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ABSTRACT
We investigate multiscale amplitude modulation (AM)

and frequency modulation (FM) in turbulent boundary lay-
ers (TBLs) using single-point hot-wire data from the literature
at Reτ ≈ 15,000 (Baars et al., 2015, 2017) and Reτ ≈ 2,600
(Diwan & Morrison, 2018). Following the multiscale frame-
work of Liu et al. (2019), scales are grouped as small scales
(λ < 0.3δ ), large-scale motions (LSMs, 0.3δ–3δ ), and very-
large-scale motions (VLSMs, λ > 3δ ). Two systematic cut-
off sweeps are performed. In the first, the small-scale band
is fixed while the large-scale cutoff is varied; the AM coeffi-
cient rises and reaches a broad maximum, showing that mod-
ulation is supported by a finite range of large scales rather
than a narrowband of wavelengths. In the second, the large-
scale band is fixed using the cutoff identified from the first
exercise, while the small-scale cutoff is varied; AM increases
monotonically as small scales get finer. We extend the mul-
tiscale analysis to the buffer layer, a dynamically important
region of the TBL not covered in the ASL study of Liu et al.
(2019). In both exercises, the same pattern of increased AM
with greater scale separation is observed, with the buffer layer
exhibiting the strongest modulation levels. We also find a di-
rectional asymmetry: VLSMs do not effectively modulate the
LSM band, consistent with Liu et al. (2019). However, in
contrast to their ASL findings, LSMs in the present TBL do
modulate the smaller scales effectively—suggesting that the
strength of modulation depends on the degree of scale separa-
tion rather than on which specific band acts as the modulator.
We also carry out multiscale FM analysis using the wavelet-
based method of Baars et al. (2015). FM shows the same
overall directional trends as AM but with a less orderly re-
sponse at both Reynolds numbers. These results demonstrate
that modulation in TBLs is strongly scale-dependent and that
the strongest interaction occurs between well-separated scales.

INTRODUCTION
Turbulent boundary layers (TBLs) contain a wide range

of interacting scales, and this complexity increases with
Reynolds number. High-Reynolds-number TBLs are im-
portant both fundamentally—because of their well-separated
scales (Hutchins & Marusic, 2007)—and practically, due to
engineering relevance. A key challenge is to determine how
these scales interact, at a given location and over two different
locations. To address this, metrics such as amplitude modu-
lation (AM) and frequency modulation (FM) have been em-
ployed. Most AM studies at low to moderate Reynolds num-
bers divide scales into two groups, large and small, which

obscures details of multiscale interactions. There are only a
few studies that have examined modulation across multiple
scale combinations. They either deal with very high-Reynolds-
number TBLs or the atmospheric surface layer (ASL), where
strong scale separation and energetic very-large-scale motions
(VLSMs) make inner–outer interaction prominent (Mathis
et al., 2009; Liu et al., 2019). At laboratory-scale Reynolds
numbers, the natural scale separation is inherently weak com-
pared to the ASL; nevertheless, a multiscale study in this
regime can still reveal interesting features of the interaction
between different scale bands.

Several approaches have been proposed to quantify AM
in a TBL. Bandyopadhyay & Hussain (1984) introduced an
envelope-extraction method based on taking the absolute value
of the high-pass filtered signal, followed by low-pass filtering;
this was used later by Guala et al. (2011). Mathis et al. (2009)
employed the Hilbert transform to define the small-scale en-
velope, which has since become a standard practice. Baars
et al. (2015) introduced a wavelet-based approach, using the
instantaneous standard deviation of the small-scale signal as a
surrogate for the Hilbert-derived envelope. FM has received
comparatively less attention, with approaches such as binning
small-scale peaks relative to large-scale fluctuations (Ganap-
athisubramani et al., 2012) and wavelet-based instantaneous
frequency (Baars et al., 2015) being used for its quantification.

In this study, we extend the above frameworks to inves-
tigate multiscale AM and FM using experimental TBL data
from the literature at two Reynolds numbers: Reτ ≈ 15,000
from the Melbourne facility (Baars et al., 2015, 2017) and
Reτ ≈ 2,600 from Diwan & Morrison (2018). Our analysis
follows the multiscale framework of Liu et al. (2019), origi-
nally applied to the log region of the ASL, but here we extend
it to cover the buffer region through to the mid-logarithmic re-
gion. In the present paper, scales below 0.3δ are treated as
small scales, scales between 0.3δ and 3δ as large-scale mo-
tions (LSMs), and scales above 3δ as very-large-scale mo-
tions (VLSMs), following the classification of Balakumar &
Adrian (2007) also adopted by Liu et al. (2019). For compar-
ison with Liu et al. (2019), we use the same cutoffs for both
of our data sets. However, in the low-Reynolds-number TBL,
the weaker scale separation means that the lower LSM cutoff
at 0.3δ passes through the near-wall inner peak. We there-
fore also shift this cutoff to 1δ and 2δ to check whether the
observed trends remain robust when this overlap is reduced.

DATA AND METHODOLOGY
Both data sets described in the Introduction consist of

single-point hot-wire measurements of streamwise velocity at
several wall-normal locations covering the entire boundary-
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Figure 1. Validation of the numerical code. AM coefficient
as a function of wall-normal distance with the nominal cutoff
λ/δ = 1. Present calculations compared with data extracted
from Mathis et al. (2009).

layer thickness. The three-band scale classification, as de-
scribed in the Introduction, is used throughout.

The following are the definitions of AM and FM used in
this study. Amplitude modulation is quantified as the normal-
ized correlation between the large-scale velocity component
and the large-scale part of the envelope of the small-scale sig-
nal (Mathis et al., 2009):

AM =
⟨uL EL(uS)⟩

⟨u2
L⟩1/2 ⟨EL(uS)2⟩1/2

, (1)

where uL and uS denote the large- and small-scale compo-
nents of the streamwise velocity fluctuation, respectively, and
EL(uS) is the low-pass-filtered envelope of the small-scale sig-
nal obtained via the Hilbert transform.

Frequency modulation is evaluated using the wavelet-
based instantaneous-frequency method of Baars et al. (2015):

FM =
⟨uL f ′S,L⟩

⟨u2
L⟩1/2 ⟨( f ′S,L)

2⟩1/2
, (2)

where f ′S,L is the large-scale fluctuation of the instantaneous
small-scale frequency. The instantaneous small-scale fre-
quency fS(t) is obtained as the centroid of the local wavelet
power spectrum over the small-scale range; the detailed pro-
cedure is described in Baars et al. (2015).

RESULTS AND DISCUSSION
Before proceeding further, we present a validation of our

numerical code. Figure 1 shows the standard AM variation (for
the cutoff λ/δ = 1) with wall-normal distance, compared with
data extracted from Mathis et al. (2009) at similar Reynolds
numbers. Our results are consistent with the published data.
Next, we present exercises to investigate multiscale interac-
tions in the TBL.

Exercise 1: Fixed small scales, variable large-
scale range

In the first exercise, the small scales are fixed to wave-
lengths shorter than λHP/δ (λHP = 0.3δ ), while the large-
scale cutoff is swept from λLP = 0.5δ up to 30δ . Here, the

Figure 2. Cutoff-selection strategy. The 0.1-level contour of
the normalized premultiplied energy spectrogram defines the
energetic envelope. The lower envelope sets the minimum
small-scale cutoff and the upper envelope sets the maximum
large-scale cutoff, ensuring that all sweeps remain within en-
ergetically significant regions.

subscripts HP and LP denote the high-pass and low-pass cut-
offs, respectively. To ensure that only energetic scales are in-
cluded, the premultiplied spectra are normalized by the global
maximum of spectral energy, and the 0.1 contour level is ex-
tracted from the spectrogram (figure 2). This contour de-
fines the energetic envelope, with the lower envelope giving
the minimum λHP/δ and the upper envelope giving the maxi-
mum λLP/δ at each wall-normal location. As shown schemat-
ically in figure 2, the purple line marks the fixed small-scale
bound λHP/δ = 0.3 while the red dashed line indicates the
large-scale cutoff λLP being swept upward. The energetic en-
velope constrains only these cutoff positions—the upper limit
of the small-scale filter and the lower limit of the large-scale
filter—so that the red dashed line never crosses the upper en-
velope; the filtered signals themselves include all scales below
and above these limits, respectively.

This analysis is conducted from the buffer layer up to the
mid-logarithmic region, where amplitude modulation (AM)
typically changes sign from positive to negative when using
the nominal cutoff of λ = δ . In figure 3(a), increasing the
large-scale lower cutoff from the lower to the upper limit
causes AM to rise and reach a maximum, beyond which AM
shows a gradual decrease. When the upper limit of the sweep
is extended beyond 30δ , some AM curves at specific wall-
normal locations show a more rapid decline; however, these
ranges are also restricted by the minimum energetic envelope,
and such results are not shown here. The broad maximum
and plateau behaviour observed for most of the logarithmic
region is consistent with the ASL results of Liu et al. (2019),
who also report broad plateaus at comparable wall-normal lo-
cations. However, in their data a few wall-normal locations
near the lower end of the log layer exhibit comparatively nar-
row peaks, a feature that is less prominent in the present TBL
data.

When a similar exercise is repeated for the moderate-
Reynolds-number case (Reτ ≈ 2,600), the results are qualita-
tively similar but there is no clear maximum as in the high-Reτ

TBL; instead, the curves show a gradual and sustained increase
without reaching saturation. The inset in figure 3(a) presents
the corresponding data at comparable y+ for Reτ ≈ 2,600, and
one can clearly see this difference.

Thus, for a fixed range of small scales, AM generally in-
creases as the large-scale cutoff moves farther from this range,
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Figure 3. AM coefficient at Reτ ≈ 15,000. (a) Exercise 1:
fixed small scales (λ/δ < 0.3), large-scale cutoff λLP/δ

swept. Inset: same exercise for the Reτ ≈ 2,600 TBL; colours
represent the same y+ locations as in the main panel. (b) Exer-
cise 2: fixed large scales (cutoff from Exercise 1), small-scale
cutoff λHP/δ swept. Inset: same exercise for the Reτ ≈ 2,600
TBL; colours represent the same y+ locations as in the main
panel. Rectangular symbols: buffer-region locations; circular
symbols: log-region locations.

before reaching a maximum (and in some cases decreasing at
very low-energy large scales). This indicates that not all large
scales are equally effective modulators. We therefore define
the most effective large-scale cutoff as the point where AM
attains its maximum value. These cutoffs are then used as
the lower limits of the large-scale band at the respective wall-
normal locations for the subsequent exercise.

Exercise 2: Fixed large scales, variable small-
scale range

In the second exercise, the large-scale cutoff from Exer-
cise 1 is kept fixed, and the small-scale cutoff is swept down-
ward from just below this cutoff to the lower limit of the en-
ergetic envelope (figure 2). As shown in figure 3(b), AM in-
creases monotonically as the small-scale cutoff moves toward
finer scales. Unlike in the ASL study by Liu et al. (2019),

no plateau or local maximum is observed even within the log
layer; instead, AM attains its highest values at the smallest en-
ergetically admissible scales. In the buffer region, AM values
reach 0.85–0.90 (at certain wall-normal locations), which is
remarkably high. This suggests that the most effective large-
scale modulators act most strongly on the smallest available
scales, highlighting that modulation becomes more efficient
as the scale separation between large and small motions in-
creases. The overall trend for the Reτ ≈ 2,600 case is the same
(see inset in figure 3b); the magnitude is simply shifted down-
ward compared to the Reτ ≈ 15,000 case.

Modulation of small scales by LSMs
In addition to the above exercises, we evaluate the capac-

ity of LSMs to be modulated by VLSMs and to modulate the
small scales. Liu et al. (2019) reported that LSMs are not ef-
fective in either role. In our study, we likewise find that LSMs
are not effectively modulated by VLSMs (figure 4a). However,
they do exhibit a noticeable capacity to modulate the small
scales (figure 4b), although their influence is weaker compared
to that of VLSMs. Moreover, as shown in figure 4(b), lower-
ing the cutoff that separates LSMs from the small scales leads
to progressively stronger AM. One thing to note is that LSMs
and VLSMs are structures found in the log layer (Balakumar
& Adrian, 2007), and in the buffer layer what we measure is
effectively their footprints. The nomenclature used here does
not cause any issue because the lower limit of the LSM band
(0.3δ ) still lies above the near-wall spectral peak, which rep-
resents the near-wall small scales or streaks. In the case of
the LSM-to-small-scale interaction, as we move closer to the
wall and into the buffer region (which was not covered in the
ASL study of Liu et al. 2019), LSMs show a clear ability to
modulate the small scales, since the near-wall region is more
populated by finer-scale motions. Here too, band separation is
the key factor: what matters for AM is not whether the large
scales are classified as LSMs or VLSMs, but how far separated
they are from the small scales.

For the Reτ ≈ 2,600 case, the overall behavior remains
similar (figure 7c,d). The VLSM→LSM interaction is still
weak, with only a small positive AM at some near-wall lo-
cations and no clear wall-normal behaviour. In contrast, the
LSM→small-scale interaction shows the same dependence on
scale separation as in the Reτ ≈ 15,000 case, but at a con-
sistently lower level, indicating a Reynolds-number-dependent
reduction in amplitude. At this lower Reynolds number, how-
ever, the nominal lower LSM cutoff of 0.3δ passes through
the near-wall inner spectral peak, so the fixed cutoff does not
cleanly separate small and large scales close to the wall. To
assess whether these observations are a consequence of poor
scale separation in the near-wall buffer region, we also carry
out band-sensitivity tests, discussed later.

FREQUENCY MODULATION
The same two exercises described above for AM are re-

peated for the FM analysis (figure 5). The overall directional
trends are similar: FM increases as more large scales are in-
cluded in the modulating signal, and it also increases as the
small-scale cutoff is moved toward finer scales. However, the
FM response is noticeably less orderly than the corresponding
AM at both Reynolds numbers.

In Exercise 1, at Reτ ≈ 15,000 (figure 5a), the FM curves
are either saturated or only weakly increasing, and they also in-
tersect each other at several points. This implies that the incre-
ment of FM with the same range of large scales is not as grad-
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Figure 4. LSM-related AM at Reτ ≈ 15,000.
(a) VLSM→LSM: AM of the LSM band (0.3 ≤ λ/δ ≤ 3)
modulated by VLSMs (λ/δ > 3). (b) LSM→small scales:
AM of small scales (λ/δ < 0.3) modulated by the fixed LSM
band. Symbols as in figure 3.

ual as in the AM case, and hence the range of effective large
scales that modulate the smaller ones may not be the same
as for AM. At Reτ ≈ 2,600 (inset in figure 5a), the buildup
is more gradual and no clear saturation is reached within the
plotted range.

In Exercise 2, the trend is more or less recovered: FM in-
creases as the small-scale cutoff is moved toward finer scales.
However, the FM curves remain less orderly than their AM
counterparts at both Reynolds numbers. At Reτ ≈ 15,000 (fig-
ure 5b) the trends are broadly monotonic but show flattening,
crossings between wall-normal locations, and patches of weak
non-monotonicity that are absent in the corresponding AM. At
Reτ ≈ 2,600 (inset in figure 5b) the irregularity is more pro-
nounced: some curves level off, some recover at the largest
λHP/δ , and some outer locations approach zero or turn weakly
negative over part of the sweep.

FM of the LSM interactions
The same directional asymmetry observed in AM also ap-

pears in FM (figure 6). When the LSM band is treated as the
modulated band and the VLSM cutoff is swept, the FM re-
mains weak at both Reynolds numbers (figure 6a). The values
stay small, are sensitive to sign, and do not show any clear
wall-normal trend. The VLSM-to-LSM frequency modulation
is therefore weak, just like the corresponding AM.

For the LSM-to-small-scale interaction (figure 6b), the
FM becomes clearly positive and increases as the small-scale

cutoff decreases. At Reτ ≈ 15,000, this interaction is strong
and well organized, with the largest values in the buffer layer.
At Reτ ≈ 2,600, the FM is weaker but follows the same trend
(results not shown here).

BAND-SENSITIVITY TESTS
The scale cutoffs used in this study were chosen for com-

parison with the ASL results of Liu et al. (2019). Since we ex-
tend our analysis to the buffer layer, some additional clarity is
needed regarding the applicability of these cutoffs in the near-
wall region. LSMs and VLSMs are structures found in the log
layer, and their cutoffs are used as a rule of thumb following
Balakumar & Adrian (2007). In the buffer region, the near-
wall spectral peak is the signature of small scales (streaks),
and LSMs and VLSMs only show their presence there in the
form of footprints.

For the Reτ ≈ 15,000 case, the premultiplied spectrogram
(figure 7a) shows that the 0.3δ separation lies above the near-
wall spectral peak, so the small-scale and large-scale defini-
tions are not affected. However, for the Reτ ≈ 2,600 case, the
premultiplied spectrogram (figure 7b) shows that the 0.3δ cut-
off actually cuts through the near-wall spectral peak itself, and
hence the fixed LSM band contains near-wall small scales too.
To avoid this, we shift the lower limit of the LSM band to 1δ

and then to 2δ , which places it above the inner spectral peak
(or at least avoids cutting through it). Both the AM and FM
metrics are then recomputed.

VLSM→→→LSM interaction. In both AM and FM, the
small correlation obtained with the nominal 0.3–3δ band at
Reτ ≈ 2,600 collapses toward zero when the lower edge is
raised to 1δ and 2δ (figure 7c). Doing so actually decreases
the band separation with the VLSM range, and the already
weak modulation in the 0.3δ case becomes much weaker.
Combined with the already weak response observed at Reτ ≈
15,000, this confirms that the VLSM-to-LSM interaction is in-
trinsically weak at both Reynolds numbers.

LSM→→→small-scale interaction. When the lower edge is
raised from 0.3δ to 1δ and then to 2δ , the modulation becomes
stronger at Reτ ≈ 2,600 (figure 7d). This is because the spec-
trally mixed lower portion of the LSM band was diluting the
modulation signature rather than contributing to it. Once ex-
cluded, the remaining upper part of the LSM range (λ/δ ≳ 1)
produces a clearer and stronger modulation of the finer scales,
which is again consistent with increased scale separation be-
tween the LSM band and the small scales.

The band-sensitivity tests confirm that the weak VLSM-
on-LSM modulation is a robust result, not a band-definition
artifact.

CONCLUSIONS
A multiscale analysis of amplitude modulation (AM) and

frequency modulation (FM) has been carried out in turbulent
boundary layers at Reτ ≈ 15,000 and Reτ ≈ 2,600, by using the
framework of Liu et al. (2019) for the logarithmic and buffer
regions. The main findings are as follows.

1. For a fixed small-scale band, AM increases as the large-
scale cutoff is moved to larger wavelengths and reaches a
broad maximum, indicating that modulation is supported
by a finite range of large scales. At low Reynolds number,
no clear maximum is observed; instead the curves show a
gradual and sustained increase.

2. For a fixed large-scale band, AM increases monotonically
as the small-scale cutoff is pushed toward finer scales,
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Figure 5. Frequency modulation from the large-scale and small-scale cutoff sweeps. (a) Large-scale sweep at Reτ ≈ 15,000 for
fixed small scales (λ/δ < 0.3); inset shows Reτ ≈ 2,600. (b) Small-scale sweep at Reτ ≈ 15,000 for fixed large scales; inset shows
Reτ ≈ 2,600. Rectangular symbols: buffer-region locations; circular symbols: log-region locations.

Figure 6. FM of the LSM-related interactions. (a) VLSM→LSM: FM of the LSM band (0.3 ≤ λ/δ ≤ 3) with the VLSM cutoff
swept. (b) LSM→small scales: FM of small scales (λ/δ < 0.3) modulated by the fixed LSM band. Symbols as in figure 5.

with buffer-layer values reaching 0.85–0.90. This con-
firms that modulation is strongest when the interacting
scales are well separated.

3. VLSMs do not effectively modulate the LSM band, con-
sistent with Liu et al. (2019). However, unlike their
ASL findings, LSMs in the present TBL do modulate the
smaller scales effectively. This shows that the degree of
scale separation, rather than the nominal classification of
the modulating band, controls the strength of modulation.
This finding is likely related to two factors: first, our anal-
ysis extends to the buffer layer where the small scales are
finer and hence even LSMs have sufficient scale sepa-
ration to produce meaningful modulation—a region not
covered by Liu et al. (2019); and second, at laboratory
Reynolds numbers the relative energy content of LSMs
compared to VLSMs is higher than in the ASL. Separat-
ing these two effects requires further investigation.

4. The FM analysis, presented here for the first time, shows
the same directional trends as AM but with a less orderly
response. In Exercise 1, the FM curves show saturation
and mutual crossings, suggesting that the range of effec-

tive modulating scales may differ from that for AM. In
Exercise 2, the monotonic trend with finer small scales is
recovered.

5. Band-sensitivity tests confirm that the VLSM-to-LSM in-
teraction is intrinsically weak at both Reynolds numbers.
Raising the lower LSM boundary from 0.3δ to 1δ and
2δ strengthens the LSM-to-small-scale modulation, con-
sistent with increased scale separation once the spectrally
mixed content near the inner peak is excluded.

An interesting trend emerges when comparing the ASL
data of Liu et al. (2019) with our two Reynolds numbers: in
Exercise 1, the AM curves show clear peaks or plateaus in the
ASL, broader plateaus at Reτ ≈ 15,000, and no clear maxi-
mum at Reτ ≈ 2,600—the curves simply keep rising. That
is, the tendency to reach saturation reduces as Reynolds num-
ber decreases. This can be understood from the spectral struc-
ture. At high Reynolds number, the energy spectrum has dis-
tinct, well-separated peaks (inner, LSM, VLSM) with clear
gaps between them. Once the dominant modulating peak is
captured in the sweep, adding more scales contributes little,
and the curve saturates. At lower Reynolds number, these
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Figure 7. Band-sensitivity tests at Reτ ≈ 2,600. (a) Premultiplied spectrogram at Reτ ≈ 15,000. (b) Premultiplied spectrogram
at Reτ ≈ 2,600. (c) VLSM→LSM: AM with the nominal 0.3–3δ band and the narrower 2–3δ band for selected y+ locations.
(d) LSM→small scales: AM with the nominal 0.3–3δ band and narrower LSM bands for selected y+ locations. In (c) and (d),
solid lines with circles denote the 0.3–3δ band and dashed lines with diamonds denote the narrower bands.

gaps shrink and the energy is spread more continuously across
scales. There is no single dominant modulating band causing
saturation, so each additional large scale still adds to the mod-
ulation. Scale separation thus becomes the controlling factor.
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