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ABSTRACT

A novel framework, homogeneous buoyant turbulence
(HBT), is proposed as a means of modeling the fine turbulence
structure found in Rayleigh-Taylor (RT) instabilities. The
methodology builds on an existing framework that leverages
self-similarity to produce a statistically stationary RT mixing
layer (SRT). By homogenizing the flow variables through ana-
lytical transformations, source terms are derived which, when
applied in a triply periodic box domain, produce a homoge-
neous stationary flow. HBT statistics, including probability
density functions, energy spectra, and velocity gradient vari-
ances, show a high degree of fidelity to far more expensive
direct numerical simulations (DNS) of the full RT instability.

MOTIVATION

Rayleigh-Taylor instabilities are a feature of several flows
of scientific interest, including atmospheric flows, stellar inte-
riors, supernovae, and inertial confinement fusion. They are
characterized by a heavy fluid lying above a light fluid within
a gravitational field. Disturbances in the interface between the
fluids are induced to grow by the vertical pressure gradient,
eventually forming a turbulent mixing layer. At late times, the
layer has been observed to grow in a manner predicted by self-
similarity analysis (Ristorcelli & Clark, 2004).

DNS of practical RT flows is prohibitive, and cheaper
large eddy simulations are not yet reliable in the absence
of subgrid-scale models experimentally validated for buoyant
flows. Nonetheless, it is possible to resolve a canonical prob-
lem, termed a temporally evolving RT layer (TRT), where two
semi-infinite reservoirs of heavy/light fluid are initially sepa-
rated by a perturbed interface. They can be characterized by
two parameters, a bulk Reynolds number and Atwood number:
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where & is some metric for the layer height, and py and py, are
the densities of the heavy and light fluids. One of the largest

studies of this kind was the DNS of Cabot & Cook (2006),
which reached 30723 grid cells at the latest stage of the layer’s
growth. Unfortunately, TRT requires a growing computational
grid to contain the growing mixing layer. Moreover, effects
of the initial conditions persist at late times, and data at the
largest Reynolds number are limited to a single timestep.

These numerical obstacles have motivated the develop-
ment of frameworks to reproduce the statistics of RT insta-
bilities in flows with simplified computational domains. Both
homogeneous decaying buoyant turbulence (Livescu & Ris-
torcelli, 2007) and stationary inhomogeneous buoyant turbu-
lence (Chung & Pullin, 2010) have been induced in periodic
box domains. Carroll & Blanquart (2015) produced a peri-
odic box buoyant flow that is both stationary and homogeneous
by adding source terms to the Navier-Stokes equations. How-
ever, the forms of these terms lack physical justification. Goh
& Blanquart (2025) proposed SRT, where the lengthscales of
the TRT equations are rescaled by their expected self-similar
growth to produce a stationary TRT.

To date, a framework to model RT turbulence which is
fully homogeneous, is stationary in time, and generates turbu-
lence through a physics-derived mechanism has not yet been
proposed. This work presents homogeneous buoyant turbu-
lence (HBT), which satisfies each of these criteria. Here, its
formulation is outlined, and its fidelity to TRT is validated.

STATIONARY HOMOGENEOUS RT FLOW

The canonical TRT is governed by continuity, a momen-
tum equation, and a transport equation for a scalar Y:
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Figure 1: Terms in budgets for (a) transformed kinetic energy and (b) the transformed scalar variance versus turbulent
Reynolds number, evaluated at the midplane of SRT cases G1-4 of Goh & Blanquart (2025).

where u; is velocity, p is density, p is pressure, V is the kine-
matic velocity, 7;; is the viscous stress tensor, g is gravitational
acceleration, and D is the diffusivity of Y. Y represents either
the mass fraction of the lighter of two mixing fluids or a non-
dimensionalized temperature, and can be related to the density
through an ideal gas equation of state of the form:

1

aY +f )
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The flow dynamics are independent of the values of ¢ and
B if pr and py are held fixed. For simplicity of the present
analysis, it is assumed 8 = 0. Throughout this analysis, over-
lines indicate ensemble averages and primes indicate fluctua-
tions, while tildes and double primes indicate Favre averages
and their fluctuations: X =X +X' =X + X" = pX/p+X".

The governing equations for HBT are derived using two
transformations. The first was used for SRT:
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where & is a measure of the mixing layer height, 7, is an ar-
bitrarily chosen instant in time, and &; ; is the Kronecker delta
function. The vertical direction corresponds to the index 1.
The transformation represents a rescaling by the expected self-
similar growth of lengthscales and velocity scales.

A second transformation is then applied:
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X, is the vertical location of the midplane, defined as where
d[puy(x1,1,)]/dx; = 0. This transformation removes the mean
gradients in p* and p* at the midplane while retaining a near-

zero mean gradient in p*u*;. This is to maximize the homo-
geneity of the variables in the vicinity of the midplane.

These transformations are substituted together into the
TRT equations, then evaluated near t* = ¢,, and x*{ = X,, such

that h(t) ~ h(t,), W (t) = K (t,), and p(x1,2,) = P (%o, ). This
results in a set of equations identical to TRT but with addi-
tional source terms. One source term appears in the continuity
equation, but it is found to vanish at high Reynolds number
and is neglected. The kinetic energy equation becomes:
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where k is the kinetic energy, € is the viscous dissipation rate,
T, = h(t,)/H (t,) is the characteristic timescale of the TRT
layer growth at r =1,, and A, = p(xo,%,)/(dp/dx1)lx, s, is the
characteristic lengthscale of the density variation at x; = x,
and r =t,.

Similarly, the scalar variance equation becomes:

Y2 _9y*"? Jui'y? T el
orr “ dx; ox; ox}
%,_/%,_/%,_/
1 11 111
2y 2 * *
Y [ 1 dp*dY
2 +p% " " opyr | 2P 9T
v
v VI
—d (1dp (w+ua)Y¥2 _wf'y¥y*
—2DY¥2— [ = 21 1 9
9x; (ﬁ ax’l‘) + Ao Ao ©)
VI Vi X

where Y is the viscous dissipation rate.
Figure 1 (a, b) gives the normalized values of the kinetic
energy and scalar variance budget terms at the midplanes of
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SRT DNS, plotted against Reynolds number. Terms consis-
tently less than 1% of buoyant production (term V) in figure
1 (@), or less than 1% of mean gradient production (term IX)
in figure 1 (b), are omitted. All terms appear insensitive to
Reynolds number. Terms IX, and X, and XI in the kinetic en-
ergy budget, along with terms III and VI in the scalar variance
budget, are each less than 5% of the buoyant production, and
so can be neglected. The turbulent and pressure transport (term
I) in the kinetic energy budget and the turbulent scalar trans-
port (term II) in the scalar variance budget, each arise from
residual inhomogeneity in the transformed variables, and so
cannot be included directly in HBT.

Of the source terms resulting from the transformations,
only two have significant contributions (term VI, the layer
growth term, for kinetic energy and term IX, the mean gra-
dient production, for scalar variance), so only these terms are
retained explicitly in the HBT governing equations:
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where the final terms in the momentum and scalar equations
arise from the layer growth and mean gradient production
terms, respectively.

Equations (10)-(12) thus govern a flow which is station-
ary, on account of the transformation of Eq. (6), approximately
homogeneous, on account of the transformation of Eq. (7), and
representative of an RT instability in the vicinity of r =, and
X1 = X,. When implemented in a periodic box, they produce
a stationary homogeneous flow whose small scales model the
small scales of the TRT midplane. Because global quantities
like the bulk Reynolds and Atwood number are not defined in
the HBT configuration, it is instead parameterized by two lo-
cal statistics, the turbulent Reynolds number and an effective
Atwood number:
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NUMERICAL IMPLEMENTATION

The HBT Egs. (10)-(12) are implemented in DNS with
triply periodic box boundary conditions. To close the equa-
tions, the parameters 7, 4,, and g must be specified.

To determine 7,, it is noted that in figure 1 (a) the ra-
tio between the layer growth term VI and the viscous dissipa-
tion term III is approximately constant with Reynolds number.
This implies that the ratio between the turbulence timescale
T, = k/€ and 1, is a constant (= 0.41) in the self-similar limit.
At each timestep in HBT, the instantaneous value of 7; is cal-
culated in terms of volume averages, then the constant ratio is
enforced to define 7,. Because this ensures that the ratio of
layer growth to dissipation in the HBT kinetic energy budget
adheres to the value observed in SRT, deviation of the HBT
energy dynamics from SRT due to neglected terms in Eq. (8)

manifests as a reduction in the buoyant production; likewise,
neglected terms in the scalar variance budget emerge as a re-
duction in the mean gradient production.

Rather than prescribing constant values for g and A,, con-
stant rates of kinetic energy and scalar variance injection, Py
and P,,, are imposed on the gravity and mean gradient terms in
the momentum and scalar transport equations. The modified
terms take the forms:
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Where angle brackets indicate volume averages. This mod-
ification, inspired by a similar modification used for linear
forcing in homogeneous isotropic turbulence (Rosales & Men-
eveau, 2005; Carroll & Blanquart, 2013), has the effect of
reducing temporal fluctuations in HBT, reducing the amount
of data necessary to obtain converged statistics through time-
averaging.

The finite difference solver NGA (Desjardins et al., 2008)
is used to solve the conservative form of the HBT Egs. (10) -
(12). The reader is referred to Desjardins et al. (2008) for full
details of the numerical methods used.

VERIFICATION OF HBT PROPERTIES

Figure 2 shows density fields for both the TRT DNS case
of Goh & Blanquart (2025) and the R4 case of HBT. The TRT
clearly shows the heavy and light fluid (py = 3pr) reservoirs
at the top and bottom of the domain, with a highly turbulent
region of high density variance at the center. The HBT field,
despite lacking the reservoirs, maintains a similar degree of
density variance via the mean gradient term in Eq. (12), with
the density fluctuating more than 40% above and below the
mean value. The insets at the center of Figure 2 illustrate the
modeling capability of HBT. A small region near the midplane
of the Goh & Blanquart (2025) TRT is seen to resemble a re-
gion of the HBT.

In order to verify the statistical stationarity of HBT and
examine of the effect of the modifications of Eq. (14), Figure
3(a, b) shows the density-weighted volume averages for two
cases of HBT, plotted against time. These are shown along-
side midplane data of a corresponding SRT case. Qualitatively,
the simulations appear stationary in time after a short transient
evolution, visible in the inset of figure 3(a). The modification
not only succeeds in reducing the magnitude of the temporal
fluctuations, but also improves their fidelity by bringing them
further in line with SRT data, which has far smaller fluctua-
tions than HBT with the unmodified forcing.

To determine whether the cascade dynamics in HBT ac-
curately represent SRT and TRT, the 2D spectral budgets of
kinetic energy and scalar variance of both an HBT case and an
SRT case have been plotted in Figure 4 (a, b). These are cal-
culated by taking the 2D Fourier transform (in the horizontal
directions) of the momentum and scalar equations, multiply-
ing by the conjugate of the Fourier transforms of the velocity
and scalar, taking the real part, then integrating around annuli
of constant wavenumber in wave vector space.

The terms of HBT and SRT nearly collapse at all but
the smallest four wavenumbers, demonstrating that the small-
scale time dynamics of SRT and TRT turbulence is captured
by HBT. The errors in the large scales are limited to the con-
vection, pressure, and buoyant production in the kinetic energy
budget, and to the convection and mean gradient production in
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Figure 2: Density fields for TRT (left) and HBT (right). For the TRT, Re ~ 6400, At = 0.5. For the HBT, Re; = 1090,
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Figure 3: Time series data for the density-weighted volume averages of (a) the turbulent kinetic energy and () the scalar
variance for HBT (Re; = 200, Atesr = 0.28), with and without the source term modification, and SRT (Re; = 240, Ater =
0.23 at midplane). Values are normalized by the time-average.

the scalar variance budget. This is expected, as the convec-
tion and pressure terms in the kinetic energy equation of SRT
include the pressure transport, turbulent transport, and other
terms neglected in HBT, which, as stated earlier, emerge in
HBT as a reduction in the buoyant production. The same is
true for the convection of the scalar variance budget, where
the neglected terms emerge in HBT as a reduction in the mean
gradient production.

COMPARISON OF HBT TO TRT

To validate HBT’s ability to model high-Reynolds num-
ber TRT, HBT cases are compared to the TRT DNS of Cabot
& Cook (2006).

Figure 5 (a) shows probability density functions (PDF) of
the normalized density for both TRT and HBT. The PDFs share
the same qualitative shape: a skewed bell curve. Differences
between the TRT and HBT distributions are small enough over
most of the distribution to be attributed to statistical fluctua-
tions. Noteworthy differences appear only near the edges of
the distributions; while HBT smoothly decays to zero at both
ends, the TRT distributions spike upward then stop at distinct
limits. These two limits correspond to the properties of pure

heavy/light fluids. The violation of these bounds in HBT arises
from the introduction of a source term to the scalar transport
Eq. (12). Since the discrepancies are limited to the fringes of
the distribution, which account for only a small fraction of the
total fluid mass, HBT’s overall fidelity seems to have not been
harmed by the loss of imposed scalar bounds.

Figure 5 (b) shows variances of components of the veloc-
ity gradient tensor du;/dx; across x; for TRT, overlain with
HBT values. The ratios of components and their departure
from isotropic values is nearly identical between TRT and
HBT. This indicates that the degree of anisotropy in the ve-
locity field is similar between the two frameworks, especially
at the small scales. Moreover, the gradient variances are nearly
constant across the layer so that, by this metric, HBT remains
representative of TRT beyond just the midplane location.

Figure 6 (a) shows the 2D spectra, where EiZiD is the 2D
spectrum of u;, of the vertical and horizontal velocity at the
midplane of TRT, overlain with the spectra of HBT, while 6
(b) gives the spectral anisotropy:

E?D 1
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Figure 4: 2D spectral budgets for (a) kinetic energy and () scalar variance for the midplane of SRT (Re; =350, At =0.23
at midplane; solid lines) and HBT (Re; = 350, At = 0.27; dotted lines). Terms are multiplied by k for visibility.

for HBT alongside its range of fluctuations in TRT. Except at
the lowest HBT wavenumber, the results for the two configura-
tions collapse within statistical fluctuations for both the verti-
cal and horizontal components, and the HBT anisotropy spec-
trum remains within the range of TRT fluctuations at nearly all
wavenumbers. Thus, HBT captures both the spatial structure
of the TRT velocity field and the anisotropy between velocity
components across almost all lengthscales.

Figure 7 (a) gives the density 2D spectra, Egg , for TRT
and HBT, while Figure 7 (b) gives the spectral coherence be-
tween the vertical velocity and density:
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for HBT, with the range of fluctuations for TRT. E 125 is the 2D
cospectrum of u; and p. The density spectra collapse within
statistical fluctuations and the HBT coherence remains within
the range of TRT fluctuations at all but the lowest wavenumber.
Thus, HBT captures not only the spatial variation of density,
but also the correlation of this variation with vertical velocity,
responsible for kinetic energy production through buoyancy.

The HBT spectra’s fidelity to TRT, despite occupying a
smaller range of wavenumbers, illustrates HBT’s ability to de-
couple the small-scale TRT turbulence from large-scale struc-
tures. Notably, HBT is able to achieve this agreement with
a grid size of 3203 compared to TRT’s 30723, demonstrating
significant computational savings.

CONCLUSION

The HBT framework for modeling TRT turbulence in a
stationary homogeneous flow is presented. Using variable
transformations, two source terms are derived to produce tur-
bulence in a triply periodic box. The resulting flow success-
fully models the small-scales of TRT turbulence, including
cascade dynamics, PDFs, anisotropy, and turbulence spectra,
while avoiding a large, costly computational grid. We foresee
that HBT will lead to greater physical insight into Rayleigh-
Taylor instabilities and will assist as an inexpensive a priori
and a posteriori test bed in the development of buoyancy-
focused subgrid-scale models.
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Figure 5: (a) PDFs for the density, normalized by its mean, and (b) variances of the velocity gradient tensor, normalized

by the variance of the longitudinal derivative of horizontal velocity. Data is shown for the Cabot & Cook (2006) TRT
(Re; = 2000, Ategsr = 0.23 at midplane) and HBT (Re; = 2010, Ater = 0.24)
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Figure 6: (a) 2D velocity spectra for the midplane of the Cabot & Cook (2006) TRT (Re; ~ 3500, At = 0.23), and HBT
(Re¢ ~ 3360, Ator = 0.24) normalized by € and v, and (b) spectral anisotropy of the velocity field.
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Figure 7: (a) 2D velocity spectra for the midplane of the Cabot & Cook (2006) TRT and HBT (same parameters as above)
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