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ABSTRACT

Transitional plane wall-bounded shear flows exhibit in-
termittent turbulent structures in which oblique band-like tur-
bulent regions and quasi-laminar regions form a regular alter-
nating pattern, often referred to as the turbulent stripe struc-
ture. The quasi-laminar regions are accompanied by secondary
flows along the band-like turbulent regions, the spatial scales
of which are more than one order of magnitude larger than
those of the turbulent structures. In the present study, we
perform a direct numerical simulation of a transitional plane
Couette flow and investigate the interscale energy transfers
between the smaller-scale turbulence and the larger-scale sec-
ondary flows to elucidate the role of the nonlinear interactions
between these two distinct scales in sustaining the turbulent
stripe structure. We show that the turbulent energy is trans-
ferred from the smaller- to larger-scales in the band-like tur-
bulent regions, suggesting that the large-scale secondary flows
in the quasi-laminar gaps are produced from the smaller-scale
turbulence localised in the band-like region.

INTRODUCTION

Planar wall-bounded shear flows, such as plane Poiseuille
and Couette flows, at transitional Reynolds numbers ex-
hibit characteristic flow patterns with alternating turbulent
and (quasi-)laminar regions, where the turbulent phase is
the oblique band-like regions with streaks and vortices and
the gaps between them are paved by the quasi-laminar re-
gions (see, for example, Tuckerman et al., 2020, and the ref-
erences therein). The regular laminar—turbulent alternations
typically have spatial scales on the order of several tens of
the channel height, which is more than an order of magnitude
larger than the typical scales of streaks and vortices within the
turbulent bands. Furthermore, the quasi-laminar phase is ac-
companied by secondary flows along the laminar—turbulent in-
terface (e.g., Barkley & Tuckerman, 2007; Duguet & Schlatter,
2013; Couliou & Monchaux, 2015; Klotz et al., 2021), which
clearly indicates a break of symmetry in the spanwise direction
as the turbulent bands are oblique to the streamwise direction.

The role of interaction between the large-scale secondary

flows in the quasi-laminar phase and small-scale structures in
the turbulent bands is a crucial factor in elucidating the ori-
gin and sustaining mechanism of this laminar—turbulent coex-
isting state. Duguet & Schlatter (2013) attributed the growth
of a turbulent spot into an oblique turbulent band to advec-
tions by secondary flows in the oblique direction. Xiao &
Song (2020) suggested that an inflectional instability of the
oblique mean flow around the ‘head’ of a turbulent band is re-
sponsible for its growth in an oblique direction. These studies
suggest that the large-scale secondary flows are necessary for
triggering and sustaining the localised turbulence. The investi-
gation by Parente et al. (2022) on optimal disturbance growths
showed, on the other hand, that the large-scale flows emerge
from initial states with spatially-localised perturbations and
eventually lead to efficient generations of turbulent bands, sug-
gesting that localised turbulence gives rise to the large-scale
flows, in contrast to the aforementioned studies. Furthermore,
some earlier studies focusing on turbulent energy transfers in
turbulent stripe structures reported the energy transfers from
smaller to larger scales (Fukudome et al., 2009; Nimura et al.,
2019; Gomé et al., 2023), although the physical process that
such energy transfers represent is still not clear. Thus, the role
of nonlinear coupling between the large-scale secondary flows
and small-scale localised turbulence in the generation and sus-
taining of the turbulent bands still remains not fully elucidated.
In this study, we investigate interscale energy transfers be-
tween the large-scale secondary flows and localised turbulent
structures based on a DNS dataset of a transitional plane Cou-
ette flow, aiming to elucidate the role of interactions between
the large-scale flows and localised turbulence in sustaining tur-
bulent band. The analysis is based on the framework proposed
by Kawata & Alfredsson (2018, 2019), where velocity fluc-
tuations are decomposed into large- and small-scale part and
energy transfers due to their interactions are formulated.

NUMERICAL SETUP FOR DNS

In the configuration of the present DNS, the plane Couette
flow is driven by two parallel flat plates separated by distance
h, as shown in Fig. 1; the bottom wall is stationary and the
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Figure 1. Configuration of plane Couette flow.

top wall is translating with a constant speed Uy,. The coordi-
nate origin is placed on the stationary bottom wall and we de-
note the streamwise, wall-normal, and spanwise directions as
x-, y, and z-directions, respectively. The governing equations
are the continuity equation and the Navier-Stokes equation for
incompressible fluid non-dimensionalised based on the wall-
translating speed Uy, and the full channel gap A:
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where the superscript * indicates non-dimensionalised quanti-
ties, U; is instantaneous velocity in the x;-direction (when not
using the index notation, we denote the velocity components
in the x-, y- and z-directions as U, V and W, respectively), P
is instantaneous pressure, and Rey, is the Reynolds number de-
fined based on Uy, and h: Rey, = Uyh/Vv (v is the kinematic
viscosity of the fluid).

The domain sizes in the x- and z-directions are (Ly, L;) =
(51.2h, 25.6h) and the number of the grid points in each direc-
tion is (Ny, Ny, N;) = (1024, 96, 512). Non-slip and periodic
conditions are applied on the walls and the other boundaries,
respectively. The numerical setup of the present DNS is basi-
cally the same as in our earlier computations (see, for example,
Tsukahara et al., 2005). The computation was initiated with
an instantaneous velocity field of fully-developed plane Cou-
ette turbulence at Rey, = 8600, and the intermittent turbulence
with a turbulent stripe was obtained by gradually decreasing
Rey, to the target Reynolds number Rey, = 1500.

ENERGY TRANSFER ANALYSIS

In the present analysis, we investigate the energy trans-
fer between the large-scale secondary flow and the smaller-
scale localised turbulence based on the framework proposed
by Kawata & Alfredsson (2018, 2019). First, we introduce the
Reynolds decomposition: U; = U; + u;, where U; is the mean
velocity averaged in the x- and z-directions and in time and u;
is the fluctuation. In order to investigate the energy transfer
between the large-scale secondary flows and small-scale tur-
bulence, we further decompose the velocity fluctuation u; into
its large- and small-scale part ulL and uf by a spatial filtering
with the cutoff wavenumber at k, = 27 /L;:
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where n is an integer, j is the imaginary unit, and u;, is
the spanwise Fourier coefficient of u; at the n-th wavenum-

ber k;, = 27n/L,. As uiL and uf do not share any com-
mon wavenumber, the cross correlations between them are
zero for any combination of velocity components: uluS =

iy
us uL = 0. Hence, the Reynolds stresses u;u; are decomposed

into their large- and small-scale parts as u;u; = uLuL + ul j

As will be demonstrated by Fig. 2, the cutoff wavenumber
k, 1 = 2m /L, corresponds to the spanwise wavenumber of the
large-scale secondary flows, and the scale decomposition at
this wavenumber gives a reasonable split of the large-scale sec-
ondary flows and localised turbulence.

The transport equations for uiLuL- and ulsuf are derived by
procedures similar to the derivation of the transport equation
of the full Reynolds stress #;u;, and are written as
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where the first six terms in Eqgs. (3a) and (3b) are the large-
and small-scale parts of the corresponding terms in the stan-
dard Reynolds-stress transport equation; the large-scale parts
in Eq. (3a) are defined as
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and the small-scale counterparts in Eq. (3b) are defined by in-
terchanging the superscripts L and S in their large-scale coun-
terparts defined above. In addition to them, the last term T'r;;
appears newly due to the large- and small-scale decomposition
of the transport equation and is defined as
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As Tr;j appears in the transport equations of ul ] L and ul f
as —Tr;; and Tr;;, respectively, it clearly represents the en-
ergy transfer from the larger- to smaller scales (more details
are found in Kawata & Alfredsson, 2018, 2019). In the
present analysis, we investigate the nonlinear scale interactions
between the small-scale localised turbulence and the large-
scale secondary flows through the large/small-scale decom-
posed Reynolds-stress transport equations Egs. (3a) and (3b)
particularly focusing on the roles of the interscale energy trans-
fer terms T'r;;.

RESULTS

The obtained flow field exhibits a typical turbulent stripe,
as shown in Fig. 2(a). Here, to visualise both the large-
scale secondary flows and the localised turbulence, we present
the small-scale part of the fluctuating flow field by the
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Figure 2. Instantaneous and mean flow field: (a) a snapshot of instantaneous velocity fluctuations on the channel centre plane y/h =

0.5, where the colours represent the small-scale part of wall-normal velocity fluctuation v$ and black arrows are drawn based on

(ul, wh); (b1, b2) profiles of mean streamwise and spanwise velocities.
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Figure 3. Profiles of small-scale parts of Reynolds stresses
scaled by u%: (a) normal stress components (blue) uSuS,
(red) S8 and (yellow) wSwS; (b) shear stress components
(blue) uSvS, (red) uSwS and (yellow) vSwS. The black dashed

lines present the profiles of the major components of the full

Reynolds stresses: u2, v2 and w2 in the panel (a) and wv in the
panel (b).

colours representing the instantaneous distribution of the wall-
normal velocity fluctuation vS, while the large-scale secondary
flow structure is indicated by the black arrows representing
(wh,ul). The distribution of v$ clearly presents a band-like
turbulent region, and the existence of large-scale secondary
flows along the laminar—turbulent interfaces are also indicated
by (wk,ul). The panels (b1) and (b2) present the profiles of the
mean streamwise velocity U and the mean spanwise velocity
W, respectively. The profile of U somewhat deviates from the
laminar solution, and the profile of W indicates the presence of
non-zero spanwise mean flows, while the magnitude is about
1% of the mean streamwise, despite the spanwise symmetry of
the configuration.

Figure 3 presents the profiles of the small-scale parts of
SuS
[ — ! ]
wSuS, vSvS and wSwS in the panel (a), the small-scale part of
the velocity fluctuation accounts for most of the turbulent ki-
netic energy. Nearly 80% of the streamwise turbulent energy
u? is accounted for by its small-scale part 55, and the wall-

normal turbulent energy v2 is almost fully dominated by vSvS.

the Reynolds stresses u?u>. As indicated by the profiles of

As indicated by the wSwS, about half of the spanwise turbulent

energy w2 is also attributed to the small-scale turbulent mo-
tions. Summarising the tendencies indicated by the profiles of

uSuS, vSyS and wSwS in terms of their shapes and relative mag-
nitudes, the overall trend is qualitatively similar to the typical
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Figure 4. Profiles of small-scale parts of Reynolds stresses

scaled by u2: (a) normal stress components uSuS, vSvS and
wSwS; (b) shear stress components #SvS, uSwS and vSwS. The
line colours indicate the same stress components as in Fig. 3.
The black dashed line in the panel (b) present the profiles of the
secondary shear stress components of the full Reynolds stress

uw and vw.

turbulent energy distribution observed in fully-developed wall-
bounded turbulence.

Turning to the shear stresses components presented in
Fig. 3(b), uSvS is shown to be the most prominent among the
three shear stress components by having a significantly larger
magnitude. The secondary shear stress component VS is
nearly zero throughout the channel, and the other secondary

shear stress uSw* is also fairly small in magnitude throughout

the channel—although uSwS is not exactly zero unlike vSwS.

Except the non-zero uSw® component, these profiles of the
Reynolds shear stresses exhibit fairely similar trends as those
typically found in canonical wall turbulence. It is also shown
that the primary Reynolds shear stress uv is almost entirely ac-
counted for by the small-scale part u5vS, indicating that the
transport of the streamwise momentum in the flow is thor-
oughly due to the small-scale fluid motions.

On the other hand, the large-scale parts of the Reynolds
stresses presented in Fig. 4 exhibit entirely different char-
acteristics. Unlike their small-scale counterparts, ulul and
wlwL are of comparable magnitude, while vEvE is nearly zero
throughout the channel. This indicates that the large-scale
structure has velocity fluctuations of similar intensities in the
streamwise and spanwise directions, whereas its wall-normal
fluid motions are extremely weak. Furthermore, as indicated
by the profiles of the shear components in the right panel, uLvEt
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Figure 5. Budget balances of transport equations for small-
scale turbulent energies scaled by u?/v: (a) uSuS, (b) vSvS and
(c) wSwS. Only the lower half of the channel 0 < y/h < 0.5 is
shown in the wall units.

is nearly zero, unlike the canonical wall turbulence, and most
importantly the secondary shear stress components ulwl and
vEwL exhibit significant magnitudes—in particular, the mag-
nitude of ulwl is comparable to the primary shear stress uv
(compare Figs. 3(b) and 4(b)). These nonzero secondary shear
stresses clearly indicate a symmetry breaking in the span-
wise direction. Particularly, the negative ulwl corresponds
to the secondary flows along the turbulent band presented in
Fig. 2(a)—ul > 0 and w" < 0 on the upstream side and u’ < 0
and w” > 0 on the downstream side both result in ulwl < 0.
Now, we investigate the budget balance of the turbulent
energy transport for each large- and small-scale side based on
Eqs (3a) and (3b). Figure 5 presents the budget balances of the
transport equations of the small-scale parts of these turbulent

energies uSuS, vSvS and wSwS. These budget balances exhibit
qualitatively similar tendencies to those typically observed in
the canonical wall turbulence (see, for example, Pope, 2000);
only the streamwise turbulent energy uSuS has the energy gain
by the mean velocity gradient, PS, = —2uSvSdU /dy, and the
energy injected into uSuS via P3, is partly redistributed to vSvS
and wSwS via the pressure-strain correlations ITS, and TTS,,,
which are eventually transported in physical space by diffusion
terms and finally dissipated by the viscous dissipations. The
interscale flux terms in these transport equations, Try,, Try,
and Try,,, are shown to be negligibly small compared to the
other terms and to have only very minor contributions to the
budget balances. The observations described here suggest that
the sustaining mechanisms of the localised small-scale turbu-
lence are fundamentally similar to those of the canonical wall
turbulence.

The budget balances for the large-scale counterparts,
ulul, vEyL and wiwl, presented in Fig. 6 exhibit, on the other
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Figure 6. Budget balances of transport equations for large-
scale turbulent energies scaled by ui / Vv presented in the same

manner as in Fig. 5: (a) uLul, (b) vEvL and (c) whwtk.

hand, qualitatively different tendencies from the typical budget
balances of wall turbulence. In the budget balance for uLul in
Fig. 6(a), the diffusion terms DL‘,/;,L and Df,ﬁ exhibit remarkable
contributions in comparison to the other terms, unlike in the
budget on the small-scale side, but their qualitative tendencies
are similar to their small-scale counterparts—the turbulent dif-
fusion DLL% transfers energy from the central to the near-wall
regions of the channel and the viscous diffusion D,‘;;,L further
transports energy towards the wall vicinity, where the energy is
dissipated by the viscous dissipation 5514- The essential differ-
ence from the typical budget balances is indicated by the main
energy source. As shown by the blue solid line in Fig. 6(a), the
production term PuLu—the primary energy source in the typi-
cal energy budget balance—shows clearly smaller magnitudes
than the diffusion and dissipation terms. The role of the main
energy gain is, instead, played by the interscale energy flux
term, —7T'r,,, which clearly exhibits an energy gain that ex-
ceeds the contribution of PL in magnitude in the central region
of the channel. This indicates that more energy is transferred
from small-scale turbulence to the large-scale flows than from
the mean flow. Although —Tr,, exhibits a negative contribu-

tion, i.e., an energy transfer from uLul to uSuS, in the near-wall
region, the integral of —7'r,,, over the channel gives a positive
contribution, indicating that the net energy transfer over the
entire range of the channel is from uSuS to uluL, consistently
with previous investigation on the energy transport by Gomé
et al. (2023).

The interscale energy flux also plays a striking role in
the transport of the large-scale spanwise velocity fluctuation
wlwl. As shown in Fig. 6(c), the interscale energy flux term
exhibits energy transfers from the small-scale side to the large-
scale side over the entire range of the channel, clearly playing
the role as the primary energy source for the large-scale span-
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Figure 7. Cross-sectional distributions of velocity fluctuation and interscale energy fluxes: (a) small-scale part of turbulent en-
ergy <uSuS >; (b) interscale flux of streamwise turbulent energy T, s; (c) interscale flux of spanwise turbulent energy 7r,:. Here,
Zo 1s the spanwise coordinate of the centre of the turbulent band region, and the value are scaled based on u; and v. The white or black

lines in each panel present streamlines drawn based on ((wl), (vE)).

wise fluid motions. By comparing Figs. 6(a) and (c), one can
see that the magnitude of Tr,,, is comparable to that of Try,.
Such energy gains for ulul and wlwl with comparable mag-

nitudes are attributable to the fact that ulul and wSwS are of
comparable magnitudes as investigated in Fig. 4(a).

In contrast to Try, and Tr,,,, the interscale energy flux for
the wall-normal fluid motion exhibits energy transfer from the
large-scale side to the small-scale side, as shown in Fig, 6(b).
The primary energy source for vEvL is the energy redistribu-
tion from ulul via 1, similarly to the budget balance on the
small-scale side. The energy gain through II,,, i.e., the en-
ergy redistribution from ulul

ul or wiwL, presumably represents
the effect of pressure redirecting fluid motions in the x- or z-
directions into the y-direction to satisfy the continuity. The
energy gain by I, is balanced by —Tr,, indicating that the
large-scale wall-normal fluid motions breaks into small-scale
wall-normal fluid motions by the turbulent energy cascade.

It is worth recalling here that the contributions of these
interscale energy flux terms, Ty, Tr,, and Try,,, are fairly
negligible in the budget balance on the small-scale side, as in-
vestigated in Fig. 5(a). In fact, the net energy amount trans-
ferred from the small- to large-scale velocity fluctuations via
Tryy and Try,, is only about 7% of the total amount of the en-
ergy injected from the mean flow to the velocity fluctuations.
Hence, the energy transfers between the mean flows and the
large/small-scale part of the velocity fluctuations investigated
above suggest that the uniform shear by the flat plates gener-
ates the small-scale turbulence first, and the large-scale sec-
ondary flows then emerge from the small-scale turbulence by
receiving a slight amount through nonlinear scale interactions.

It is also noteworthy in the wliwk transport budget pre-
sented in Fig. 6(c) that the energy production PV%W exhibits neg-
ative values in the channel core region, which indicates that
kinetic energy is transferred from the spanwise fluid motions
of the large-scale secondary flows to the spanwise mean flow
W. The small-scale counterpart PS,, (the energy transfer be-
tween wSwS and the spanwise mean flow W) is, on the other
hand, not significant compared to Pvew. This is because these

productions are written as

aw
dy’

—dW
PL, = —2vlwl—

S _ S1,S
ww dv’ waf_sz

&)

and vSwS is far smaller than vEwL, as can be seen by compar-
ing Figs. 3(b) and 4(b). In fact, this negative energy produc-
tion PL is the primary energy source in the transport budget

of the spanwise mean flow energy w2 (not shown). Hence,
the kinetic energy associated with the spanwise fluid motions
is consistently transferred from smaller to larger scales: from
the localised turbulence to the large-scale secondary flows, and
further from the large-scale secondary flows to the spanwise
mean flows.

Finally, we adopt a spatial averaging along the turbu-
lent band region as considered in many earlier studies (e.g.,
Barkley & Tuckerman, 2007; Gomé et al., 2023), to visualise
the averaged flow patterns of the large-scale secondary struc-
tures. In the following, we retain the direction of the x- and
z-axes unlike in the previous studies where these directions
denote those along and perpendicular to the turbulent band,
but we average statistics in space along the band as well as
in time to investigate the spatial structures of the large-scale
structures and turbulent band. We denote the quantities aver-
aged in space along the turbulent band and in time as ( - ) in the
following; it should be noted here that averaging () further in
the z-direction {¢) results in ¢.

Figure 7 presents the cross-sectional distributions of the
along-band-averaged velocity fluctuation <uSuS > and inter-
scale energy fluxes Tryy s and Try,,st, which are defined by
replacing the averaging operators —== by (---) in Eq. (4). The
white or black lines with arrows in each panel indicate stream-
lines drawn based on the distributions of <vL> and <WL>, which
reveal the averaged cross-sectional flow pattern of the large-
scale secondary flows. As shown by Figs. 7(a), the streamlines
emerge from the centre of the turbulent region and are directed
towards the upper right and the lower left of the figure. This
cross-sectional flow pattern clearly leads to a positive correla-
tion between v- and w’, which is consistent with the profile of
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Figure 8. Energy flow map in the transitional turbulent plane
Couette flow. The arrows with different colours represent flow
of energy transfer by different terms in Egs. (3a) and (3b).
The numbers in parentheses indicate relative amount of energy
transfer (integrated across the channel) to the total primary tur-
bulent energy production P, = Pk +PS .

vEwL presented in Fig. 4(b). In fact, vEwL &~ (vE) (wl), indi-
cating that the cross-streamwise secondary flow indicated by
the streamlines are primarily responsible for the non-zero sec-
ondary Reynolds stress component vw.

As shown in Figs. 7(b) and (c), both Ty s and 17y, s in-
dicate negative energy flux, i.e., energy transfer from smaller
to larger scales, within the localised turbulent region. In partic-
ular, the energy flux of the streamwise turbulent energy 77,
exhibits forward transfer from the large to small scales in the
near-wall region, whereas the spanwise energy transfer 77y, st
shows inverse energy transfer throughout the turbulent region.
One can see from these figures that the inverse interscale en-
ergy transfers from the small- to large-scale side take place in
the core of the localised turbulent region.

DISCUSSION AND CONCLUSION

The energy transfers observed by the present analysis may
be summarised as illustrated in Fig. 8. The streamwise mean
flow—which is uniform in both the streamwise and spanwise
directions—gives kinetic energy to the large-scale secondary
flows and the small-scale localised turbulence through the tur-
bulent energy production Py, = —2avdU /dy = Pk, + P3,, and
about 97 % of the energy amount produced by the total produc-
tion P, goes directly to the small-scale turbulence via Pfu. The
kinetic energy injected to the small-scale turbulence is redis-
tributed among different velocity components and eventually
dissipated by viscosity, similarly in canonical wall turbulence.
The amount of kinetic energy supplied to the large-scale flows
is, on the other hand, only about 10 % of the total energy pro-
duction; 3 % is the energy transfer from the mean flow via
PL, and the rest 7 % is the inverse interscale energy transfers
from the small-scale side via T'ry, and Try,,. About 10 % of
the energy transferred from wSwS to whwl via Try,, is further
transferred to the spanwise mean flow by the negative energy
production PL, . As a whole, 0.13 % of energy extracted from
the mean flow to the velocity fluctuations comes back to the
mean flow as spanwise mean fluid motions.

The above-described energy transfer suggests that the uni-
form shear by the walls first generates small-scale turbulence,

and the oblique and large-scale secondary flows are produced
by the small-scale turbulence. This is certainly in line with the
investigation by Parente ef al. (2022) that spatially localised
perturbations give rise to the large-scale flows and seemingly
conflicts those studies suggesting that the oblique large-scale
flows generate and sustain the band-like localised turbulence
such as Duguet & Schlatter (2013) and Xiao & Song (2020),
for instance. However, these studies investigated temporal
growths of turbulent spots or turbulent bands of finite lengths,
whereas in the present study a periodic turbulent band at a
statistically steady state is investigated. Nevertheless, in the
present study the role of inverse interscale energy transfers
from the small-scale localised turbulence to the large-scale
secondary flows has been revealed. At least in the turbulent
band structures at statistical steady state as in the present sim-
ulation, the large-scale secondary flows along the oblique tur-
bulent band are sustained by receiving kinetic energy from lo-
calised small-scale turbulence, rather than produces it.
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