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ABSTRACT

In some magnetohydrodynamic (MHD) turbulent flows,
turbulent motion can generate and sustain large-scale
magnetic fields against the diffusion effect. It is called the
turbulent dynamo effect (Krause and Radler, 1980). The a
effect represents the component of the turbulent electromotive
force that is proportional to the mean magnetic field, has been
a typical dynamo effect that explains the generation and
sustainment of large-scale magnetic fields in astrophysical
systems such as stars, galaxies, and planets (Moffatt, 1978;
Parker, 1979). In addition, other dynamo effects have also
been proposed and examined such as the cross-helicity effect,
which contributes to the turbulent electromotive force through
a term proportional to the mean vorticity (Yoshizawa, 1990;
Yokoi, 2023).

Hamba and Tsuchiya (2010) carried out a large eddy
simulation (LES) of MHD turbulent channel flow to
investigate the dynamo effects. They evaluated the production
terms in the transport equation for the turbulent electromotive
force and demonstrated the importance of the cross-helicity
effect. However, it was not clear whether the results are
accurate enough because a subgrid-scale model was used in
the LES. The pumping effect, which corresponds to the
transport of the mean magnetic field by turbulence, was not
investigated.

In the present study, we carried out a direct numerical
simulation (DNS) of MHD turbulent channel flow to obtain
accurate numerical results without using a subgrid-scale
model. Similar to Hamba and Tsuchiya (2010), we evaluated
the transport equation for the turbulent electromotive force.
We related the production terms to terms in its model
expression including the cross-helicity effect and the pumping
effect. We clarified the mechanism of the generation and
sustainment of the large-scale mean magnetic field in the
present MHD flow.

NUMERICAL METHOD

In the present simulation we solve the incompressible
MHD equations in Alfvén units using a finite difference
method. The Navier-Stokes and continuity equations for the
velocity of incompressible MHD flow are given by
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= = ~@ Vu+ ®-Vb-Vpy +vVu (1)

V-u=0 2)

where u is the velocity, b is the magnetic field, py, (= p/p +
b?/2) is the MHD pressure, v is the viscosity. The magnetic
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field b follows the induction equation and solenoidal
condition which are given by
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where e is the electric field, j(= V X b) is the electric current
density, A, is the magnetic diffusivity. We adopt Alfvén
velocity units in the present paper.

The computation domain is Ly X L, X L, = 4T X 2 X 1T
and the grid number is Ny X N, X N, = 256 X 90 x 128,
where x, y, and z denote the streamwise, wall-normal, and
spanwise directions. A uniform grid is used in the streamwise
and spanwise directions, and a non-uniform grid is used in the
wall-normal direction to resolve the near-wall region. The
flows are driven by a constant external pressure gradient in
streamwise direction. The length scale is normalized by the
channel half width L, /2, whereas the velocity and the
magnetic fields are normalized by the friction velocity u,. The
Reynolds number and magnetic Reynolds number defined by
friction velocity are set as Re; = Rm; = 180 . Periodic
boundary conditions are imposed in the x and z directions,
while no-slip and insulating conditions are applied at
boundary aty = +1.

TURBULENCE MODELING

To investigate the large-scale mean magnetic field
generation and the turbulent dynamo mechanisms in MHD,
we decompose the variables into mean and fluctuating
components to derive the corresponding mean-field equations.
The induction equation for the mean magnetic field B is given

by

JB

Esz(UxB)+V><EM+/1MVZB (5)
where B(= (b)) is the mean magnetic field in Alfvén speed

units, U(= (u)) is the mean velocity, and A, is the magnetic
diffusivity. The turbulent electromotive force E, is defined as

Ey=(u xb") (6)
where u' and b’ are the fluctuating velocity and magnetic

field, respectively. It represents the turbulent effect in the
mean magnetic field evolution. In order to close the system of
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MHD equations, E ), needed to be modelled by the mean field
and turbulent statistical quantities. In mean-field dynamo
theory, a model equation for E); is given by (Yoshizawa and
Hamba, 1988; Yoshizawa, 1990; Yokoi, 2023)

Ey=aB—p]+yQ+u, XB @

where 2(= V X U) is the mean vorticity and J(= V X B) is
the mean electric current density. The first term on the RHS of
(7) proportional to the mean magnetic field B means that the
turbulent electromotive force is generated parallel or anti-
parallel to the mean magnetic field, representing the a effect;
The second term on the RHS of (7) is the turbulent diffusivity
effect, representing that the turbulent motion enhances the
diffusion effect of the mean magnetic field; The third term on
the RHS of (7) proportional to the mean vorticity Q represents
the cross-helicity effect, and the transport coefficient y is
expressed in term of the turbulent cross helicity W (=
(u' - b')); The fourth term on the RHS of (7) is the pumping
effect term, and u,, plays a role like the mean velocity and is
called the pumping velocity.

RELATIONSHIP BETWEEN PRODUCTION TERMS
OF E, AND ITS MODEL EQUATION
The model terms of the turbulent electromotive force

given by (7) are just a candidate for actual dynamo phenomena.

Some model terms have not been examined well yet, and other
dynamo mechanisms may also exist. Therefore, in the present
work, we analyze the production terms of the transport
equation for the turbulent electromotive force to investigate
the turbulent dynamo effect, as this approach directly clarifies

the generation mechanism of the turbulent electromotive force.

The transport equation for the turbulent electromotive force
and its production terms are given by

OEy;
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Here Pg;, Ppi, Pyi, Py, and Pgg; are the production terms
proportional to the mean field or the mean field gradient. The
production term P,; proportional to the mean magnetic field
is related to the a effect; The production term Pg; proportional
to the mean magnetic field gradient is related to the turbulent
diffusivity effect; The production term P,; proportional to the
mean velocity gradient and the cross correlation of the
velocity and magnetic fluctuations is related to the cross-
helicity effect; The production term Pp; written in the form of
the cross product with the mean magnetic field is related to the

pumping effect, and the pumping velocity u,, is considered
proportional to the quantity —(V - K), where Kp;; = (uju; —
b;b;)/2. The expression of Py; is omitted here. In the present

work, we directly evaluate these production terms to examine
the related dynamo effects.

TIME HISTORY OF VOLUME-AVERAGED
QUANTITIES

In the present DNS, a large-scale mean magnetic field is
expected to be generated. First, we examine the time history
of the volume-averaged magnetic field defined as

1
vaol = LxL—yLfo bx dxdydz (11)

In Figure 1, after t = 600, B,,,; fluctuates around 2.4,
indicating that a large-scale magnetic field is generated and a
nearly steady state is achieved. Since no external
electromotive force is applied, some dynamo mechanism must
exist. Figure 2 shows the time history of the volume-averaged
turbulent kinetic and the magnetic energy defined as

Kuvor = ﬁ [[J - @erasaya:  aza

1
Kowot = [T ﬂ (b — (b)y)?dxdydz  (12b)

where (-),, denotes the x-z plane average. After t = 600, the
value of Ky, increases to about 5 and the value of Ky,
decreases to about 1. The difference between K,;,,; and K,,;,0;
is clearly seen. This time period corresponds to the period
when a large value of B,,,,; is sustained in Figure 1. The time
history of the volume-average quantities imply that a
statistically steady state is achieved after t = 600 till t =
1500.

MEAN MAGNETIC FIELD AND SECOND ORDER
STATISTICS

To investigate dynamo effects generating the large-scale
magnetic field in Figure 1, we focus on the time period at
600 < t < 1500. Hereafter, statistical quantities are obtained
by taking averages over the x-z plane and over this time period.

Figure 3 shows the mean magnetic field B,. It has a
positive profile with a maximum value around the channel
center at y = 0. The induction equation of B,, is given by

B,  OE,
= oy (13)
—E; = Eyz — )z (14)

where Ey, = (uyby — uy,by). Figure 4 shows the terms in
(14). The mean electric field E, has a nearly constant value
about —0.003 that suggests that B, reached a nearly steady
state. The Ohmic term —A,,/, shows a negative gradient in the
core region at —0.9 < y < 0.9, producing a negative value on
the RHS of (13). It represents the diffusion effect which
decreases B, over time. In contrast, the turbulent
electromotive force Eyy, has a positive gradient, producing a
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positive value on the RHS of (13). It represents the turbulent

dynamo effect which increases B, over time in the core region.

Figures 5-7 show the profiles of the three components of
the root mean square (RMS) of the velocity fluctuations, the
RMS of the magnetic field fluctuation, and the turbulent cross
helicity W (= (ugbg)) , respectively. These figures also
reflect the turbulent kinetic energies Ky qq (= (u/2)/2), the
turbulent magnetic energies Koo (= (bi?)/2), and the cross-
correlation between the velocity and magnetic field
fluctuations, respectively. Here a represents x, y, and z. In
Figure 5, (u/?)/? is nearly twice as large as that in the non-
MHD case, because the turbulent kinetic energy is produced

by the mean velocity gradient which is larger in the MHD case.

On the other hand, both (u;?)*/2 and (u}?)*/? are smaller than
that in the non-MHD case. Therefore, the anisotropy of the
turbulent kinetic energy in the MHD case is stronger than that
in the non-MHD case, and the turbulent magnetic energy and
turbulent cross helicity also exhibit this strong anisotropy. In
Figure 6, the RMS of the magnetic field fluctuation is smaller
than that of the velocity fluctuation as shown in Figure 5,
which is consistent with the observation that the turbulent
magnetic energy is smaller than the turbulent kinetic energy
as shown in Figure 2. The turbulent kinetic and magnetic
energies exhibit similar profiles, with peak values in the near-
wall region and a gradual decrease toward the channel center.
In Figure 7, the turbulent cross helicity takes positive values,
except that W, is negative in the near-wall region.

GENERATION OF E,,
The transport equation for the turbulent electromotive
force E), and its production terms are given by

OEw,
T - Pemz + l-[emz — €emz T Demz + Temz (15)
PemZZPBz+Pyz+sz+Pasz (16)
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Here, Pg,, Pz, Pyz,
to the mean field quantities. Figure 8 shows the terms on the
RHS of (16). Because the mean magnetic field B, has a
negligible small value, there is no a effect in the present flow,
and P,, was omitted.

According to (7) and (10), the production term Pg,

and P, are the production terms related

proportional to the mean magnetic field gradient is related to
the turbulent diffusivity effect, and it shows opposite sign to
that of the turbulent electromotive force, which means the loss
of Ey,. Therefore, the turbulent diffusivity plays a role of the
diffusion effect of the mean magnetic field.

The production term B, proportioanl to the mean vorticity
Q, and the cross-helicity W, (= (uyby)) is related to the
cross-helicity effect. It shows the same sign as that of the
turbulent electromotive force, representing the generation of

Ez. Therefore, the cross-helicity plays a role of the dynamo
effetct in the channel flow. At the meanwhile, B,, has the
largest magnitude among the production terms, and it is the
domoinant dynamo effect in the present MHD channel flow.

The production term By, is related to the pumping effect.
In the core region at —0.75 <y < 0.75, P,, shows the same
sign as that of the turbulent electromotive force, representing
the generation of Ej;,. Therefore, the pumping effect plays a
role of the dynamo effetct in the core region at —0.75 < y <
0.75 in the present channel flow.

The exact expressions and discussions of the production
term P,,,, the pressure-strain correlation term Il,,,,, the
dissipation term —&g,y,,, the diffusion term D,,,,, and the
triple correlation term T, are omitted here.

CROSS-HELICITY EFFECT

We examine why the production term P,, has a positive
gradient in the channel core region. The mean vorticity 0, =
—(0U,/0dy) has a positive gradient due to the external force
fx- We then need to explain the origin of positive W,
observed in Figure 7. The transport equation for the cross
helicity Wy, (= (uyby)) and W, are given by

ow,
aZCX =putppt Myxx + Dwxx — Ewax (18)
ou.
B, = (uyby, — uJ’,b,’C)a—; (19a)
0B
Py = —(uzuy, — b,’cb;,)a—; (19b)
| ob.,
Myxx = (Pu W) (19¢9)
oW,
TR Myyy + Dywyy = Ewyy (20)
, Oby
1-Iwyy = (pM W) (21)

Here, P, and Py, are the production terms of W, equation that
are related to the mean field. I, is the pressure-magnetic-
strain term, and the definitions of the dissipation term —e&,,,,,
and —g&yyy , and the diffusion term Dy, and D, are
omitted here. Figure 9 shows the terms on the RHS of (18).
The production term P, has negative values at all y locations
whereas the production term Py, has positive values at all y
locations. It implies that P, decreases the turbulent cross
helicity whereas Pj, generates the turbulent cross helicity W, .
The pressure-magnetic-strain term I1,,,, has negative values
at all y locations. Because the sum of the pressure-magnetic-
strain terms [y + Iyyy + [, vanishes due to the
magnetic solenoidality, negative values of I1,,,,, represent the
cross helicity is transferred from W, to the other components.

Figure 10 shows the terms on the RHS of (20). The
positive W,,,, is obtained due to the positive value of the
pressure-magnetic-strain term II,,,,. It represents that the

cross helicity is transferred from W, to W,,,,, and as a result,

yy»
the positive W, was obtained in the channel.
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Figure 11 illustrates the mechanism of the cross-helicity
dynamo in the present flow. Once the positive B, is generated
in the channel, its gradient dB,/dy and the negative of the
MHD Reynolds stress —(uyuy, — bybs,) generates the positive
W, by the production term P, = —(uyu;, — by by, )(0B,/dy).
Then the cross helicity is transferred from W, to W,,,, by the
pressure-magnetic-strain term. Finally, WW,,, and Q, produce
the turbulent electromotive force E,;,, which generates the
positive B,, forming a positive feedback loop.

PUMPING EFFECT

The production term P,, related to the pumping effect
plays a role of the dynamo effect that increases the mean
magnetic field B, over time in the core region. However, the
physical mechanism behind this effect is not clear. In this
section, we will investigate the pumping dynamo effect from
the physical viewpoint of the pumping velocity u,. The
pumping velocity plays a role of the mean velocity field in the
induction equation for the mean magnetic field; that is,
convection and bending of the magnetic field lines. The
production term P,, = (61( Ryy/ 6y)Bx related to the pumping
effect can be expressed by the form P,, = {(—VKRyy) X B}Z,
According to the pumping effect term u, X B in (7), in the
present simulation of the channel flow, the pumping velocity
is in the y direction, and uy,, is proportional to —9Kg,, /dy
and shows convection effect on the mean magnetic field B,.

Figures 12 and 13 show the profiles of the turbulent
residual energy Kpgy, and the negative of its gradient
—0Kpgyy /0y, respectively. The turbulent residual energy Kgy,,
has positive values with peak in the near-wall region and
gradually decreases towards the channel center, which leads
to the pumping velocity towards the channel center in the core
region at —0.75 < y < 0.75 as shown in Figure 13. In Figure
14, a schematic is presented to illustrate the pumping effect in
the core region from the physical viewpoint of the pumping
velocity. In the core region at —0.75 <y < 0.75, the
pumping velocity is directed towards the channel center. The
effect of the pumping velocity is that more magnetic field lines
are pumped to the channel center and the density of the
magnetic field lines increases. It represents the mean magnetic
field B, is increased in this core region, against the diffusion
effect which reduces the curvature of the mean magnetic field.
Therefore, the pumping effect plays a role of dynamo effect in
the core region.

CONCLUSIONS

A DNS of MHD turbulent channel flow was carried out to
investigate turbulent dynamo effect. A DNS data of non-MHD
channel flow was used as the initial velocity field whereas a
random seed with zero mean was used to set the initial
magnetic field. Time history of the volume-averaged magnetic
field showed that a positive magnetic field was generated and
sustained. To investigate the mechanism of the magnetic field
generation, we obtained the mean fields and the statistical
quantities by averaging over the x-z plane and over the time
period of steady state. First, we pointed out the relationship
between the production terms of the transport equation for the
turbulent electromotive force and its model expression. Next,
we examined the induction equation for the mean magnetic
field. It was shown that the turbulent electromotive force

contributes to the magnetic field generation against the Ohmic
term. We further evaluated the production terms of the
turbulent electromotive force to analyze the effect of the
related dynamo terms.

It was shown that among the production terms, the cross-
helicity effect term generates the mean magnetic field against
the turbulent diffusivity effect and plays a role of the dominant
dynamo effect in the channel flow. The transport equation for
the cross helicity was examined to investigate the generation
of the positive cross helicity W,,,,. It implies that the positive
cross helicity was first generated in the W,,., then transferred
to Wj,,,. Therefore, the mechanism of the cross-helicity effect
in the present channel flow can be understood considering the
following loop. Once the positive B, is generated in the
channel, its gradient 0B, /dy and the negative of the MHD
Reynolds stress —(uyu; — byby) generate the positive Wy
by the production term P, = —(uyuy, — byb;)(0B,/0y) .
Then the cross helicity is transferred from W, to Wy, by the
pressure-magnetic-strain term. Finally, W,,,, and Q, produce
the turbulent electromotive force E),, which generates the
positive B, . By this positive feedback loop, the mean
magnetic field was generated and sustained in the present
channel flow.

In addition to the cross-helicity effect, the role of the
pumping effect is also examined. In the core region, the
pumping effect also plays a role of the dynamo effect that
increases the mean magnetic field. We recognized that the
pumping effect corresponds to a convective transport caused
by the pumping velocity which is proportional to the minus
the gradient of the turbulent residual energy Kg,,,. Pumping
the magnetic field lines towards the channel center makes the
density of the magnetic field lines increase and increases the
mean magnetic field in the core region of the channel.
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Figure 1. Time history of volume-averaged magnetic field By,;.
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Figure 3. Profile of the mean magnetic field B,.
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Figure 11. The mechanism of the cross-helicity effect in the present channel flow.

0.08 |
0.6
0.06 0.4
. E 0.2
R0.04 N /\
o<
< o o ~_J
L]
" =02
0.02
-0.4
0.00 f \ —06}
-1.00 —0‘.75 —0‘.50 —D..25 0.2)0 0..25 0.‘50 0.‘75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
y y
Figure 12. Profile of turbulent residual energy Ky, Figure 13. Profile of the quantity —dKpgy,,/3y.

with pumping effect

35

Magnetic field lines

Pumping velocity u,

3.0

25

X 2.0

o
15

without pumping effect

1.0

0.5

0.0
-100 -0.75 -050 -025 ©0.00 025 050 075 1.00
y

Figure 14. A schematic of pumping effect in the present channel flow.



