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1 ABSTRACT

We present spatio-temporal energy spectra of drops in
homogeneous isotropic turbulence, computed from an en-
semble of hundreds of direct numerical simulations of the
Cahn-Hilliard—Navier—Stokes equations across Weber num-
bers We € {0.73, 1.82,2.91, 3.64}. Simulations are analysed
during the stage of dynamic equilibrium between the drop
and the surrounding turbulence, before breakup occurs. We
compute spatio-temporal spectra of the turbulent kinetic en-
ergy, the interfacial force exerted on the fluid, and the inter-
facial area of the drops. The force spectrum confirms that
drops act as a spectral shortcut: absorbing kinetic energy from
large, slow eddies and returning it to small, fast eddies, with a
crossover near the drop diameter and inertial timescale. The
interfacial area spectrum reveals that deformation energy is
concentrated at the drop-diameter length scale and at slow os-
cillation frequencies.

2 INTRODUCTION

Spatial energy spectra allow us to test the predictions of
Kolmogorov [1], particularly in multiphase flows when addi-
tional forces act on the fluid. Recently, in particle-laden [2],
and drop-laden [3, 4, 5] flows, the additional fluid phase acts as
a “spectral shortcut”, removing kinetic energy from the fluid at
large scales, and returning it to the flow at smaller scales. Such
multiphase turbulent studies have so far been limited to spatial
analysis. However, in the case of drops, the interface deforms
and moves with the flow, hence a large part of the underlying
physics is kept in the temporal part.

Spatio-temporal energy spectra have been used with great
success to characterise wave dynamics on nearly flat inter-
faces, such as the ocean surface [6, 7]. More recently, spatial
and temporal spectra in non-Newtonian turbulent flows have
been used to compare scaling exponents in time and space [8].
To our knowledge, no spatiotemporal analysis has yet been
performed for deformable drops embedded in turbulent flows.

Cannon et al. [9] showed that high strain events pre-
cede breakup in turbulent flows, and that the drops follow
three distinct stages of evolution: 1-initial deformation, 2-
dynamic equilibrium, and 3-breakup. Here, we present a
spatio-temporal analysis of the fluid and interfacial energy of

drops in stage 2-dynamic equilibrium with the surrounding tur-
bulent flow. Energy exchanges between the fluid and the inter-
face. The fluid stores kinetic energy, and the interface stores
surface potential energy. The energy transfer can be positive
or negative at a given moment in time and location on the in-
terface; however, the net exchange is zero when averaged over
the interface over the duration of stage 2.

In this work, we use direct numerical simulations of
the Cahn—Hilliard—Navier—Stokes equations to build a time-
resolved database of drop-turbulence interactions across a
range of Weber numbers. We quantify the spatio-temporal en-
ergy spectra of the turbulent kinetic energy field, the interfacial
force on the fluid, and the interfacial area of the drops. The ob-
jectives are threefold:

1. How does the turbulent kinetic energy spectrum E(k, @)
deviate from classical single-phase Kolmogorov scaling
in the presence of deformable drops, and how does this
deviation depend on Weber number, particularly in the
high-x, high-® regime?

2. In what way do drops redistribute energy across scales
in the joint wavenumber—frequency space, as captured by
the interfacial forcing spectrum F (k, @), and does this re-
veal a scale-dependent transfer mechanism between large,
slow motions and small, fast motions across the crossover
set by the drop diameter and its inertial timescale?

3. How do interfacial deformations evolve in spatio-
temporal spectral space, and to what extent are the ob-
served structures in A(k, @) governed by advective trans-
port by the surrounding turbulence, as indicated by align-
ment with the scaling ® ~ u'k?

3 METHODOLOGY

Table 1. Parameters for different cases: Weber number We,
and number of simulations N.

We | 073 1.82 291 3.64 o
N 40 104 28 7 1
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Figure 1. Snapshots of drops at each Weber number studied in these proceedings. The black border shows the simulation domain,

which has side length L.

We perform direct numerical simulations of the Cahn—
Hilliard—Navier—Stokes equations in homogeneous isotropic
turbulence, discretised onto a triperiodic cubic grid of size
M = 256. The Cahn—Hilliard equations are particularly suited
for the spectral analysis that we carry out in this manuscript,
as (unlike other multiphase methods such as the volume-of-
fluid [10] or front-tracking [11]) the interfacial energy is built
into the free energy functional.

We solve the Navier—Stokes equations in a triperiodic do-
main of size L, describing the velocity u; of a fluid with uni-
form density p and kinematic viscosity v:

posui + pujdju; = pvo;ju; — dip+ Cui + fi (1)

where p is pressure, { is constant energy injection forcing ap-
plied to modes with wavenumber k < 47 /L[12], f; = —cd;¢ is
the force of the interface on the fluid, and indices i, j € {1,2,3}
denote vector components with repeated indices summed. In-
compressibility is enforced by:

diu; =0, (€3

and we simulate two immiscible phases by coupling to the
Cahn-Hilliard equations for a scalar field —1 < ¢ < 1 [13]:

8;C+ujajc = maﬁ(]). 3)

Here, ¢ = 1 corresponds to the dispersed phase (drop) and
¢ = —1 to the carrier phase. The mobility m controls the relax-
ation time of the fluid-fluid interface. We model immiscibility
between components through the chemical potential:

¢ =B(c* —1)c— adyc, (4)

where o and f are model parameters determining the interface
thickness w = 4,/2a/ and surface tension o. As interface
thickness vanishes (w — 0), o — %\/S(Xﬁ [14]. We express
the interface thickness and relaxation time via two dimension-
less numbers: the Cahn number Cn = d~'y/0/fB and Peclet
number Pe = u'd? /(m+/a), where d is drop diameter and u’'
is the root mean square fluid velocity. Following Magaletti et
al. [14], we choose the optimal balance Pe = %Cnfl minimiz-
ing both interface thickness and relaxation time. The reader
can find further details on our numerical method for solving
the Cahn—Hilliard Navier—Stokes equations in Vela-Martin and
Avila [15].

Equations 1-3 are solved on a graphical processing unit
(GPU) using a pseudospectral method with 256% grid points.
A de-aliasing procedure is employed to remove spurious inter-
actions of discretised nonlinear terms, retaining only (256 x
2/3)3 modes when projecting into Fourier space, so that the
maximum resolved wavenumber is K = 2zM /(3L). We main-
tain the flow in a statistically stationary state by adjusting the
forcing coefficient £ such that the total kinetic energy injected
per unit time € is constant. We choose the constant to ensure
adequate numerical resolution, quantified by Kn = 4, where
n = (v3/e)'/* = 0.00746L is the Kolmogorov length scale.

We conducted hundreds of independent, time-resolved
simulations, each starting with a single initially spherical drop
that is tracked until breakup. The simulations cover a range of
Weber numbers to explore the influence of inertial-to-capillary
forces on drop deformation.

2
d
we = Pta? (5)
o

where uy = €!/34'/3 is the turbulent velocity at the scale of the
drop diameter. The dissipation rate is € = v(0d;u; dju;), and we
define the velocity u; = €!/3d'/3 and timescale ty =d/ug of
the eddy at the drop diameter d, a la Kolmogorov [1]. Ta-
ble 1 shows the Weber number with the number of simulations
analysed. As explained in section 4, we only analysed cases
in which the simulation continued for more than 5z; without
breaking; in the highest We case, we initialised 599 drops, and
only 7 survived for more than 5z;. Note that in these proceed-
ings, we use We = oo to denote the single-phase case.

The turbulence has a Taylor Reynolds number Re; = 58,
defined as Re, = u’'A /v, where ' is the root-mean-square ve-
locity fluctuation, A the Taylor microscale, and v the kine-
matic viscosity. Plotted data and post-processing routines for
this spectral analysis are available online [16].

4 RESULTS

Figure 1 shows snapshots of the interface at each Weber
number in our study. In the high Weber number cases, turbu-
lent inertial forces dominate over surface tension; fluid motion
stretches the interface, and the drops tend to elongate into fil-
aments [5]. The low We drop remains almost spherical, as
surface tension is strong enough to resist deformation.

To understand the temporal and spatial scales character-
ising drop-turbulence interaction, we compute both wavenum-
ber and frequency spectra of the turbulent velocity field. Fol-
lowing Clark Di Leoni et al. [17], we use the hat to represent
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Figure 2. Turbulent kinetic energy spectra. The solid line is the advection speed @ = u'k, the dashed line is the capillary wave speed

0l —cp i

the four-dimensional Fourier transform of a general field s:

where K is the wavevector, non-italic i = y/—1 is the imaginary
unit and the Hann window:

2 At —ta)

31 O]

H(t) =sin

enforces periodicity over the record length ; <t < 4¢;, where
ty = d/uy is the eddy turnover time at the scale of the drop.
We have excluded the initial #; and final #; from each time-
series to remove transient effects that occur during equilibra-
tion and breakup [9]. The spatio-temporal turbulent kinetic
energy spectrum follows by multiplying the velocity field i;
with its complex conjugate i, and, using the isotropic nature
of our setup, we integrate over spherical shells in K-space:

E(k,0) = <///%ﬁi(x,w)ﬁf(x,w)ﬁ(xjxj— K2)d3K>N.
(®)
where angled brackets represent an average over the ensemble
N of drops that did not break before ¢+ = 5¢;. Density is con-
stant in our system, so we have omitted it here. Of course, inte-
grating over all components and multiplying by density gives
the mean kinetic energy per unit volume in the fluid:

p//E(K,w)dew =1pu” )

We show the turbulent kinetic energy spectra in figure 2. We
see that, at all Weber numbers, kinetic energy is concentrated
at the large length scales and time scales. There is a ridge
in E(x, ) near the advection speed @ = u’k due to the large-
scale motion, but with a slightly higher frequency. A reflection
symmetry in this line would indicate that Taylor’s frozen flow
hypothesis [18] holds. The plot is not quite symmetric in this
line, likely due to the multiscale nature of the eddies, which
advect one another in the flow. The drop produces a slight
increase in energy at short timescales and length scales in the
flow.

We can quantify the interaction between the droplet inter-
face and the surrounding fluid via the real part of the spectral

. Vertical and horizontal dotted lines show the wavenumber 27 /dy of the Hinze scale, and the capillary frequency 27 /7.

work rate associated with the interfacial forcing (f;):

F(k,0)= <// R! [} (k, 0), fi(k,0)] 3!(KjKj—K2),d3K'>N.
10)
These results are shown in figure 3. They provide a direct in-
terpretation of the droplet-induced modulation of (E(k, ®)): at
large spatial scales and long temporal scales, (F) is negative,
indicating net energy transfer from the flow to the droplet in-
terface, whereas at smaller scales and higher frequencies, (F')
becomes positive, corresponding to energy injection from the
droplet into the flow.
Next, we derive an expression for the spatio-temporal
spectrum of the interfacial energy. The interfacial energy part
of the Cahn—Hilliard free energy functional is [14]

LLL
C
710 = [[] Sovase (n
000
In Fourier space, this becomes:
N C A
7181 = [[] Sruméd ax. (12

In the limit of a sharp interface, .%[¢] — 0A, where A is the
interface area. In our case, the surface tension o is constant
in space, so the interfacial energy and area spectra are simply
related by a factor of . Hence, we define the interface-area
spectrum:

Ak, 0) = <///K,~1<,~¢3(x,a))q3*(x, ) 8(Kjkj — Kz)d3K>N.
13)
Analogously with the turbulent kinetic energy spectrum in (9),

the sum of all modes is the total drop area:

//A(K, 0)dkdo =A. (14)

We plot this in figure 4. We see that the interface holds energy
at low frequencies, with a peak at the diameter lengthscale.
Compared to the turbulent kinetic energy spectrum, a larger
fraction of the energy is stored at short length scales.

The one-dimensional wavenumber spectrum follows from
integrating the spatio-temporal spectrum over all frequencies:

E(x) =/E(1<,a))da>7 (15)
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Figure 3. Power spectra of the interfacial force on the fluid. The solid line is the advection speed ® = u'k, the dashed line is the

capillary wave speed w? = op

capillary frequency 27 /t;.
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Figure 4. Spectra of the drop interfacial area. The solid line is the advection speed @ = 'k, the dashed line is the capillary wave
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K3, Vertical and horizontal dotted lines show the wavenumber 27t /dy of the Hinze scale, and the capillary frequency
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Figure 5. Spatial and temporal spectra of fluid kinetic energy (left panel), coupling to the interface (middle panel), and interfacial area

(right panel). Left panel: Energy spectra in wavenumber space E (k) (solid lines) and frequency space E(®) (dashed lines), with the
black line showing Kolmogorov’s k33 scaling. Middle panel: Spectral distribution of the work done by the surface tension force,
F(x) (solid lines) and F (@) (dotted lines), multiplied by wavenumber x and frequency @ respectively. The inset shows the crossover
length scale [r (filled circles) and time scale 7 (empty circles), at which F = 0. Right panel: the interfacial areas A(x) (solid lines) and
A(w) (dotted lines). The inset shows the mean drop area divided by its unperturbed area, 7d>. We make all variables dimensionless
using the velocity u,, turnover time 74, and drop diameter d. We mark the spectra with filled circles at the wavenumber 27 /dy of the
Hinze scale, and open circles at the capillary frequency 27 /1.

Similarly, the one-dimensional frequency spectrum is: wavenumber spectrum closely follows Kolmogorov inertial-

range scaling [1],

E(w) = /E(iga))dx, (16)

an

E(x) = 70du5 (E

Kd)_5/3

and analogous one-dimensional spectra F(k), F(®), A(K),
and A(w) are obtained in the same way.
The left panel of figure 5 displays the energy spectra. The

over nearly a decade before viscous dissipation dominates at
small scales. The large prefactor results from our choice to
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normalise with a characteristic velocity u,, which is smaller
than the root-mean-square velocity ’. Compared to the single-
phase flow, the presence of a drop leads to a modest increase
in energy at small scales, and surprisingly, the effect is most
pronounced in the high Weber number case: the surface ten-
sion force is weaker, but the area is greater. This suggests
that as We — oo, the energy spectrum may not tend to the
single-phase turbulent energy spectrum. The frequency spec-
trum E () closely collapses onto the wavenumber spectrum
when frequencies are scaled by the turnover time 7, of eddies
with the same size as the drop. However, appreciable energy
persists at higher frequencies. We attribute this to the fact that
the viscous Laplacian operator imposes strict exponential de-
cay in wavenumber space but does not enforce temporal con-
tinuity of the velocity field.

The middle panel of figure 5 shows how the drop ex-
changes energy with the turbulent flow. Both wavenumber and
frequency spectra show that drops absorb energy from large,
low-frequency eddies (negative F at low x and ®) and return
energy to small, high-frequency eddies (positive F at high ¥
and ). The crossover occurs at a similar length scale to the
drop diameter d and a similar timescale to the inertial time
ty. This sign change with wavenumber has been observed
in flows containing drops [19], and particles [20, 2]; indeed,
as the Weber number increases, the length and timescales of
the crossover become smaller. As We — 0, the drop tends to
spherical, the length scale of the crossover tends to d and the
timescale tends to 7;. Interestingly, the power input by the drop
on the fluid tends to zero at short length scales, but converges
on a finite value for short timescales. The peak rate of energy
extraction from the flow is

103F (k) kdty Ju} = —2.63 (18)

at kd/2m = 2/3. Hence, the timescale of removal of kinetic
energy is

E/F =70(2/3)"314/2.63 x 1073 =52 x 10*,.  (19)

In other words, the drop is having an almost negligible effect
on the fluid kinetic energy at these large scales, which explains
the negligible changes in the energy spectrum E (k) at the large
scales when drops are added.

The right panel of figure 5 shows the interfacial-area spec-
tra of the drops. Both the spatial and temporal spectra exhibit
an increase in interfacial area with increasing Weber number.
In the limit We — 0, the total area,

A:/A(K)dk:/A(w)dw 20)

approaches that of an undeformed drop wd2. The temporal
spectra A(®) show that the majority of energy is contained in
the slow oscillations; indeed, the spectrum decays similarly to
A~ o~ '/2 for the majority of the frequencies measured. The
spatial spectrum, on the other hand, shows that reducing the
Weber number causes the interface to lose energy at the small
length scales and gain energy at the large scales. This is be-
cause increasing surface tension makes the interface smoother,
eliminating small-scale perturbations. The drop-off in energy
for xd/2m > 10 is a numerical artefact due to the finite thick-
ness of the interface in the Cahn—Hilliard equation.

5 CONCLUSIONS

We have presented the first spatio-temporal energy spectra
of drops in homogeneous isotropic turbulence, computed from
an ensemble of hundreds of direct numerical simulations of
the Cahn—Hilliard—Navier—Stokes equations across four Weber
numbers. Analysing the drops during their stage of dynamic
equilibrium with the surrounding flow, we find three principal
results.

1. The turbulent kinetic energy spectrum E(k,®) closely
follows Kolmogorov inertial-range scaling at all Weber
numbers, with drops inducing a modest increase in en-
ergy at small scales and short timescales. The magnitude
of this increase grows with Weber number, suggesting
that the energy spectrum does not tend to its single-phase
counterpart even in the limit We — oo.

2. The spatio-temporal spectrum of the interfacial force on
the fluid, F(k,®), confirms that drops act as a spectral
shortcut in frequency and length: they absorb kinetic en-
ergy from large, slow eddies and return it to small, fast
eddies, with a crossover near the drop diameter d and in-
ertial timescale 7;. As We — 0, this crossover converges
towards the behaviour of a rigid sphere, consistent with
earlier particle-laden results [2].

3. The interfacial area spectrum A(k,®) is dominated by
slow, large-scale deformations, with its spatial peak at
the drop diameter lengthscale. A clear ridge appears in
E(k,m), F(x,®), and A(x, ®) near the advective scaling
= ', consistent with large-scale interfacial structures
being transported by the surrounding turbulent flow.

Future work should extend this analysis to larger density con-
trasts, such as water drops in air [21], where the backreaction
of the drop on the turbulent flow is expected to be considerably
stronger, and to higher Reynolds numbers to better separate the
inertial and capillary wave speeds in the spatio-temporal plane.

6 KEYWORDS

Drop deformation; turbulence; Weber number; direct nu-
merical simulation; phase-field method; spatio-temporal spec-
trum.
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