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ABSTRACT
We investigate the relaminarization of supersonic turbu-

lent boundary layers at expansion corners by direct numeri-
cal simulations for a range of Reynolds number, Mach num-
ber, and deflection angle conditions. Contrary to the estab-
lished criterion based on Narasimha’s parameter (Narasimha
& Viswanath (1975)), relaminarization was observed even
for the computed flow conditions in the reportedly “non-
relaminarizing” regime. Through the budget analysis of the
turbulent kinetic energy (TKE), we develop a model for the
TKE decrease ratio across the expansion fan. The model
shows good agreement with the measured TKE decrease for
the wide range of flow conditions considered in this study.

INTRODUCTION
Under certain Reynolds and Mach number conditions, su-

personic turbulent boundary layers at expansion corners are
known to experience relaminarization due to the favorable
pressure gradient from the expansion fan. The relaminariza-
tion can affect the aerodynamic performance of supersonic air-
craft and rocket fairings, including but not limited to lower
skin friction coefficients and significant differences in the fur-
ther downstream flow phenomena. It is therefore crucial to
accurately predict the occurrence and the extent to which re-
laminarization occurs for a given flow condition and geometry
to realize an efficient and safe design in the aerospace industry.

An empirical condition for the relaminarization phe-
nomenon was given by Narasimha & Viswanath (1975), now
called Narasimha’s parameter. By taking the ratio of the pres-
sure change at the expansion corner ∆p and the wall shear
stress without the influence of the corner τw0, it was reported
that relaminarization occurs when ∆p/τw0 > 75 and does not
when ∆p/τw0 < 60. However, more recent studies report
the occurrence of relaminarization below the lower bound of
∆p/τw0 < 60 (Goldfeld et al. (2002); Nguyen et al. (2013);
Pandey et al. (2024)), suggesting the necessity for further in-
vestigation into the condition for relaminarization.

Notably, Teramoto et al. (2017) and Sun et al. (2017)
performed the budget analyses of the turbulent kinetic energy
(TKE) and revealed that a negative contribution from the pro-
duction term of the TKE budget at the expansion corner is the
chief cause for the rapid attenuation of the turbulent fluctua-
tions. In contrast, the incompressible flow under a favorable
pressure gradient does not present such large negative contri-
bution of the production term (Volino (2020)). This particular
phenomenon that is unique to supersonic expansion leads us
to believe that Narasimha’s parameter, which is originally an
extension of an existing parameter for relaminarization for in-
compressible flow, is not applicable to the present relaminar-
ization mechanism at supersonic expansion corners.

In this study, we conduct the direct numerical simulations
(DNS) of relaminarizing turbulent boundary layers at expan-
sion corners to clarify the extent to which relaminarization oc-
curs for varying flow conditions. In particular, we focus our
analysis on the reduction of the turbulent kinetic energy as the
indicator of relaminarization. Furthermore, from the budget
equation of the TKE, we derive and propose a non-dimensional
parameter that quantifies the decrease in the turbulent fluctua-
tions solely from the flow conditions.

COMPUTATIONAL SETUP
The present DNS study directly solves the compressible

Navier–Stokes equations with respect to the conservative vari-
ables (density, momentum, and total energy) using a well-
validated in-house solver. The sixth-order compact differenc-
ing scheme (Lele (1992)) is employed for spatial discretization
with the eighth-order compact filter (Lele (1992); Gaitonde &
Visbal (2000)). The third-order TVD Runge–Kutta method
(Gottlieb & Shu (1998)) is employed for time integration.

The Reynolds number based on the momentum thickness
at the inlet is set to Reθ = 1000, 3000, 5000. Three freestream
Mach numbers are chosen for each Reynolds number accord-
ing to Narasimha’s parameter to compute the reportedly “re-
laminarizing”, “non-relaminarizing”, and “in-between” cases
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Figure 1. (a) Iso-surface of Q-criterion at Q/(u∞/δin)
2 = 15, colored by local Mach number for Reθ = 5000, M = 2, α = 12◦ case.

Background filled contour shows spanwise slice of local Mach number and contour lines show pressure. (b) Skin friction coefficients for
nine cases with α = 12◦ . Red, Reθ = 1000; green, Reθ = 3000; blue, Reθ = 5000. Solid lines, ∆p/τw0 > 75 (low Mach); dash-dotted
lines, 60 < ∆p/τw0 < 75 (medium Mach); dotted lines, ∆p/τw0 < 60 (high Mach).

as in Table 1. The adiabatic non-slip wall condition is em-
ployed with the α = 12◦ expansion corner located at the
streamwise location x = 0. We additionally perform the Reθ =
1000 computations with deflection angles of α = 3∼ 11◦ in 1◦

increments for the same three Mach numbers to investigate the
cases with weaker expansion and relaminarization. The inlet
boundary condition at x/δin =−10 is generated using a sepa-
rate driver zone with the rescale-reintroduction method (Urbin
& Knight (2001)), where δin is the inflow 99% boundary layer
thickness. The computational domain is −10 ≦ X/δin ≦ 45,
0≦Y/δin ≦ 100, and 0≦ Z/δin ≦ 6. Here, the (x,y,z) axes de-
note the global cartesian axes and the (X ,Y,Z) axes are rotated
to align the wall after the corner. For the Reθ = 1000 and 3000
cases, the streamwise domain is extended to −10 ≦ X/δin ≦
75 to appropriately capture the boundary layers’ return to equi-
libria after the expansion corner. The grid resolutions satisfy
∆X+ ≲ 10, ∆Y+

min ≲ 0.3, and ∆Z+ ≲ 5, where the + super-
script denotes nondimensionalization by the wall unit. At the
expansion corner, a finer streamwise grid resolution is used to
satisfy ∆X/δin = 10−3. The grid convergence is tested for the
examined turbulence statistics, which did not show significant
differences when a 1.5-times coarser computational grid was
used.

Table 1. Freestream Mach numbers of computed cases

∆p
τw0

> 75 60 < ∆p
τw0

< 75 ∆p
τw0

< 60

Reθ (Low Mach) (Medium Mach) (High Mach)

1000 1.5 1.75 2

3000 1.75 2 2.75

5000 2 2.75 3

RESULTS AND DISCUSSION
Instantaneous flowfield and turbulence statis-
tics

The iso-surface of the Q-criterion with the spanwise slice
of the Mach number and pressure distributions for the Reθ =

5000, M = 2 (low Mach) case are shown in Figure 1(a). The
pressure contours show that the expansion fan is formed orig-
inating from the expansion corner, yielding the pressure gra-
dient and acceleration. The turbulent vortices in the incoming
boundary layer are observed to decrease just after the expan-
sion corner, which is indicative of relaminarization. Further
downstream, the turbulent motions begin to regenerate and
eventually reaches a turbulent state again. In the relaminar-
ized region, the mach number distribution also shows that the
near-wall fluctuations are attenuated forming a thin shear layer,
demonstrated by the limited amount of disturbances in the low-
speed (blue to green contours) near-wall region. The skin fric-
tion coefficient distributions for the nine computed cases with
α = 12◦ are shown in Figure 1(b). At the expansion corner
x/δin = 0, the wall shear stress momentarily increases sharply
due to the acceleration in the near-wall region, then decreases
to a value lower than the initial turbulent values of x/δin < 0.
This decrease in the skin friction is another indication of re-
laminarization. The same trend of the skin friction develop-
ment is observed for all nine cases, which suggests that the
boundary layer experiences relaminarization to a certain ex-
tent even for the low Narasimha’s parameter (high Mach num-
ber) cases as also suggested by existing studies (Goldfeld et al.
(2002); Nguyen et al. (2013); Pandey et al. (2024)). The skin
friction begins to increase after the local minimum indicating
the retransition to a turbulent state, and eventually reaches a
nearly flat profile.

The distributions of the mean wall-parallel velocity and
turbulent kinetic energy (TKE) for the Reθ = 5000, M = 2
(low Mach) case are shown in Figure 2. Note that the veloc-
ity components (U,V,W ) are those along the rotated coordi-
nate system (X ,Y,Z). The mean wall-parallel velocity shows
the acceleration due to the expansion fan and the boundary
layer profile noticeably changes from the incoming turbulent
boundary layer, which suggests relaminarization. The TKE of
the boundary layer shows a rapid and significant decrease at
the expansion corner, reaching 20 ∼ 30% of its original value.
Near the wall, the TKE begins to regenerate at x/δin ≈ 1, while
the outer layer away from the wall largely remains relaminar-
ized. Figure 3 shows the distributions of the TKE for cases
with α = 12◦. All nine cases show the rapid reduction of the
TKE representing the occurrence of the relaminarization phe-
nomenon, as was also observed from the skin coefficient dis-
tribution in Figure 1(b). Additionally, the high Mach cases
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Figure 2. Distributions of mean wall-parallel velocity (top)
and turbulent kinetic energy (bottom) for Reθ = 5000, M =

2, α = 12◦ case.

Figure 3. Distributions of turbulent kinetic energy for cases
with α = 12◦. Top, Reθ = 1000; middle , Reθ = 3000; bottom,
Reθ = 5000. Left, low Mach; center, medium Mach; right,
high Mach.

(right column) seem to exhibit more significant TKE reduc-
tions compared to the low Mach number bases (left column).

To quantify the decrease in the TKE, we compare the
ratios between the TKE values before and after the expan-
sion along a given streamline. As demonstrated in Figure
4, for a given height y+0 at x/δin = −2.5, the pre-expansion

TKE ρK̃
∣∣∣
pre

is taken at the streamwise location x/δin =−2.5,

while the post-expansion TKE ρK̃
∣∣∣
post

is taken as the mini-

mum TKE along the streamline (blue arrow) starting at x/δin =
−2.5. Here the superscript (·)+0 signifies nondimensionaliza-

tion using τw0, and K̃ := 1
2Ũ ′′

k U ′′
k . The TKE decrease ratios

1− ρK̃
∣∣∣
post

/
ρK̃
∣∣∣
pre

at y+0 ≈ 100 for each flow condition

are shown in Table 2. For all of the Reynolds numbers tested,
the TKE decreases by a larger percentage for the low ∆p/τw0
(high Mach number) cases, where relaminarization is not ex-
pected according to the empirical condition by Narasimha &
Viswanath (1975). The stronger relaminarization at the high
Mach numbers indicate that relaminarization may be caused
by the stronger expansion of the mean flow, not primarily
by the favorable pressure gradient as Narasimha’s parameter
∆p/τw0 suggests. In the following, we aim to model the TKE
decrease through analyses of the TKE budget equation.

Figure 4. Schematic of the pre- and post-expansion locations
along a given y+0.

Table 2. TKE decrease ratio at y+ ≈ 100 for cases with α =

12◦.

∆p
τw0

> 75 60 < ∆p
τw0

< 75 ∆p
τw0

< 60

Reθ (Low Mach) (Medium Mach) (High Mach)

1000 0.783 0.814 0.838

3000 0.772 0.801 0.864

5000 0.775 0.830 0.852

Model for TKE decrease ratio
To elucidate how the rapid TKE decrease occurs, we show

the production term of the TKE budget equation in Figure 5
(top), where we observe that the production term takes a neg-
ative value at the expansion corner. Although we do not show
the other terms of the budget equation here, existing studies
have shown that the change in the production term is the main
driver of the reduction in TKE (Teramoto et al. (2017); Sun
et al. (2017)). We also note that the near-wall positive pro-
duction in the downstream region causes the rapid recovery of
the near-wall TKE observed in Figures 2 and 3. In a similar
fashion to Teramoto et al. (2017), we further decompose the
production term into subterms as

−ρ ũ′′i u′′j
∂ ũi

∂x j
=

(
−ρ ũ′′u′′

∂ ũ
∂x

−ρ ṽ′′v′′
∂ ṽ
∂y

)

+

(
−ρ ũ′′v′′

∂ ũ
∂y

−ρ ũ′′v′′
∂ ṽ
∂x

)
, (1)
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Figure 5. Distribution of production term of TKE budget
(top) and its diagonal (bottom-left) and off-diagonal (bottom-
right) components for Reθ = 5000, M = 2, α = 12◦ case.

where the two terms in the right hand side are here named
the diagonal and off-diagonal components, respectively. The
diagonal and off-diagonal components of the production term
are shown in Figure 5 (bottom). The negative production is
mostly caused by the diagonal component. Considering the
expression in Equation 1, the rise of the negative production is
considered to be strongly correlated with both the components
of the TKE 0.5ρ ũ′′k u′′k and the mean flow divergence ∂ ũk/∂xk.

Based on the above observations, we formulate the model
for the TKE decrease ratio. We base the modeling approach
on the TKE budget equation which is expressed as

∂ρK̃
∂ t

+
∂ρK̃ũk

∂xk
= ∑

i
(termi) , (2)

where (termi) represent the various terms in the budget equa-
tion such as production, dissipation, and diffusions. We rear-
range the equation using the Lagrange derivative to obtain

DρK̃
Dt

=−ρK̃
∂ ũk

∂xk
+∑

i
(termi) . (3)

Here, we introduce a modeling assumption that each term can
be written as

(termi) =CiρK̃
∂ ũk

∂xk
(4)

with a constant Ci. This assumption is based on the above ob-
servation that the change in the TKE is predominantly caused

by the negative production, which is largely correlated with the
TKE and the mean flow expansion. The other terms are con-
sidered to be also strongly affected by the production term, and
therefore the terms are modeled as a scalar multiple of the TKE
and the mean velocity divergence. Under this assumption, by
considering the time integral in a Lagrange sense from the pre-
expansion state to the post-expansion state of Equation 3, we
obtain

∫ post

pre

DρK̃
Dt

dt =
∫ post

pre

(
∑

i
(Ci −1)ρK̃

∂ ũk

∂xk

)
dt, (5)

ρK̃
∣∣∣
pre

− ρK̃
∣∣∣
post

ρK̃
∣∣∣
pre

= 1−
(

ρ|post

ρ|pre

)−∑i Ci+1
. (6)

In this study, we model the constants Ci for each term by using
the integral values as follows:

Ci,model =

∫ post
pre (termi)dt
∫ post

pre ρK̃ ∂ ũk
∂xk

dt
. (7)

Figure 6 shows the modeled coefficients Ci,model for all
computed cases in bar graphs. Much of the negative con-
tributions come from the diagonal component of production
and the dissipation. Remarkably, all cases take a similar
value of ∑i Ci,model ≈ −2. From Equation 6, we therefore use(

ρK̃
∣∣∣
pre

− ρK̃
∣∣∣
post

)/
ρK̃
∣∣∣
pre

= 1−
(
ρ|post/ρ|pre

)3 as a po-

tential model for the TKE decrease ratio. Here, (ρ|post/ρ|pre)
can be estimated in an a priori manner from the flow parame-
ters using the results of Prandtl–Meyer expansion theory.

In Figure 7, the proposed model equation is validated
against the measured TKE decrease ratio at y+0 ≈ 100. The
markers representing each flow condition are placed near the
diagonal line, showing good accuracy of the proposed model
equation. The results suggest that 1−

(
ρ|post/ρ|pre

)3 is a dom-
inant nondimensional parameter that characterizes the TKE
decrease ratio, and can be used to estimate the extent of re-
laminarization quantitatively solely from the flow parameters.

CONCLUDING REMARKS
In this study, we have performed the direct numerical sim-

ulations of the relaminarizing turbulent boundary layers at su-
personic expansion corners. The obtained skin friction coef-
ficients and the distributions of the turbulent kinetic energy
(TKE) suggest that relaminarization occurs for the present
computed range of Reynolds and Mach numbers at the deflec-
tion angle of α = 12◦, including the cases where relaminar-
ization is not expected according to the existing Narasimha’s
parameter. Furthermore, a non-dimensional parameter for the
TKE decrease ratio is derived through the analysis of the TKE
budget equation. The proposed model parameter can be com-
puted solely from the prescribed flow parameters, and is shown
to agree well with the measured TKE decrease.
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Figure 6. Model coefficients for varying Reynolds and Mach
numbers for fixed α = 12◦ (top) and varying Mach number
and deflection angles for fixed Reθ = 1000 (bottom). Red
(hatched), production (diagonal component); red, production
(off-diagonal component); blue, dissipation; green, diffusion;
yellow, pressure-dilation; magenta, mass flux contributions.
Black horizontal marks and the numerical values within each
graph denote the sum of all terms.
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Figure 7. Measured TKE decrease ratio versus proposed
model. Red, Reθ = 1000; green, Reθ = 3000; blue, Reθ =

5000. Circles, low Mach; triangles, medium Mach; squares,
high Mach.
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