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ABSTRACT
This paper investigates the nonlinear forcing in the bi-

global resolvent formulation for an self-similar adverse pres-
sure gradient turbulent boundary layer (SS-APG-TBL) at the
verge of separation. The analysis is based on time-resolved
direct numerical simulation data, from which the forcing
terms, defined as the mean-removed fluctuating Reynolds-
stress gradients, are evaluated and Fourier transformed in
both the spanwise direction and time. The forcing is exam-
ined through frequency–wavenumber spectra integrated over
the wall-normal direction and through wall-normal–spanwise
spectra evaluated over the peak forcing frequency range. The
results show that the nine Reynolds-stress gradient terms have
broadly comparable amplitudes, with terms sharing the same
gradient direction exhibiting similar spectral organisation. The
three total forcing components also display similar magnitudes
and spectral shapes after self-similar scaling. All three attain
their maxima at λz/δ1 = 0.1 and ωδ1/Ue = 35. This peak dif-
fers markedly from both the maximum resolvent gain, which
occurs at lower frequency and longer spanwise wavelength,
and the Reynolds-stress spectra, which attain their maxima at
larger spanwise wavelengths. The wall-normal analysis further
shows that the forcing reaches its maximum near y/δ1 = 1.2,
farther from the wall than the Reynolds-stress peak and coinci-
dent with the inflection point of the mean streamwise velocity
profile. These findings show that the turbulent state in this flow
is not governed by gain alone, and highlight the importance of
the spectral and spatial organisation of the nonlinear forcing
for reduced-order modelling and resolvent-informed flow con-
trol.

1 INTRODUCTION
Turbulent boundary layers subjected to adverse pressure

gradient (APG) conditions are wall-bounded flows of funda-
mental theoretical interest and practical engineering relevance.
Unlike zero pressure gradient (ZPG) boundary layers, APG
flows depend strongly on upstream conditions, often referred
to as history effects, which complicates systematic analysis.
A notable exception is the SS-APG-TBL, in which the mean-
velocity and Reynolds-stress profiles collapse when scaled
with appropriate similarity variables, thereby eliminating his-
tory dependence. Following the work of Kitsios et al. (2017),
complete self-similarity from the wall to the outer layer is

achieved only at the verge of separation, where viscous effects
become negligible. The SS-APG-TBL therefore provides an
idealised yet physically realisable framework for investigating
the mechanisms underlying adverse-pressure-gradient effects
in wall-bounded turbulence.

Resolvent analysis has emerged as a powerful frame-
work for identifying amplification mechanisms and coherent
structures in turbulent shear flows by recasting the Navier–
Stokes equations as a linear input–output system (McKeon
& Sharma, 2010). In this formulation, the linearised oper-
ator about a given base flow is forced by nonlinear interac-
tions, and the most amplified forcing and response modes
are obtained through singular value decomposition (SVD) of
the resolvent operator. While classical local resolvent anal-
ysis assumes spatial homogeneity and is therefore suited to
parallel or weakly non-parallel flows, a bi-global formula-
tion is required when streamwise and wall-normal inhomo-
geneities must be retained. This is particularly important for
the SS-APG-TBL, where the boundary-layer thickness grows
rapidly and parallel-flow approximation breaks down (Soria
et al., 2024). The bi-global approach retains both stream-
wise and wall-normal dependence while assuming homogene-
ity only in the spanwise direction, providing a more complete
description of the linear amplification mechanisms in such
flows.

Previous studies have predominantly focused on leading
resolvent modes and their connection to observed flow struc-
tures, while comparatively less attention has been given to the
statistical properties of the nonlinear forcing terms. Yet, char-
acterising this forcing is crucial for connecting linear input–
output analysis with the nonlinear dynamics that sustain tur-
bulence.

The present study addresses this need by analysing the
nonlinear forcing within a bi-global resolvent framework ap-
plied to an SS-APG-TBL at the verge of separation. High-
resolution, time-resolved direct numerical simulation (DNS)
data enable computation of the forcing terms from the fluctu-
ating Reynolds-stress gradients with spatio-temporal detail not
attainable using large-eddy simulation or experimental tech-
niques. The forcing is examined from two complementary
perspectives: frequency–wavenumber spectra integrated over
the wall-normal direction, and wall-normal–spanwise spectra
evaluated over the peak forcing frequency range. By analysing
these spectra in light of the amplification characteristics of the
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resolvent operator and the Reynolds-stress response spectra,
this study provides further physical insight into the dynamics
of the SS-APG-TBL. The paper focuses on the spectral and
spatial characteristics of the nonlinear forcing in the bi-global
resolvent framework, while a more detailed presentation of the
broader analysis is given by Sun et al. (2026).

2 BI-GLOBAL RESOLVENT ANALYSIS
AND DIRECT NUMERICAL SIMULATION
DATABASE
The analysis presented in this paper builds on the

bi-global resolvent analysis framework developed for the
SS-APG-TBL by Soria et al. (2024) and Gomez & McKeon
(2025). The formulation is only summarised here for com-
pleteness. We adopt a three-dimensional Cartesian coordi-
nate system in which x1 = x denotes the streamwise direction,
x2 = y the wall-normal direction, and x3 = z the spanwise di-
rection. The instantaneous velocity vector is u = (u1,u2,u3) =
(u,v,w), and the pressure field is denoted by p. The spanwise
wavenumber is k3 = kz, with associated wavelength λz = λ3 =
2π/k3.

In this framework, the fluctuating velocity and pressure
fields are related to the nonlinear forcing through the resolvent
operator, Hk3,ω , as

q̂(x1,x2;k3,ω)=


û′1(x1,x2;k3,ω)

û′2(x1,x2;k3,ω)

û′3(x1,x2;k3,ω)

p̂′(x1,x2;k3,ω)

=Hk3,ω f̂ (x1,x2;k3,ω),

(1)
where (̂ ·) denotes the Fourier transform in both time and the
spanwise direction, and

q̂ =
[
û′1, û′2, û′3, p̂′

]T
(2)

is the response vector. The bi-global formulation retains both
streamwise and wall-normal inhomogeneity while assuming
homogeneity only in the spanwise direction. This is essential
for the SS-APG-TBL, in which the boundary-layer thickness
grows rapidly and parallel-flow approximations break down
(Soria et al., 2024; Gomez & McKeon, 2025).

The resolvent operator Hk3,ω is obtained by linearising
the incompressible Navier–Stokes equations about the mean
velocity field and inverting the resulting linear operator,

Hk3,ω =



D̂k3,ω +
∂U1

∂x1

∂U1

∂x2
0

∂

∂x1
∂U2

∂x1
D̂k3,ω +

∂U2

∂x2
0

∂

∂x2
0 0 D̂k3,ω ik3

∂

∂x1

∂

∂x2
ik3 0



−1

, (3)

where

D̂k3,ω ≡−iω +U1
∂

∂x1
+U2

∂

∂x2
− 1

Re

(
∂ 2

∂x2
1
+

∂ 2

∂x2
2
− k2

3

)
,

(4)
with U1(x1,x2) and U2(x1,x2) denoting the mean streamwise
and wall-normal velocity components, respectively.

For each wavenumber–frequency pair (k3,ω), singular
value decomposition of Hk3,ω yields forcing modes φi, re-
sponse modes ψi, and gains σi,

Hk3,ω = ∑
i

σi ψi φ
∗
i . (5)

Although the detailed modal structure is not the primary fo-
cus of the present paper, the gains and modes provide useful
context for interpreting the nonlinear forcing spectra, which is
presented and discussed by Soria et al. (2024).

The nonlinear forcing term in the bi-global resolvent for-
mulation is defined as

f̂ (x1,x2;k3,ω) =−


f̂1
f̂2
f̂3
0

 . (6)

The forcing components are defined as

f̂i =
∂

∂x j

̂(
u′iu

′
j −u′iu

′
j

)
, i = 1,2,3. (7)

Here, primes denote fluctuations about the mean, overbars de-
note temporal averaging, and repeated indices imply summa-
tion according to Einstein notation. The fourth component of
f̂ is identically zero, corresponding to the pressure equation.
To discuss the individual contributions to the forcing, we use
the notation

φ̂αβ =
∂

∂xβ

̂(
u′α u′

β
−u′α u′

β

)
, α,β = 1,2,3, (8)

so that

f̂i = φ̂i1 + φ̂i2 + φ̂i3. (9)

These nine Reynolds-stress gradient terms represent the full
tensor structure of the nonlinear forcing and form the focus of
the present analysis.

The database employed in this study originates from a
high-fidelity, time-resolved DNS of an SS-APG-TBL at the
verge of separation. The simulation methodology and valida-
tion of self-similarity were reported by Kitsios et al. (2016),
who showed that the flow is self-similar within a domain of in-
terest (DOI) through streamwise constancy of the self-similar
parameters and the collapse of first- and second-order statisti-
cal moments after normalisation with the self-similar scaling
variables. The time-resolved dataset used here was generated
using the same computational method and code described by
Kitsios et al. (2017). The temporal sampling was refined rela-
tive to the earlier databases to enable temporal spectral analy-
sis across the frequency range of interest. The key simulation
parameters are summarised in Table 1.

In this study, the characteristic length and velocity scales
are the displacement thickness and the external free-stream
velocity, defined using the mean spanwise vorticity (Kitsios
et al., 2017). The displacement thickness is given by

δ1(x) =
−1
Ue

∫ ys

0
yΩz(x,y)dy, (10)
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and the external velocity is given by

Ue(x) =−
∫ ys

0
Ωz(x,y)dy, (11)

where Ωz(x,y) is the mean spanwise vorticity and ys is the
wall-normal position at which Ωz(x,y) is 0.2% of the mean
spanwise vorticity at the wall. Because the flow is self-similar
within the DOI, the forcing spectra can be scaled using the
local similarity variables and averaged in the streamwise di-
rection.

Table 1: Summary of key DNS parameters in the DOI.
Nx, Ny, and Nz denote the number of grid points in the
streamwise, wall-normal, and spanwise directions. δ1
and δ2 are the displacement and momentum thicknesses.
β is the Clauser pressure-gradient parameter. uτ is the
mean friction velocity averaged over the domain of in-
terest, C f is the mean skin-friction coefficient averaged
over the domain of interest, and δ t is the temporal sam-
pling interval normalised by Ue and δ1. All ranges cor-
respond to values within the DOI.

Parameter Value
Nx 1,001
Ny 1,000
Nz 2,048
Reδ1 22,182–28,789
Reδ2 9,857–12,101
β 39
uτ 0.007
C f 3.9×10−4

δ t × (Ue/δ1) 0.0151

3 SPECTRAL AND SPATIAL CHARACTERIS-
TICS OF THE NONLINEAR FORCING
The nonlinear forcing terms are computed from the DNS

database according to Equations (6) and (8). The mean-
removed Reynolds-stress tensor components are constructed
from the instantaneous velocity fields, Fourier transformed
in the spanwise direction and in time, and differentiated in
space to obtain the forcing terms. Streamwise and wall-normal
derivatives are evaluated using a sixth-order compact Padé
differentiation scheme, while spanwise derivatives are com-
puted spectrally via multiplication by ik3. The resulting forc-
ing fields depend on two physical coordinates (x1,x2) and
two spectral coordinates (k3,ω). In the following, these four-
dimensional fields are examined from two complementary per-
spectives.

3.1 FREQUENCY–WAVENUMBER SPECTRA
OF THE FORCING TERMS

Figure 1 presents the pre-multiplied spectra of the nine
forcing-term components, integrated over the wall-normal co-
ordinate, scaled by self-similar variables and averaged in the
streamwise direction,

Fy
αβ

(k3,ω) =
1

Nx
∑
x

(
δ1

U2
e

∫
∞

0

〈
φ̂αβ φ̂αβ

∗
⟩
(

x1,η ;k3,ω)dη

)
,

(12)

as well as the integrated spectra of the three forcing compo-
nents,

Fy
α (k3,ω) =

1
Nx

∑
x

(
δ1

U2
e

∫
∞

0

〈
f̂α f̂α

∗
⟩
(

x1,η ;k3,ω)dη

)
,

(13)
where η = y/δ1(x) is the wall-normal coordinate in self-
similar variables, and ⟨·⟩ denotes ensemble averaging. The
results are presented as functions of the spanwise wavelength
λz for ease of interpretation.

Several features emerge from this analysis. First, the
streamwise normal-stress gradient term Fy

11 exhibits the largest
amplitude among the nine components, but its peak is only ap-
proximately twice that of the weakest term, Fy

22. Second, terms
sharing the same gradient direction, represented by the second
index in Fy

αβ
, exhibit similar spectral structure. Streamwise-

gradient terms display the highest amplitudes and the broad-
est distributions in λz, spanwise-gradient terms are more nar-
rowly concentrated around specific wavelengths, and wall-
normal-gradient terms consistently exhibit the weakest ampli-
tudes. Third, the three total forcing components Fy

1 , Fy
2 and

Fy
3 , shown in the bottom row of Figure 1, display similar mag-

nitudes and spectral shapes after self-similar scaling.
All three forcing components attain their maxima at

λz/δ1 = 0.1 and ωδ1/Ue = 35. This peak differs markedly
from the resolvent gain maximum, which occurs at λz/δ1 =
0.8 and ωδ1/Ue < 0.2, and from the Reynolds-stress spec-
tra, which peak at λz/δ1 = 1.0–1.5. The spectral mismatch
between forcing, gain and response indicates that the turbu-
lence in this flow is not dominated by the highest-gain resol-
vent modes. Instead, modes with lower individual gains but
stronger forcing appear to contribute more substantially to the
observed turbulent state.

3.2 WALL-NORMAL–SPANWISE STRUCTURE
AT THE PEAK FREQUENCY

To examine the spatial organisation of the nonlinear forc-
ing, Figure 2 presents the wall-normal–spanwise distribution
of the forcing terms at the peak frequency identified in Fig-
ure 1. Specifically, we plot

Fωp

αβ
(k3,y)=

1
Nx

∑
x

(
δ1

U2
e

∫ 37Ue/δ1

32Ue/δ1

〈
φ̂αβ φ̂αβ

∗
⟩
(

x1,y;k3,ω)dω

)
,

(14)
and

Fωp
α (k3,y)=

1
Nx

∑
x

(
δ1

U2
e

∫ 37Ue/δ1

32Ue/δ1

〈
f̂α f̂α

∗
⟩
(

x1,y;k3,ω)dω

)
,

(15)
where the frequency window 32 ≤ ωδ1/Ue ≤ 37 is centred on
the forcing peak. The results are again presented as functions
of the spanwise wavelength λz = 2π/k3.

The wall-normal analysis confirms and extends the find-
ings from the frequency–wavenumber spectra. The term Fωp

11
exhibits the largest amplitude, with a peak approximately 2.5
times that of the weakest term, Fωp

22 . Terms sharing the same
spatial-derivative direction display qualitatively similar organ-
isation in the y–λz plane, irrespective of the Reynolds-stress
component involved. The three total forcing components Fωp

1 ,
Fωp

2 and Fωp
3 also exhibit comparable spatial distributions and

similar peak amplitudes.
All forcing components attain maximum amplitude near

y/δ1 = 1.2, which lies farther from the wall than the peaks in
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Reynolds stresses at y/δ1 ≈ 1.0. Notably, y/δ1 = 1.2 coin-
cides with the inflection point of the mean streamwise veloc-
ity profile. This indicates that the strongest nonlinear forcing
is organised around the inflectional region of the mean flow.
The forcing is concentrated at λz/δ1 = 0.1, which is substan-
tially smaller than the dominant scales observed in the veloc-
ity spectra and is consistent with the peak location identified
in Figure 1.

3.3 RELATION BETWEEN FORCING, GAIN
AND RESPONSE

The results above reveal a clear spectral separation be-
tween the nonlinear forcing, the resolvent gain, and the ener-
getic turbulent response. The three forcing components attain
their maxima at λz/δ1 = 0.1 and ωδ1/Ue = 35, whereas the
maximum resolvent gain occurs at λz/δ1 = 0.8 and ωδ1/Ue <
0.2. These forcing scales also differ substantially from the
dominant Reynolds-stress spectra, which peak at λz/δ1 = 1.0–
1.5. The detailed gain distribution and representative mode
shapes of the bi-global resolvent operator for this flow are pre-
sented by Soria et al. (2024). The observed turbulent state is
therefore not determined by gain alone, because the strongest
forcing and the strongest linear amplification occur in different
regions of spectral space.

These observations also have implications for reduced-
order modelling and, potentially, for flow control. If the dom-
inant turbulent response were governed only by the highest-
gain modes, control strategies based solely on gain optimisa-
tion might be expected to be most effective. The present results
suggest that, for the SS-APG-TBL at the verge of separation,
the forcing distribution must also be taken into account. In par-
ticular, the concentration of forcing at shorter spanwise wave-
length, higher temporal frequency, and in the outer region near
the mean-velocity inflection point points to a spectral and spa-
tial region that may be especially relevant when formulating
resolvent-informed modelling or control strategies.

4 CONCLUSIONS
This paper has examined the nonlinear forcing in the bi-

global resolvent formulation for an SS-APG-TBL at the verge
of separation using time-resolved DNS data. The forcing terms
were evaluated from the mean-removed Reynolds-stress gra-
dients and analysed from two complementary perspectives:
frequency–wavenumber spectra integrated in the wall-normal
direction, and wall-normal–spanwise spectra evaluated over
the peak forcing frequency range.

The frequency–wavenumber analysis showed that the
nine Reynolds-stress gradient terms have broadly comparable
amplitudes, with the strongest term exceeding the weakest by
only a moderate factor. Terms sharing the same gradient direc-
tion exhibit similar spectral organisation, while the three total
forcing components display similar magnitudes and spectral
shapes after self-similar scaling. All three forcing components
attain their maxima at λz/δ1 = 0.1 and ωδ1/Ue = 35.

Comparison with the resolvent gain and the Reynolds-
stress spectra reveals a clear spectral mismatch between forc-
ing, gain and response. The forcing peak occurs at substan-
tially shorter spanwise wavelength and higher temporal fre-
quency than the gain maximum, while also differing from the

dominant Reynolds-stress scales. This indicates that the tur-
bulent state in the present flow is not governed by gain alone,
and that the spectral organisation of the nonlinear forcing plays
a central role in determining which resolvent mechanisms are
most active in practice.

The wall-normal–spanwise analysis further showed that
all forcing components attain their maximum amplitude near
y/δ1 = 1.2, farther from the wall than the Reynolds-stress peak
and coincident with the inflection point of the mean stream-
wise velocity profile. The strongest forcing is therefore con-
centrated in the outer region of the flow and organised around
the inflectional region of the mean profile.

Overall, these results provide new physical insight into
the spectral and spatial organisation of the nonlinear forcing in
the SS-APG-TBL at the verge of separation. They also suggest
that both the amplification characteristics of the resolvent op-
erator and the distribution of the nonlinear forcing should be
considered in future reduced-order modelling and resolvent-
informed flow-control strategies.
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A. G., Jiménez, J. & Soria, J. 2016 Direct numerical simu-
lation of a self-similar adverse pressure gradient turbulent
boundary layer. International Journal of Heat and Fluid
Flow 61, 129–136.

Kitsios, V., Sekimoto, A., Atkinson, C., Sillero, J. A., Bor-
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Figure 1: Pre-multiplied frequency–wavelength spectra of the forcing terms, integrated in the wall-normal direction and
averaged in the streamwise direction: (a)–(c) Fy

11, Fy
21, Fy

31; (d)–(f) Fy
12, Fy

22, Fy
32; (g)–(i) Fy

13, Fy
23, Fy

33; (j)–(l) Fy
1 , Fy

2 , Fy
3 .

Each forcing component in panels (j)–(l) is composed of the three terms above it in the same column. Contour levels are
on a logarithmic scale with ratio 0.5.
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Figure 2: Pre-multiplied spectra in the wall-normal–spanwise plane at the peak temporal frequency range, 32 ≤ ωδ1/Ue ≤
37, averaged in the streamwise direction: (a)–(c) Fωp

11 , Fωp
21 , Fωp

31 ; (d)–(f) Fωp
12 , Fωp

22 , Fωp
32 ; (g)–(i) Fωp

13 , Fωp
23 , Fωp

33 ; (j)–(l)
Fωp

1 , Fωp
2 , Fωp

3 . Each forcing component in panels (j)–(l) is composed of the three terms above it in the same column.
Contour levels are on a logarithmic scale with ratio 0.5.
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