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ABSTRACT
Inertial heavy particles exhibit a nonuniform spatial distri-

bution in turbulence, which is known as inertial particle clus-
tering. The divergence and convergence behaviors of the par-
ticles in homogeneous isotropic turbulence are investigated
to gain insight into the clustering behavior of inertial par-
ticles beyond the preferential concentration mechanism. A
tessellation-based technique is applied to direct numerical sim-
ulation data to quantify the velocity divergence for several
Stokes numbers. Conditional statistics of the particle veloc-
ity divergence show that, for small Stokes numbers, the diver-
gence reflects the local flow structure, obeying the preferen-
tial concentration mechanism. Effects of nonlocal clustering
mechanism become more significant as the Stokes number in-
creases. The results also show a mixed influence of the pref-
erential concentration and nonlocal clustering mechanisms for
St ≈ 1.

INTRODUCTION
In environmental and industrial flows, one frequently ob-

serves inertial heavy particles suspended in turbulent flow:
e.g., cloud droplets, aerosols and volcanic ash in atmospheric
flows and fuel droplets in spray combustion. Inertial particles
show nonuniform spatial distribution, referred to as cluster-
ing, in turbulent flows due to deviation of the inertial parti-
cle trajectory from the fluid particle trajectory. For recent re-
views on the inertial particle dynamics in turbulence, we refer
to Refs. Brandt & Coletti (2022); Bec et al. (2024). When
the relaxation time τp of the particle motion is smaller than
the flow time scale, the preferential concentration mechanism
(Maxey, 1987; Squires & Eaton, 1991) plays a dominant role
for the clustering formation: the particles are swept out from

high-vorticity regions and concentrated in high-strain regions.
In contrast, for larger particle relaxation time, the clustering
formation can be explained by the nonlocal mechanism (Gus-
tavsson & Mehlig, 2011; Bragg & Collins, 2014; Bragg et al.,
2015), i.e., the particle clustering behavior is not dependent
only on the local flow structure. To understand the clustering
formation process, the divergence of the particle velocity is an
important quantity. However, computation of the divergence
is not straightforward because of the unstructured nature of
Lagrangian particles. Recently, Oujia et al. (2020) proposed
a tessellation-based technique to compute the divergence di-
rectly based on position and velocity data of discrete particles,
and Maurel–Oujia et al. (2024) improved the stability and ac-
curacy of the technique. In this work, this novel tessellation-
based technique is applied to Lagrangian inertial particle data
obtained from direct numerical simulation (DNS) to get in-
sights into the roles of the different clustering mechanisms.

COMPUTATIONAL METHODS
Three-dimensional DNS of particle-laden homogeneous

isotropic turbulence is performed to obtain the particle posi-
tion and velocity data. The fluid flow is governed by the fol-
lowing incompressible Navier–Stokes equations and solved in
the Eulerian framework.

∂uuu
∂ t

+uuu ·∇uuu = −∇P+ν∇
2uuu+ fff , (1)

∇ ·uuu = 0, (2)

where uuu is the fluid velocity, P is the pressure per density,
and fff is the external forcing to maintain statistically station-
ary isotropic turbulence. The kinematic viscosity is denoted
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by ν . The particles are assumed to be small, heavy and spheri-
cal Stokes particles and tracked in the Lagrangian framework.
The equation of particle motion are given as follows:

dxxxp

dt
= vvvp, (3)

dvvvp

dt
= −

vvvp −uuu(xxxp)

τp
, (4)

where xxxp and vvvp are the position and velocity of a Lagrangian
particle, uuu(xxx) is the fluid velocity at position xxx, and τp is the
relaxation time of the particle motion. The above governing
equations are solved in a cubic computational domain with pe-
riodic boundaries. The details of the computational method
are described in, e.g., Onishi et al. (2011) and Matsuda et al.
(2021). The simulations are performed with 5123 grid points
and 1.07 × 109 particles. The Taylor-microscale Reynolds
number of the obtained turbulent flow is Reλ = 204. The par-
ticle inertia is represented by the Stokes number defined as
St = τp/τη , where τη is the Kolmogorov time.

The divergence of particle velocity ∇ ·vvv is a crucial quan-
tity to understand the clustering formation, where vvv denotes
the particle velocity field in the continuous setting. To cal-
culate the particle velocity divergence ∇ · vvv based on the dis-
crete particle data, we apply the novel tessellation-based tech-
nique (Oujia et al., 2020; Maurel–Oujia et al., 2024). When
we apply the Voronoi tessellation to the particles distributed in
space, each cell segmented by the Voronoi diagram has volume
Vp that approximately corresponds to the inverse of the local
number density. The time change of this volume thus permits
to determine the divergence of the particle velocity.Therefore,
the divergence ∇ · vvv can be approximately determined by

∇ · vvv ≈ D(xxxp) =
1

Vp

DVp

Dt
. (5)

Positive divergence values correspond to void formation, while
negative values indicate cluster formation.

RESULTS AND DISCUSSION
Figure 1 shows spatial distributions of the particle veloc-

ity divergence D for St = 0.1, 1.0 and 5.0. For St = 0.1, pos-
itive divergence values (red) are observed in the periphery of
void regions, and negative divergence values (blue) are mostly
found inside cluster regions. For larger St, some cluster re-
gions exhibit both positive and negative divergence values. We
now examine the relationship of such divergence distribution
with the preferential concentration mechanism.

The preferential concentration mechanism is explained
based on Maxey’s approximation (Maxey, 1987), in which the
particle velocity divergence is given by

∇ · vvv = 2τpQ+O(τ2
p), (6)

where Q is the second invariant of the velocity gradient ten-
sor of the fluid flow field. Positive and negative Q values
represent rotational and strain dominated regions of the fluid
flow, respectively. This approximation is valid for St ≪ 1.
Figure 2 shows the joint probability density functions (PDFs)
P(np,Q) (left column) of the invariant Q and the number den-
sity np = 1/Vp and the conditionally averaged particle veloc-
ity divergence ⟨D⟩ (right column) for given values of Q and

(a)

(b)

(c)

Figure 1. Spatial distribution of the inertial particles colored
by the particle velocity divergence D for (a) St = 0.1, (b) St =
1.0 and (b) St = 5.0.

np, i.e., ⟨D⟩(np,Q) =
∫+∞

−∞
DP(D ,np,Q)dD/P(np,Q), where

P(D ,np,Q) is the joint PDF of D , np and Q. Here Q is normal-
ized by using τη while np is normalized by the mean number
density np = (2π)3/Np, where Np is the number of particles.
The conditionally averaged divergence ⟨D⟩ is normalized by
using τη and τp. For St = 0.1, the conditionally averaged di-
vergence ⟨D⟩ shows positive values for Q > 0 and negative
values for Q < 0. The positive ⟨D⟩ values are skewed on the
void side (np/np < 1), while the negative ⟨D⟩ values are on
the cluster side (np/np > 1) in agreement with the joint PDF.
These results indicate that the preferential concentration mech-
anism plays the dominant role for the clustering for St = 0.1.
For St = 5.0, the conditionally averaged divergence ⟨D⟩ does
not show clear dependence on Q, and large variance of the
divergence is observed on the cluster side. These results indi-
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cate that the nonlocal clustering mechanism plays an important
role instead of the preferential concentration mechanism. For
St = 1.0, similar to St = 5.0, large variance of the divergence
is observed on the cluster side, indicating the contribution of
the nonlocal clustering mechanism. On the void side, however,
we can also observe positive values of ⟨D⟩ for Q > 0. This in-
dicates that the preferential concentration mechanism partially
contributes to the void formation, while the nonlocal clustering
mechanism is significant in cluster regions.

CONCLUSIONS
The divergence of velocity of inertial heavy particles in

homogeneous isotropic turbulence has been quantified by ap-
plying the novel tessellation-based technique to DNS data to
get insights into the particle clustering formation process. The
joint PDFs and the conditionally averaged divergence of par-
ticle velocity are quantified based on the tessellation-based
analysis. The results show that the preferential concentra-
tion mechanism plays the dominant role for the clustering
for St = 0.1, and this mechanism becomes less significant as
the Stokes number increases. The results also show that for
St = 1.0, the preferential concentration mechanism partially
contributes to the void formation, while the nonlocal clustering
mechanism plays an important role in cluster regions, which
becomes even more pronounced for St = 5.0.
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Figure 2. (a, c, e) Joint PDFs of np and Q and (b, d, f) conditionally averaged particle velocity divergence ⟨D⟩ for given values of np

and Q for (a, b) St = 0.1, (c, d) St = 1.0 and (e, f) St = 5.0.
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