shown in Fig. 6 that A, decreases as Pr de-
creases from Pr =4 to Pr = 0.5, indicating that the scales
related to turbulent heat transfer becomes smaller with de-
creasing Pr. This variation of the representative wavelength
for heat transfer corresponds to the disappearance of the near-
wall peak of the k E_,g distributions with decreasing Pr, as
shown in Fig. 3. The lowest Prandtl number case Case R86P01
seems not following this trend, exhibiting a almost same value
of Ay g as than that in the case at Pr = 0.5. This is probably
because the near-wall peak in the kyE_,¢ distribution has al-
ready almost vanished in the case of Pr = 0.5 and therefore
those distributions of kyE_,g at Pr = 0.5 and Pr = 0.1 have
little difference in their integrated quantities.

Now we quantify the degree of dissimilarity between the
length scales associated with momentum and heat transfers as
the wavelength ratio A, p /A, ». The variations of this wave-
length ratio with Rey and Pr are presented in Fig. 7. It is
shown here that, within the parameter range investigated in
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Figure 7. Variations of wavelength ratio A z7 /A, as as a func-
tion of (a) Rey, at Pr =1 and (b) Pr at Rey, = 8600.

this study, the wavelength ratio Az /Ay monotonically de-
creases with increasing Rey, while Ay z7 /A,y exhibits a min-
imum around Pr = 0.5, indicating that the scale dissimilar-
ity between momentum and heat transfers is most pronounced
around this Prandtl number.

SUMMARY AND OUTLOOK

As described above, spectral dissimilarity is observed in
all cases examined in the present study, with the exception of
the lowest-Rey, case (Reyw = 1500, Pr = 1), where the flow
is transitional and exhibits a spatially intermittent turbulence.
The distributions of & * —uv and & * —v6 indicate that turbu-
lent heat transfer is associated with shorter streamwise wave-
lengths than turbulent momentum transfer, and such a dis-
similarity between the momentum and heat transfer spectra
becomes increasingly pronounced with increasing Reynolds
number and attains its maximum around Pr ~ 0.5 within the
Reyw—Pr parameter range investigated in the present study.

The instantaneous velocity and temperature fields at some
representative cases are compared in Fig. 8—in the panel (a)
those at Rey, = 4300 and 19000 with Pr = 1 are compared,
while the panel (b) compares the cases of Pr = 0.1 and
Pr =4 at Rey, = 8600. Comparing the instantaneous ve-
locity and temperature distributions in each Case R43P1 and
Case R190P1 in Fig. 8(a), one can see that the temperature
fields indeed exhibit finer structures as compared to the cor-
responding velocity fields. In the panel (b), the same ten-
dency is indicated by the velocity and temperature fields in
Case R86P01 and Case R86P4. It is interesting to note that the
difference in the streamwise length scales in the velocity and
temperature fields is more pronounced in Case R86P01 than in
Case R86P4, although the effect of viscous diffusion is more
than one order of magnitude larger than in Case R86P01.

The mechanism by which a significant disparity arises be-
tween the characteristic scales of turbulent momentum trans-
port and turbulent heat transport remains unclear, and there-
fore requires further detailed investigation. Spectral analy-
sis of the transport budget for the turbulent kinetic energy
and turbulent heat flux may provide useful insights. Pre-

(a) ) R43P1 R190P1
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Figure 8. Instantaneous distributions of fluctuating (up-
per) velocity u™ and (lower) temperature 6: (a) different
Rey, conditions at channel centre; (b) different Pr conditions
aty ~0.08 (y© ~ 20).

vious studies (Kawata & Tsukahara, 2022) have suggested
that, in the transport of velocity fluctuation energy, the en-
ergy redistribution effect due to the pressure—strain correla-
tion—prominent in relatively short-wavelength ranges—plays
an important role. However, it is unclear whether a similar
trend can be observed in low Pr cases, such as Pr=0.1 and Pr
= 0.4, and it will be a key topic in our future studies.
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