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ABSTRACT
Precise simulation of turbulent boundary layers in the

presence of a strong adverse pressure gradient remains an es-
sential challenge for industrial applications. Reynolds stress
models (RSMs) provide an effective framework for address-
ing this; however, theoretical analysis of standard RSMs has
highlighted certain shortcomings. Notable issues include the
inaccurate prediction of the logarithmic layer slope and the
failure to capture the square-root region when subjected to a
strong adverse pressure gradient. To resolve these discrepan-
cies, a two-layer elliptic blending model with a specific dissi-
pation scale is proposed. The model successfully recovers key
flow features, accurately predicting the slopes of both the log-
arithmic and square-root layers under strong adverse pressure
gradient conditions.

INTRODUCTION
A primary challenge in aircraft design is to accurately and

efficiently simulate complex industrial flows. To meet these
demands, Airbus, ONERA and DLR introduced CODA (Ste-
fanin Volpiani et al., 2024), a new generation, computational
fluid dynamics (CFD) solver. To succeed, models used in these
simulations must preserve fundamental physics, particularly
within the turbulent boundary layer (TBL). Because TBLs in-
volve complex, multi-scale fluctuations, selecting and validat-
ing a robust turbulence model is essential.

Eddy Viscosity Models (Menter, 1994; Spalart & All-
maras, 1992) are commonly used for turbulence modelling
in CFD. These models are computationally efficient but can
exhibit weak prediction capabilities in complex flow situa-
tions. This study focuses on strong adverse pressure gradi-
ents (APG), which strongly influence both the mean flow pro-
files and the Reynolds stress distributions in turbulent bound-
ary layers.

Inaccurate predictions in strong APG conditions highlight
the limitations of standard models and motivate the search
for advanced alternatives. This study relies on two state-of-
the-art Reynolds-stress models: the SSG-LRR-ω model (Eis-
feld et al., 2016) and the Elliptic-Blending Model (EB-RSM)
(Manceau, 2015). While the SSG-LRR-ω model utilizes a nu-
merically robust specific dissipation-scale, ω , it struggles to
accurately capture near-wall Reynolds profiles. Conversely,

the EB-RSM relies on the dissipation-scale ε directly and lacks
proper calibration for strong APG conditions. This study aims
to develop an ω-based Reynolds stress model calibrated for
strong APG conditions. The EB-RSM is selected as the base-
line model due to its superior performance in estimating near-
wall turbulence quantities.

TURBULENT BOUNDARY LAYERS UNDER
STRONG ADVERSE PRESSURE GRADIENTS

A zero-pressure gradient turbulent boundary layer (TBL)
is structured into an inner viscous region and an outer iner-
tial region. At high Reynolds numbers, these are linked by
a logarithmic layer where the velocity follows U+ ∝ logy+.
In the viscous sublayer, the no-slip condition forces veloc-
ity to zero. The balance of viscous diffusion, dissipation,
and pressure-strain redistribution (Pope, 2000) partially deter-
mines the damping of Reynolds stresses. Within the logarith-
mic zone, the mean velocity profile slope is defined from the
von Kármán coefficient (κ), depending on an equilibrium be-
tween Reynolds stress production, dissipation, and pressure-
strain redistribution (Durbin & Reif, 2010). This equilibrium
starts to change when an adverse pressure gradient is intro-
duced. The extent of the logarithmic zone decreases, and it
becomes confined closer to the wall. The boundary layer un-
der a strong adverse pressure gradient is illustrated in figure
1.

When the Clauser parameter β = δ ∗

τw

dP
dx > 10 (Townsend,

1980), a square-root zone emerges where velocity follows Ũ ∝√
ỹ. Here, the velocity U and wall coordinate y are normalized

by the pressure-based friction velocity up, indicated by the ’˜’
symbol. dP

dx stands for the pressure gradient, τw the wall shear
stress and δ ∗ the displacement thickness. Predicting this zone
is essential for accurate CFD results.
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(1)
Data from the Skåre and Krogstad diffuser (Krogstad &

Skåre, 1995) yields a square-root slope of 0.28. This is close
to the value of 0.31 of Knopp et al. (2021), though lower than
the value of 0.45 found by Kader & Yaglom (1978) or 0.57
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Figure 1: Regions in a boundary layer under a strong adverse pressure gradient

by Afzal (2008). In the outer region, wall constraints vanish
and inertial effects dominate the wake zone and turbulent-non-
turbulent interface. At the turbulent-non-turbulent interface,
convection and turbulent diffusion reach equilibrium (Catris
& Aupoix, 2000) as the flow reaches freestream conditions.

MODEL ANALYSIS
This study employs a theoretical framework based on

boundary layer simplifications (Pope, 2000). By applying spe-
cific assumptions across different boundary layer zones, we
establish and solve systems of equations to evaluate the per-
formance of various turbulence models. These assumptions
are summarized in Table 1.

In the viscous sublayer, the objective is to estimate the
near-wall damping of the Reynolds stresses. This feature
partly controls the correct peak of the Reynolds stresses in the
buffer layer. Manceau & Hanjalić (2002) showed that their
near-wall formulation of the pressure-strain term and the Rotta
model (Rotta, 1951) for the dissipation tensor, with an ε-scale
for the dissipation equation, provide a correct damping of the
normal Reynolds stress tensor components. The current work
considers an ω-scale, based on equation 4. The influence of
this scale change is analyzed using power-law expansions of
the turbulent variables based on the wall distance y. With
these expansion coefficients αq can be determined, as seen in
table 1. Constant αq determines how strongly the turbulent
variables are damped near the wall, influenced by the equi-
librium between viscous diffusion Dvi j , the dissipation εi j and
pressure-strain redistribution Πi j . This analysis indicates that
the Reynolds stresses are damped too strongly (eq. 2) with an
ω-scale, as DNS data (Pope, 2000) indicates that u′2,w′2 ∝ y2,
v′2 ∝ y4 and u′v′ ∝ y3.

u′2,w′2 ∝ y
1+

√
1+ 24β∗

Cω2
2 ∝ y3.23, v′2,u′v′ ∝ y

1+
√

1+ 144β∗
Cω2

2 ∝ y7.10

(2)
In the logarithmic region, the goal of the analysis is the es-
timation of the response to the pressure gradient of the Von
Kármán constant (κ). To investigate the effects of a pressure-
gradient on κ , Taylor series expansions on the turbulent vari-
ables are performed based on the pressure gradient. An anal-
ysis of near-wall conservation of momentum shows a corre-
lation between p+y+, the wall-normalized pressure gradient

and wall coordinate and u′v′
+

, the wall normalized Reynolds
shear stress (Catris & Aupoix, 2000). The turbulent variables
are expressed in the Taylor series expansion of the same vari-
able (eq. 3). ai j is the Reynolds anisotropy tensor and its Tay-
lor series components. The main objective is to have a Von
Kármán constant at zero pressure gradient (κ0) of 0.39 and to
have a Von Kármán constant that decreases with the pressure
gradient (κ1 < 0). These conditions are consistent with experi-
mental data (Knopp et al., 2021; Wu et al., 2019; Lee & Sung,
2009).

−u′v′
+
= 1+ p+y+ ai j = ai j0 +ai j1 p+y+, κ = κ0+κ1 p+y+

(3)
A similar analysis, guided by different underlying physical
principles, is performed for the square root layer. A different
variable normalization based on p+ allows an analysis with the
goal of finding the right value of the slope of this region (κsq)
(table 1). Coefficients Aq and rq represent the Taylor series
coefficient and power, respectively.

To properly model the outer region of a turbulent bound-
ary layer, a model must both predict the wake and ensure the
mean flow quantities transition smoothly at the boundary layer
edge. This smoothness is essential to guarantee that the pre-
diction is not overly sensitive to free-stream conditions. The
analysis for the turbulent edge is conducted for a thin layer.
For the longitudinal velocity profile, a self-similar form near
the boundary edge is assumed. The mean flow and turbu-
lence variables are expanded as powers of λ , a normalized
wall coordinate. The values of the power coefficients control
the smoothness of the solution reached at the edge of the TBL.

MODEL DESIGN AND CALIBRATION
While the EB-RSM accurately predicts Reynolds stress

and mean flow profiles in zero-pressure gradient conditions
(Manceau, 2015), its performance diminishes when subjected
to strong adverse pressure gradients. The EB-RSM begins to
underpredict the slope of the logarithmic layer and fails to pre-
dict the square-root zone (Sporschill et al., 2022). Moreover,
the ε-scale poses numerical robustness issues. The SSG-LRR-
ω model struggles to accurately capture near-wall Reynolds
stresses in a zero-pressure gradient flow. However, the ω-scale
does provide numerical robustness. The aim is to mitigate the
shortcomings of both models and design an ω-based elliptic
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Region RSM budget Mean flow Normalization Turbulent var. Visualization

Viscous sublayer Dvi j +Πi j − εi j = 0 U+ = y+ uτ =

√
τwall

ρ
q = q0yαq

Logarithmic zone Pi j +Πi j − εi j = 0 U+ =
1
κ

log(y+)+B uτ =

√
τwall

ρ
q+ = qo +q1 p+y+

Square-root zone Pi j +Πi j − εi j = 0 Ũ =
2

κsq

√
ỹ up =

(
ν

ρ

d p
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)1/3

q̃ = Aqỹrq

Boundary layer edge Uk
∂Ri j

∂xk
= DT

i j

U =Uext −uτ F ′(λ )

F ′ = Fext −Auλ
eu

λ = 1− y
δ
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√
τwall

ρ
Q = Aqλ

eq

Table 1: Overview of the different assumptions in the analysis of different zones

blending model. This model is based on a generalized trans-
port equation (eq. 4) for the specific dissipation. k represents
the turbulence kinetic energy and P the production thereof. νt
is the eddy viscosity, the Ci j are the model coefficients and
β ∗ = 0.09 . The present model introduces additional diffu-
sion terms. These terms provide additional degrees of freedom
to calibrate the model, notably regarding pressure gradient ef-
fects. The calibration of the model is based on the theoretical
analysis presented in the previous section

A two-layer model was conceived, as a unique set of coef-
ficients applicable across the whole boundary layer thickness
cannot be achieved, even when considering all degrees of free-
dom. Actually, the outer region must be separated from the
inner region to properly account for the growth of energy in
the large-scale structures of a TBL in the presence of an APG
(Harun et al., 2013). The inner model correctly captures the
behaviour of the viscous sublayer and the logarithmic zone,
while the outer model accurately represents the square-root
zone and the boundary layer edge. An optimization algorithm
is used to find the right coefficients that fulfil all the require-
ments. The outcomes of the calibration are summarized in ta-
ble 2.
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(4)

A blending function is required to divide these two regions.
Sporschill (2021) conceived a blending function based on the
F1 function by Menter (1994). The function extends the vis-
cous part of the blending function to the edge of the logarith-
mic zone. As this function appears to perform relatively well,
it is also used in this model, albeit with a slight change of the
constant, Czone=2500. It reads:

fzone = 1− tanh
(

ζ
4
)
, ζ =Czone

ν

ωy2 (5)

To achieve the correct near-wall damping, Cν is intro-
duced in the ω-equation (eq. 6). Cν serves as a damping co-
efficient on the viscous diffusion to compensate for the scale

change. Cν = 0.277 leads to the correct damping of the normal
Reynolds stresses (eq. 7). u′v′ is still damped too strongly, but
this is an inherent property of the Manceau and Hanjalić near-
wall formulation of the pressure-strain term (Manceau, 2015).
The boundary condition of ω also has to be corrected due to
the changed viscous diffusion (ω0 =Cν

6ν

Cω2 y2 ).

0 =−Cω2 ω
2 +Cν ν

∂ 2ω

∂y2 (6)

u′2,w′2 ∝ y
1+

√
1+ 24Cν β∗

Cω2
2 ∝ y2, v′2,u′v′ ∝ y

1+
√

1+ 144Cν β∗
Cω2

2 ∝ y4

(7)

In the logarithmic and square root regions, the dissipa-
tion equation coefficients are optimised to achieve the desired
behaviour, following the model analysis procedure. No theo-
retical analysis is performed for the wake region, but careful
optimisation of its production and dissipation coefficients is
carried out. At the turbulent-non-turbulent interface, eu > 1 is
ensured. The model performance is summarised in Table 3.

Model κ0 κ1 κsq e−u e+u

Two-Layer RSM 0.39 -0.06 0.28 2.0 2.34

Exp. ≈ 0.39 ≈ -0.1 ≈ 0.28 1-15 1-15

Table 3: Perfomance of the newly conceived model

RESULTS
The model is validated for its intended use in high

Reynolds number, turbulent flows with smooth geometry, such
as those over wings and airfoils. The model should perform
well both in zero-pressure gradient and strong pressure gradi-
ent flows. This study presents three test cases: a zero-pressure
gradient flat plate and two windtunnel diffuser cases to inves-
tigate the impact of a strong adverse pressure gradient.

The simulations are performed with the new-generation
Airbus-DLR-Onera CFD solver, CODA (Stefanin Volpiani
et al., 2024). The CODA simulations are performed using
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Cω1 Cω2 Cω Ckk Ckω Cωω

Inner layer model 0.440 0.0747 5.80 0.0 -0.74 0.69

Outer layer model 0.51 0.0696 2.21 0.71 -0.85 1.00

Table 2: Calibrated model constants

a second-order finite volume scheme with a Roe scheme for
the convective part. To ensure numerical stability and avoid
convergence issues, the transport equations for the turbulence
variables are discretized using a first-order scheme.

Zero-Pressure Gradient Flow
Prior to addressing complex, pressure-gradient-driven

flows, it is essential to validate the turbulence model’s perfor-
mance in the context of a turbulent boundary layer on a flat
plate. The zero-pressure gradient flat plate case benchmarks
the simulation of the Reynolds stress tensor components and
ensures the proper development of a turbulent boundary layer.
The model is compared to the EB-RSM, which gives satis-
factory results for the flat plate case (Manceau, 2015). The
case is set at Re = 106, based on a 2m plate and at a Mach
number of 0.2. A comparative analysis of the friction coeffi-

Figure 2: Comparison of skin friction progression on a
flat plate compared to DNS data (Sillero et al., 2013)
(Mach = 0.2)

cient for the flat plate case against Sillero’s DNS data (Sillero
et al., 2013) is presented in Figure 2. The two-layer RSM
demonstrates strong agreement with the reference data. These
results suggest that the proposed model is well-suited for zero-
pressure gradient conditions. Regarding the Reynolds stresses
at Reθ = 4040 (Figure 3), the two-layer model slightly under-
predicts the v′v′

+
profile and slightly overpredicts the u′u′

+

profile.

Skåre and Krogstad Diffuser
The Krogstad & Skåre (1995) setup is designed to inves-

tigate the response of a turbulent boundary layer to a sustained
adverse pressure gradient. Through the use of a variable upper-
wall profile, the experiment generates a strong adverse pres-
sure gradient along the lower wall, pushing the flow near the
separation point. Because it offers high-fidelity measurements
of Reynolds stresses, mean velocities, and surface pressure, it
remains a valuable benchmark for assessing the accuracy of
turbulence models in adverse pressure gradient conditions.

Figure 3: u′iu
′
j
+

distribution (TL = Two Layer) on a flat
plate compared to DNS data (Sillero et al., 2013) (Reθ

= 4040, Mach = 0.2)

Figure 4: Illustration of the Skåre and Krogstad diffuser

Figure 5 shows the mean-flow results of the newly conceived
model. The two-layer RSM model now predicts the logarith-
mic zone slope to steepen slightly at a von Kármán coefficient
of 0.37, just as the model was designed to do. The square-root
zone is also well represented with a von Kármán constant of
0.28. Figure 6 shows the Reynolds stress distributions at the
last test section. The two-layer RSM model accurately depict
the peak of kinetic energy in the buffer layer and the outer
layer. The v′v′

+
profile is slightly underestimated.

Figure 7: Illustration of the DLR/UniBw Experiment,
recreated from (Knopp et al., 2021)
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Figure 5: Mean flow Comparisons on the Skåre and Krogstad diffuser (Reθ = [41580,46250,50980], β = [19.1,19.2,18.9])

(a) Reynolds shear stress u′v′
+

(b) Reynolds normal stress u′u′
+

(c) Reynolds normal stress v′v′
+

Figure 6: Reynolds stress distribution comparisons on the Skåre and Krogstad diffuser (Reθ = 50980, β = 18.9)

DLR/UniBw Experiment

Figure 8: Skin friction coefficient progression on the
DLR/UniBw experiment (Re = 25.1 million, Mach =
0.11)

An experimental investigation into adverse pressure gra-
dient (APG) effects was conducted by Knopp et al. (2021)
using a ramp-induced deceleration. This configuration drives
the boundary layer towards separation, reaching Reθ = 57363
and a pressure gradient parameter β = 26.37 at the final mea-
surement station. Unlike the equilibrium flows studied by
Krogstad & Skåre (1995), the DLR/UniBw experiment in-
volves a non-equilibrium boundary layer where spatial devel-

opment significantly influences the flow physics. All measure-
ments were taken at a subsonic Mach number of around 0.1.

Figure 9: Mean flow Comparison on the DLR/UniBw
experiment (Uin f = 36 m/s, Reθ = 57363, β = 26.37)

Figure 8 tracks the skin friction coefficient across the test
section. The two-layer RSM provides a reliable representation
of the C f progression under strong APG conditions; however,
it deviates as separation approaches, resulting in an underesti-
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mation of the skin friction in that specific area. Figure 9 de-
picts the wall-normalized mean velocity profile at X = 9.94
m. The two-layer RSM again accurately predicts the different
zones of the boundary layer. Both the slope of the logarithmic
and square-root zones are well captured, despite a slight over-
estimation in the square root region. The model demonstrates
strong overall performance in this APG case.

Conclusion
Accurately modelling turbulent boundary layers under

strong adverse pressure gradients remains a critically impor-
tant challenge for industrial applications. This can be effec-
tively addressed by Reynolds stress models (RSMs). Particular
limitations of the EB-RSM and SSG-LRR-ω models, are the
incorrect prediction of the logarithmic layer slope and the ab-
sence of a square-root region when a strong adverse pressure
gradient is encountered. To address these issues a two-layer
elliptic blending model with a specific dissipation scale is pro-
posed. This new model successfully predicts key flow features,
including the correct slope of both the logarithmic and square-
root layers under APG.

To enhance the model’s robustness, future research will
investigate its performance under compressibility, rotation,
and favourable pressure gradients. Also, we can expect to re-
produce similar effects obtained from the additional diffusion
terms of equation 4 directly from a recalibration of the redis-
tribution term, or by adding third order contributions to the
SSG models. Such modifications, or a reinforcement of the
present strategy may be deduced from a dissipation budget ob-
tained from a DNS in an adverse pressure gradient configura-
tion. However, so far, no such data were available.
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