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ABSTRACT 

Estimation of turbulent flows from limited measurements is 
a long-standing challenge, particularly for a channel flow where 
wall information weakly correlates with the outer-layer 
dynamics. In the present study, an adjoint‐variational approach 
is employed to estimate a flow state of a fully developed 
turbulent channel flow with wall measurements. Multiple 
estimates are generated by assimilating the same wall 
measurement from different initial conditions, and their 
ensemble mean and standard deviation are subsequently 
analysed. The standard deviation among the different estimates 
is smaller than the fluctuations of the ensemble mean within the 
near-wall region of 50 in the wall unit, while their deviation 
become prominent outside the region, suggesting the non-
uniqueness of a flow state in the outer layer. Furthermore, the 
region with a high standard deviation value is observed to shift 
from the high-speed streaks to the low-speed streaks as it moves 
away from the wall, indicating that the predictions of sweep in 
the inner layer and ejection in the buffer layer are particularly 
challenging and have larger uncertainty. 
 
INTRODUCTION 
 

Estimation of turbulent flows based on limited and possibly 
noisy measurements is important in flow control and 
environmental prediction, remaining one of fundamental 
problems in fluid mechanics. As a representative of non-
intrusive observables, wall measurement has often been 
considered, while the estimation of the complete flow state from 
the wall information is challenging due to the weak correlation 
between near-wall and outer-layer dynamics.  

Flow estimation strategies for data assimilation are generally 
categorized into model-based and data-driven approaches. 
Model-based methods such as adjoint-variational techniques 
(Bewley and Protas, 2004) and Kalman filtering (Kim and 
Bewley, 2007) allow to ensure physical consistency of the 
estimated flow by exploiting the governing equations, while they 
usually suffer from high computational costs. Data-driven 

approaches such as linear stochastic estimation (Suzuki and 
Hasegawa, 2017) and deep neural networks (Cuéllar et al., 2024) 
are less expensive, while there is no guarantee that their 
predictions satisfy the governing equations. Regardless of 
employed schemes, existing studies have commonly shown that 
only the vicinity region of the wall can be accurately estimated, 
while the estimation error becomes significant beyond a certain 
height from the wall. This is primarily caused by the inherent ill-
posedness of a flow estimation problem, where wall information 
is insufficient to uniquely determined the entire flow state. In the 
present study, we tackle this problem by an ensemble approach, 
by conducting multiple estimations based on the same wall 
measurement, and the statistical properties of the ensembles are 
analyzed to discuss the variations of possible flow states for the 
same wall measurements. This allows us to quantify the 
uncertainty in the flow estimation based on wall measurement. 

 
 

METHODOLOGY 
 

In this study, direct numerical simulation (DNS) of turbulent 
channel flow is performed at a bulk Reynolds number of 𝑅𝑒𝑏 =
2𝑈𝑏ℎ

𝜈
= 5693  under a constant flow rate, where 𝑈& is the bulk 

mean velocity, ℎ  is the half channel height, and 𝜈  is the 
kinematic viscosity of the fluid. The fluid is assumed to be 
incompressible and Newtonian, governed by the continuity and 
Navier–Stokes equations. No-slip boundary conditions are 
imposed at the top and bottom walls, while periodic boundary 
conditions are applied in the streamwise (x) and spanwise (z) 
directions, while the wall-normal direction is denoted by y. 
DNSs are conducted using the open-source solver Incompact3D 
(Laizet and Lamballais, 2009). Detailed numerical 
configurations are summarized in Table 1.  

In the present study, the true flow state is obtained from DNS 
from a particular initial state of a fully developed turbulent 
channel flow. Then, the space and time evaluation of the wall 
measurement is extracted. The wall measurement is used for 
flow estimation starting from a completely uncorrected 
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instantaneous flow field from the fully developed turbulent 
channel flow under the same Reynolds number as that of the true 
field. The unique feature of the present study is that we obtain 
multiple estimations starting from uncorrelated initial fields with 
the same wall measurement and examine how the multiple 
estimated flow states evolve in time. As for data assimilation, we 
employed an adjoint-based method, where the initial flow field 
following cost function is minimized: 
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where 𝛼', 𝛼*, 𝛼0  are weighing factors; 𝑢,𝑤, 𝑝 are streamwise 
velocity, spanwise velocity and pressure, respectively, while 
𝑢), 𝑤), 𝑝) are the corresponding measurements on the wall , 
and the subscript 𝑤𝑎𝑙𝑙  represents the wall quantities. The 
integration is carried out over the top and bottom walls 𝑆, and 
the assimilation horizon 𝑇1 is set as 50, where the superscript ‘+’ 
denotes normalization in wall units. This corresponds to one 
Lyapunov time scale 𝜏𝜎

+ = 50 (Wang et al., 2022) for channel 
flow under the same Reynolds number. The adjoint governing 
equations for minimizing the cost functional (1) can be derived 
as: 
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= 0, (2) 
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with the following boundary conditions on the two walls: 
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Here, the quantity with a superscript * denotes the corresponding 
adjoint quantity. 𝑛*+,, = 1 for the upper wall, whereas 𝑛*+,, =
−1 for the lower wall. 

The adjoint fields are solved backward in time to compute 
the gradient of the cost functional (1) with respect to a prescribed 
initial condition 𝒖(𝒙, 𝑡	 = 	0). The gradient is used to iteratively 
update the initial condition, and the optimized state after about 
200 iterations will serve as the starting point for the next 
assimilation horizon. Repeating this procedure yields flow 
estimations up to 𝑡1 = 1200 from multiple initial conditions. 
Totally N = 100 estimates are performed simultaneously by 
using the wall measurement from the true state.  

 
 

RESULTS AND DISCUSSIONS  
 

To quantify the uncertainty in the estimates, the ensemble-
averaged field and the standard deviation (Std) of the estimates 
around their ensemble mean are introduced. Also, the root-
mean-square of the ensemble-averaged field on the wall-parallel 
plane of interest is defined to evaluate the fluctuating intensity. 
Then, their ratio 𝑅7  is further calculated to quantify their 
magnitude as 
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where the tilde denotes an ensemble mean as 𝜙T> =
∑ 7#$%
$&'
?

, 𝜙 
refers to a flow quantity, i.e., 𝑢, 𝑣, 𝑤, 𝑝. ⟨∙⟩BC represents a spatial 
average in the x-z plane.  

Besides, the correlation coefficient 𝐶7  between the 
ensemble-averaged field and the true field is calculated by 
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where the subscript 𝑡  and 𝑒  denote estimated and true flow 
quantities, respectively. A dashed quantity indicates the 
fluctuation of the quantity by subtracting their corresponding 
time-averaged values. 

Figure 1 shows the temporal evolution of 𝑅7 along the wall-
normal direction. In the wall-normal direction, 𝑅7  increases 
towards the channel center, as it relies solely on wall 
measurements. As assimilation proceeds, the decrease of 𝑅7 
indicates the dependence of the estimation results on the initial 
values gradually diminishes. Previous study by Wang et al. 
(2022) shows that, the accurate estimation can only be achieved 
within 𝑦+ < 20. This is further confirmed by multiple estimates 
in the present study. Due to the limitation of the wall observation, 
𝑅7 < 1 is achieved in the vicinity of the wall within 𝑦+ < 50, 
while the uncertainty near the channel center remains large.  

Figure 2 shows the temporal evolution of 𝐶7 along the wall-
normal direction. Initially, high correlation appears only near the 
wall, while the outer region is essentially uncorrelated. As 
assimilation proceeds, 𝐶7  gradually increases across the wall-
normal direction, indicating that the ensemble-averaged field 
approaches the true field until 𝑡+ = 1200. 

The similarity between the turbulent structures of the true 
field and of the ensemble-averaged field is further quantitatively 
evaluated through the intersection over union of 𝑄  criterion 
𝐼𝑜𝑈G , which is defined as the ratio of the region of their 
intersection to the region of their union by 

𝐼𝑜𝑈G =
|𝑉> ∩ 𝑉F|
|𝑉> ∪ 𝑉F|

, (7) 

where 𝑉 represent the total volume where the local 𝑄 criterion is 
larger than a threshold. A higher 𝐼𝑜𝑈G,  indicates a higher 
similarity in the vortex structures between estimated and the true 
fields. Figure 3 presents the temporal evolution of 𝐼𝑜𝑈G, along 
the wall-normal direction with a threshold of 𝑄  = 0.5. 𝐼𝑜𝑈G 
exhibits low values in the outer region 𝑦1 	> 	50 , since the 
ensemble mean filters out fluctuations. In contrast, high values 
of 𝐼𝑜𝑈G , appear in the near-wall region 	𝑦1 	< 	25 . This 
indicates that wall measurements can reconstruct near-wall 
turbulent structures with higher fidelity, consistent with the 
results in Figure 2. 

Figure 4 (a) presents the instantaneous streamwise velocity 
𝑢 on the middle plane in the spanwise direction from true and 
ensemble-averaged field. The ensemble mean smooths out most 
structures around the channel center, while streaky structures 
near the wall are reproduced. This indicates that uncertainties 
due to initial conditions are amplified in the regions dominated 
by large-scale turbulent structures, highlighting the inherent 
difficulty of flow estimation due to the chaotic nature of 
turbulence. To further quantify the similarity among the 
estimates, Figures 4 (b) and (c) plot instantaneous streamwise 
velocity 𝑢 and the Std 𝜎7,9):  among the estimates on the wall-
parallel planes 𝑦1 = 5 and 50, respectively. The high 𝜎7,9): 
region that suggests larger uncertainties are typically collocated 
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with high-speed streaks at 𝑦1 = 5 , whereas it preferentially 
appears within low-speed streaks at 𝑦1 = 50. 

The shift of high  𝜎7,9): region from high-speed streaks to 
low-speed streaks as 𝑦1 increases is further illustrated in Figure 
5. It plots the probability density functions of 𝜎7,9): 
conditioned on different velocity fluctuations 𝑢′ . As 𝑦1 
increases, high 𝜎7,9): region gradually shifts from high velocity 
to low velocity. The high-velocity and low-velocity structures 
are shown by the contour of 𝑢′	 = 	0.1 and −0.1, respectively, 
in Figure 6. The high-speed streaks, i.e., 𝑢′	 = 	0.1, are almost 
located in the region below 𝑦1 = 25 and exhibit negative wall-
normal velocity 𝑣, indicating a sweeping event in the inner layer. 
By comparison, the low-speed streaks, i.e., 𝑢′	 = 	−0.1, appear 
at wall normal location higher than 𝑦1 = 25 with positive wall-
normal velocity 𝑣 , suggesting an ejection event in the buffer 
layer. These dominant dynamical events render the data 
assimilation more challenging and contribute to the increased 
estimation uncertainty. 

 
 

CONCLUSION 
 

In this study, the adjoint-variational method is employed to 
estimate turbulent channel flows using wall measurements from 
various initial values. Multiple estimates assimilating the same 
wall measurements are conducted starting from independent 
initial fields of a fully developed turbulent channel flow. The 
results suggest a significant deviation among multiple estimates 
especially near the channel center. Although the uncertainty 
gradually decreases as assimilation proceeds, the region with 
small variation among the multiple estimates is limited to the 
buffer layer. Moreover, it was also found that the large 
uncertainty occurs in the sweeping events in the inner layer and 
the ejection events in the buffer layer. The present study 
confirms the limitations of state estimation from wall 
observation, and also allows quantitative evaluation of the 
uncertainty in the estimation based on limited measurements. 
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Table 1. Domain sizes and grid resolutions normalized by the viscous length scale 

 
𝐿B/ℎ	 𝐿H/ℎ	 𝐿C/ℎ	 𝑁B	 𝑁H	 𝑁C	 ∆𝑥1 ∆𝑦1 ∆𝑧1 ∆𝑡1 
6.4	 2	 3.2	 128	 129	 129	 9	 0.93~7.9	 4.5	 0.046	

	
 

	
 
Figure 1. Temporal evolution of ratio of the fluctuation of the ensemble-averaged field and the standard deviation of different 
estimates for (a) 𝑹𝒖, (b) 𝑹𝒗, (c) 𝑹𝒘, and (d) 𝑹𝒑. Hereinafter, the vertical dash dotted lines indicate the time horizon. 

		

 
Figure 2. Temporal evolution of correlation coefficient between the ensemble-averaged field and the true field for (a) 𝑪𝒖, (b) 𝑪𝒗, (c) 

𝑪𝒘 and (d) 𝑪𝒑. 

	
 

Figure 3. Temporal evolution of 𝑰𝒐𝑼𝑸 along the wall-normal direction of the half channel height with thresholds of  𝑸 = 𝟎. 𝟓. The 
red solid lines indicate the isoline for 𝑰𝒐𝑼𝑸 = 𝟎. 𝟓. 
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Figure 5. The probability density functions of 𝝈𝝓,𝒓𝒎𝒔 conditioned on velocity fluctuations on wall-parallel planes of (a) 𝒚1 = 𝟓, 
(b) 𝒚1 = 𝟏𝟎, (c) 𝒚1 = 𝟐𝟓, and (d) 𝒚1 = 𝟓𝟎. 

	

	
 

Figure 6. Instantaneous velocity structures shown by the contour of the fluctuating streamwise velocity (a) 𝒖E = 𝟎. 𝟏 and (b) 𝒖E =
−𝟎. 𝟏. The surfaces are colored by the wall-normal velocity and the yellow plane indicates 𝒚1 = 𝟐𝟓 

	
 

Figure 4. The instantaneous streamwise velocity on (a) the middle plane in the spanwise direction, and the wall-parallel planes (b) 
𝒚1 = 𝟓 and (c) 𝒚1 = 𝟓𝟎. All the contours show the true fields, while the isolines show the ensemble-averaged field and the Std field 

𝝈𝒖,𝒓𝒎𝒔 of the estimates in Fig. 3(a) and Figs.3 (b)(c), respectively. 


