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ABSTRACT
Bubble-laden flows are prevalent in both natural

and industrial applications. In this study, a new return-
to-isotropy Langevin-type model is proposed for the
large-eddy simulation of bubble-laden turbulence. Sim-
ulations are conducted in downward vertical bubble-
laden turbulent channel flows with a friction Reynolds
number of 𝑅𝑒𝜏 = 590. The new Langevin model im-
proves the prediction of bubble velocity statistics, yield-
ing results that are closer to direct numerical simulation
than those obtained with the other two subgrid-scale
models: Approximate deconvolution method (ADM)
and the stochastic Langevin models of Knorps & Po-
zorski (2021). Moreover, it reduces the anisotropy of the
fluid Reynolds stress tensor at bubble locations. Finally,
the influence of the model parameter 𝐶𝑅 is examined,
and an approximate estimation formula is proposed to
determine 𝐶𝑅 automatically.

INTRODUCTION
Bubble-laden turbulent flows occur widely in both

natural and industrial contexts, such as air entrainment
at the ocean surface and bubble-induced drag reduction
on ships. Most Euler-Lagrange studies to date have em-
ployed direct numerical simulation (DNS) for the fluid
phase, while relatively few have applied large-eddy sim-
ulation (LES) (Breuer & Hoppe, 2017). In LES, only the
large turbulent scales are resolved, while the subgrid-
scale (SGS) motions are modeled. However, these unre-
solved SGS motions significantly affect the dynamics of
the dispersed phase and cannot be neglected (Marchi-
oli, 2017). To address this issue, numerous SGS models
for dispersed phases (particles and bubbles) have been
proposed, including approximate deconvolution mod-
els (ADM) (Stolz et al., 2001) and stochastic Langevin
models (Fede & Simonin, 2006). ADM approximates
an inverse filter operator to reconstruct the SGS ve-

locity. Langevin models introduce an additional SGS
velocity or directly modify the full velocity, thereby
increasing particle kinetic energy (Knorps & Pozorski,
2021). In contrast, it is well established that in single-
phase LES (particularly on coarse grids), the stream-
wise Reynolds stress is typically overestimated, while
the wall-normal and spanwise components are under-
estimated, due to SGS modeling errors (Kravchenko &
Moin, 1997). The application of Langevin models fur-
ther amplifies the streamwise bubble Reynolds stress
and increases its anisotropy, pushing the predictions far-
ther from DNS results. The motivation of the present
study is to propose a new Langevin SGS model that re-
duces anisotropy and improves the prediction of bubble
velocity statistics.

PARAMETER SETTINGS
In this study, downward vertical bubble-laden tur-

bulent channel flows are simulated using both DNS and
LES. The computational domain is illustrated in fig-
ure 1. The domain size is 2𝜋ℎ× 2ℎ× 𝜋ℎ, with channel
half-width ℎ = 0.08 m. All simulations are driven by a
constant pressure gradient of d𝑃0/d𝑥 = 0.68𝑃𝑎/𝑚, corre-
sponding to a friction Reynolds number of 𝑅𝑒𝜏 = 590.
Since the main objective is the development of a new
SGS model for the bubble phase, all cases are one-way
coupled; bubble feedback to the carrier flow is neglected.

For both DNS and LES, the streamwise and span-
wise directions are discretized using uniform grids, while
the wall-normal direction is discretized using stretched
grids. As shown in Table 1, the DNS case uses 512×
320× 384 mesh grid points. For LES, three grids are
considered: a fine grid (128×128×128, M1), a medium
grid (96×128×96, M2), and a coarse grid (64×128×96,
M3). The wall-normal resolution is kept sufficiently fine
for wall-resolved LES (Choi & Moin, 2012).

As shown in Table 2, three bubble diameter cases
are considered, 𝑑 = [110,160,220] 𝜇m, corresponding to
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Table 1. Grid parameters for DNS and three cases of
LES.

Type Resolution Δ𝑥+ Δ𝑧+ Δ𝑦+min

DNS 512×320×384 7.2 4.8 0.04

M1 128×128×128 29.0 14.5 0.4

M2 96×128×96 38.6 19.3 0.4

M3 64×128×96 59.0 19.3 0.4

normalized diameters 𝑑+ = [0.8,1.2,1.6]. The selected
bubbles are smaller than or comparable to the Kol-
mogorov microscale 𝜂+; therefore, they are treated
as point particles, and finite-size corrections (e.g.,
Faxén and undisturbed-velocity corrections) are ne-
glected (Balachandar & Liu, 2023). For all cases,
𝐸𝑜 = 𝑂 (10−3) ≪ 1, indicating non-deformable bubbles
(Clift, R. et al., 1978). The Froude number is fixed at
𝐹𝑟 = 0.0083 ≪ 1, implying strong buoyancy effects and
appreciable mean slip (Mathai et al., 2020). Although
𝑆𝑡 ∈ [0.018,0.073] ≪ 1, the ratio 𝑆𝑡/𝐹𝑟 = 𝑂 (1) indicates
that gravitational crossing-trajectory effects remain im-
portant for bubble transport (Mathai et al., 2016).

Table 2. Bubble parameters for three diameter cases.

𝑑 (𝜇m) 𝑑+ 𝑡𝑏 (ms) 𝑆𝑡 𝑆𝑡/𝐹𝑟 𝐸𝑜

110 0.8 0.34 0.018 0.89 0.0016

160 1.2 0.71 0.039 1.89 0.0034

220 1.6 1.35 0.073 3.57 0.0065

FLUID AND BUBBLE MODELING
For LES, the filtered incompressible Navier-Stokes

equations are solved using a second-order finite-
difference method (Kim et al., 2002), with the subgrid-
scale stress modeled using the dynamic Smagorinsky
model (Germano et al., 1991). The governing equations
are:

𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 (1)

𝜕𝑢𝑖
𝜕𝑡

+𝑢 𝑗
𝜕𝑢𝑖
𝜕𝑥 𝑗

= − 1
𝜌 𝑓

𝜕𝑝

𝜕𝑥𝑖
+ 𝜈 𝜕2𝑢𝑖

𝜕𝑥 𝑗𝜕𝑥 𝑗
+ 1
𝜌 𝑓
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𝜕𝑥 𝑗
(2)

where 𝑢𝑖 and 𝑝 are the filtered velocity and pres-
sure. The subgrid-scale stress 𝜏𝑖 𝑗 is modeled using
the eddy-viscosity approach: 𝜏𝑑𝑖 𝑗 = 2𝜈𝑡𝑆𝑖 𝑗 , where 𝑆𝑖 𝑗 =
1
2 (𝜕𝑢𝑖/𝜕𝑥 𝑗 + 𝜕𝑢 𝑗/𝜕𝑥𝑖) is the resolved strain-rate tensor

and 𝜈𝑡 = (𝐶𝑆Δ)2
√

2𝑆𝑖 𝑗𝑆𝑖 𝑗 is the SGS viscosity with dy-
namic coefficient 𝐶𝑆 determined via the Germano iden-
tity.

The Lagrange method is employed to track bubbles
individually. The bubble equation of motion is given by
(Maxey & Riley, 1983):
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(3)
where 𝒖𝑠 = 𝒖𝑏 −𝒖@𝑏 is the bubble slip velocity, and 𝒖@𝑏

is the fluid velocity at the bubble location. The terms on
the right-hand side of (3) represent, in order, the buoy-
ancy/gravity force, drag force, pressure gradient force,
lift force, wall-lift force, added mass force, and Basset
history force.

In DNS, 𝒖@𝑏 is obtained directly by interpolation.
In LES, in contrast, 𝒖@𝑏 is decomposed into two parts:
the resolved fluid velocity at the bubble location, 𝒖@𝑏,
and the subgrid-scale (SGS) velocity, 𝒖𝑠𝑔. The resolved
component 𝒖@𝑏 is still obtained by interpolation of the
filtered velocity field, whereas the SGS component 𝒖𝑠𝑔

must be modeled.
Two widely used dispersed-phase SGS models

are evaluated: the approximate deconvolution model
(ADM) (Stolz et al., 2001) and the stochastic Langevin
model (Knorps & Pozorski, 2021).

ADM reconstructs the unfiltered velocity 𝑢̄𝑖 + 𝑢𝑠𝑔,𝑖
through approximate inversion of the filter operator G
via a series expansion of the filter operator inverse Q𝑁

(Stolz et al., 2001). For the approximate unfiltered ve-
locity 𝑢∗𝑖 , the approximate inverse can be written as

𝑢̄𝑖 +𝑢𝑠𝑔,𝑖 ≈ 𝑢∗𝑖 = Q𝑁 ∗ 𝑢̄𝑖
= 𝑢̄𝑖 + (𝑢̄𝑖 − ¯̄𝑢𝑖) + (𝑢̄𝑖 −2 ¯̄𝑢𝑖 + ¯̄̄𝑢𝑖) + · · · (4)

where

Q𝑁 =
𝑁∑
𝜈=0

(I−G)𝜈 ≈ G−1, if |I−G| < 1, (5)

and the subgrid velocity is obtained as 𝑢𝑠𝑔,𝑖 = 𝑢∗𝑖 − 𝑢̄𝑖.
In the present work, 𝑁 = 3 is used, which can provide a
good balance between accuracy and computational cost.
However, ADM is limited to homogeneous turbulence
and its accuracy deteriorates rapidly in wall-bounded
flows (Marchioli, 2017).

The stochastic modeling of fluid velocity originates
from the classical Langevin equation for Brownian mo-
tion. In turbulence modeling, this concept was funda-
mentally advanced by the Generalized Langevin Model
(GLM) (Pope, 1985), which represents the unclosed
fluctuating pressure-gradient and viscous-dissipation ef-
fects as a continuous stochastic process. This ap-
proach was subsequently extended to large-eddy simula-
tion (LES) to model the unresolved subgrid-scale (SGS)
velocity seen by dispersed particles (Fede & Simonin,
2006). Building on these foundations, Knorps & Po-
zorski (2021) extended the stochastic framework to in-
homogeneous, wall-bounded turbulence (here referred
to as the LKP model), which explicitly incorporates the

2



14th International Symposium on Turbulence and Shear Flow Phenomena (TSFP14)
Heidelberg, Germany, July 28–31, 2026

anisotropy and cross-correlations of the SGS fluid veloc-
ity:

d𝑢𝑠𝑔,𝑖 =

(
−
𝑢𝑠𝑔,𝑖

𝜏∗𝑠𝑔,𝑖
−𝑢𝑠𝑔, 𝑗

𝜕𝑢𝑖
𝜕𝑥 𝑗

+
𝜕𝜏𝑖 𝑗

𝜕𝑥 𝑗

)
d𝑡 +

√√
2𝜎2

𝑖

𝜏∗𝑠𝑔,𝑖
d𝑊𝑖 (6)

where d𝑊𝑖 is the Wiener increment, 𝜎𝑖 is the SGS ve-
locity scale in direction 𝑖, and 𝜏∗𝑠𝑔,𝑖 is the SGS memory-
decay time scale. To account for crossing-trajectory ef-
fects caused by bubble-fluid slip, the directional time
scales are corrected as 𝜏∗𝑠𝑔,1 = 𝜏𝑠𝑔

(
1+ 𝛽2𝑢2

𝑠/(2𝑘𝑠𝑔/3)
)−1/2

and 𝜏∗𝑠𝑔,2 = 𝜏
∗
𝑠𝑔,3 = 𝜏𝑠𝑔

(
1+4𝛽2𝑢2

𝑠/(2𝑘𝑠𝑔/3)
)−1/2, where 𝛽 =

0.2. The SGS turbulent kinetic energy is evaluated as
𝑘𝑠𝑔 =𝐶𝐼Δ2 |𝑆 |2, and the coefficient 𝐶𝐼 is obtained from a
Germano-identity-based dynamic procedure. The SGS
velocity scale 𝜎𝑖 is computed with a scale-similarity dy-
namic strategy analogous to that for 𝑘𝑠𝑔, but in a direc-
tional form, so the modeled SGS intensity is anisotropic
rather than isotropic.

A RETURN-TO-ISOTROPY LANGEVIN MODEL
As demonstrated in the subsequent section, both

the ADM and LKP models tend to amplify the bubble
Reynolds stresses in all three directions. In contrast to
a balanced enhancement, this effect disproportionately
amplifies the streamwise component, thereby exacerbat-
ing the anisotropy of the bubble Reynolds stress. To ad-
dress this limitation, a new return-to-isotropy Langevin
(LRI) model is proposed.

The LRI model is inspired by the return-to-isotropy
concept of Rotta (1951) in Reynolds-stress transport
theory, where the pressure-rate-of-strain term is for-
mulated to be directly proportional to the normalized
anisotropy tensor, actively driving anisotropic turbu-
lence back toward an isotropic state. Adapting this
principle to the present SGS-velocity framework, the
key idea is to introduce a directionally selective damping
mechanism when the LES resolved field exhibits exces-
sive streamwise anisotropy. The SGS velocity evolution
equation is thus modified to:

d𝑢𝑠𝑔,𝑖 =

(
−
𝑢𝑠𝑔,𝑖

𝜏∗𝑠𝑔,𝑖

[
1+𝐶𝑅𝑏

∗
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(
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′
@𝑏,𝑖

)]
−𝑢𝑠𝑔, 𝑗
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𝜕𝑥 𝑗

+
𝜕𝜏𝑖 𝑗

𝜕𝑥 𝑗

)
d𝑡 +
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2𝜎2

𝑖

𝜏∗𝑠𝑔,𝑖
d𝑊𝑖 , (7)

where 𝑢′@𝑏,𝑖 = 𝑢@𝑏,𝑖 − ⟨𝑢𝑖⟩ is the fluid velocity fluctua-
tion evaluated at the bubble location, and no summa-
tion is implied for the repeated index 𝑖 in equation (7).
The corresponding normalized anisotropy tensor of fluid
Reynolds-stress at the bubble location is defined as:

𝑏∗𝑖 𝑗 =
𝑢′@𝑏,𝑖

𝑢′@𝑏, 𝑗

𝑢′@𝑏,𝑘
𝑢′@𝑏,𝑘

− 1
3 𝛿𝑖 𝑗 . (8)

𝐶𝑅 is a model parameter, which will be discussed later.
Compared to the baseline LKP model, the newly in-
troduced factor

[
1+𝐶𝑅𝑏

∗
𝑖𝑖sgn(𝑢𝑠𝑔,𝑖𝑢′@𝑏,𝑖)

]
modifies the

Langevin damping rate in a direction-aware manner.
Specifically, when the streamwise fluctuation is over-
estimated (𝑏∗11 > 0), an alignment in sign between 𝑢𝑠𝑔,1
and 𝑢′@𝑏,1 enhances the damping effect, whereas oppo-
site signs attenuate it. Consequently, this correction
preferentially dissipates excessive streamwise SGS ki-
netic energy, driving the fluid velocity fluctuations ex-
perienced by the bubbles toward a more isotropic state.

RESULTS AND DISCUSSION
In LES, the approximate deconvolution model

(ADM), Langevin model of Knorps & Pozorski (2021)
(LKP), and the new return-to-isotropy Langevin model
(LRI) are tested and compared with the results of LES
without an SGS model and DNS.

Taking the case of 𝑑+ = 1.2 bubbles on the medium
mesh (M2) as an example (shown in Figure 2), both the
lift force and wall-lift force in the downward vertical
channel flow drive bubbles away from the wall, result-
ing in a preferential concentration in high-speed regions
near the wall (𝑦+ = 8). LES tends to exaggerate this pref-
erence, whereas the new LRI model reduces it, yielding
results that are closer to those of DNS.

As shown in figure 3, for 𝑑+ = 1.2 bubbles on the
medium grid, the mean bubble velocity ⟨𝑢𝑏⟩+ obtained
from LES without an SGS model is elevated in the near-
wall region (𝑦+ < 10) relative to DNS, which further
proves that the preference is exaggerated. The inclusion
of the ADM and LKP models produces little improve-
ment, as the mean velocity profile remains nearly un-
changed. In contrast, the new LRI model with 𝐶𝑅 = 1
significantly reduces ⟨𝑢𝑏⟩+, yielding a close agreement
with DNS.

As for the bubble Reynolds stress, due to SGS mod-
eling errors in the LES (Kravchenko & Moin, 1997),
LES without an SGS model overpredicts the streamwise
Reynolds stress ⟨𝑢′𝑏𝑢′𝑏⟩+, while underpredicting ⟨𝑣′𝑏𝑣′𝑏⟩+
and ⟨𝑤′

𝑏𝑤
′
𝑏⟩+. The ADM slightly increases all three com-

ponents of bubble Reynolds stress, while they are sig-
nificantly increased by the LKP model. In figure 3(b),
the LKP model causes ⟨𝑢′𝑏𝑢′𝑏⟩+ to be overestimated. By
contrast, the introduction of the LRI model significantly
reduces ⟨𝑢′𝑏𝑢′𝑏⟩+ in the near-wall region, aligning much
more closely with DNS.

Figure 4 presents the Lumley triangle at bubble lo-
cations to quantify turbulence anisotropy (Lumley &
Newman, 1977). The normalized anisotropy tensor of
bubble Reynolds stress is defined as

𝑏𝑖 𝑗 =
⟨𝑢′𝑏,𝑖𝑢′𝑏, 𝑗⟩
⟨𝑢′𝑏,𝑘𝑢′𝑏,𝑘⟩

− 1
3
𝛿𝑖 𝑗 . (9)

Its second and third invariants are

II𝑏 = −1
2
𝑏𝑖 𝑗𝑏 𝑗𝑖 , III𝑏 =

1
3
𝑏𝑖 𝑗𝑏 𝑗𝑘𝑏𝑘𝑖 . (10)

In the III𝑏–II𝑏 plane, the LES trajectory without
an SGS model shifts toward the one-component side,
indicating excessive streamwise anisotropy. ADM pro-
duces only marginal change, and LKP tends to fur-
ther strengthen anisotropy. By contrast, the LRI model
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moves the trajectory toward the DNS curve and toward
the isotropic state, showing clear anisotropy recovery.

The influence of the model parameter 𝐶𝑅 is exam-
ined in figure 5 for three bubble diameters and three
grid resolutions. Δ⟨𝑢′@𝑏𝑢

′
@𝑏⟩∗∗𝑝 for the LRI model is de-

fined as Δ⟨𝑢′@𝑏𝑢
′
@𝑏⟩∗∗𝑝 = Δ⟨𝑢′@𝑏𝑢

′
@𝑏⟩∗𝑝

√
1+ 𝛽2𝑢2

𝑠/𝜎2
1 , where

Δ⟨𝑢′@𝑏𝑢
′
@𝑏⟩∗𝑝 =

(
⟨𝑢′@𝑏

𝑢′@𝑏
⟩
��
LKP−⟨𝑢

′
@𝑏

𝑢′@𝑏
⟩
��
LRI

⟨𝑢′𝑢′ ⟩
��
LES

) ����
𝑦𝑝

is the nor-

malized difference of ⟨𝑢′@𝑏𝑢
′
@𝑏⟩ between LKP and LRI

at 𝑦+𝑝 = 15 (peak height of fluid streamwise Reynolds
stress), where ⟨𝑢′𝑢′⟩ = ⟨𝑢′𝑢′⟩ +𝜎2

1 is the fluid full veloc-
ity Reynolds stress in LES. The factor

√
1+ 𝛽2𝑢2

𝑠/𝜎2
1 ac-

counts for crossing-trajectory effects, with 𝛽 = 0.2.
Results show that Δ⟨𝑢′@𝑏𝑢

′
@𝑏⟩∗∗𝑝 exhibits an excel-

lent linear correlation with 𝐶𝑅, approximately follow-
ing Δ⟨𝑢′@𝑏𝑢

′
@𝑏⟩∗∗𝑝 ≈ 0.2𝐶𝑅. Since the bubble inertia is

minimal, the increment of ⟨𝑢′@𝑏𝑢
′
@𝑏⟩ between LKP and

DNS at 𝑦+𝑝 = 15 can be approximated by the increment
of ⟨𝑢′𝑢′⟩ between LES and DNS, Δ⟨𝑢′@𝑏𝑢

′
@𝑏⟩

��
𝑦𝑝 ,LKP ≈

Δ⟨𝑢′𝑢′⟩
��
𝑦𝑝 ,LES. Based on this relationship, the parameter

𝐶𝑅 is estimated to reduce ⟨𝑢′@𝑏𝑢
′
@𝑏⟩ in the LRI model

at 𝑦𝑝 to match DNS. The resulting estimation formula
is:

𝐶𝑅 ≈ 𝛼
√

1+ 𝛽2𝑢2
𝑠/𝜎2

1Δ⟨𝑢
′𝑢′⟩∗

��
𝑦𝑝 ,LES (11)

where Δ⟨𝑢′𝑢′⟩∗
��
𝑦𝑝 ,LES =

(
⟨𝑢′𝑢′ ⟩

��
LES−⟨𝑢

′𝑢′ ⟩
��
DNS

⟨𝑢′𝑢′ ⟩
��
LES

) ����
𝑦𝑝

is the

normalized difference of streamwise Reynolds stress at
𝑦+𝑝 = 15. Moreover, 𝛼 = 5 and 𝛽 = 0.2 are chosen under
the present conditions.

CONCLUSION
A new return-to-isotropy Langevin-type model is

proposed for the large-eddy simulation of bubble-laden
turbulent flow, based on the Langevin model of Knorps
& Pozorski (2021). Simulations are performed for down-
ward vertical channel flows. The new Langevin model
reduces both the mean bubble velocity and the stream-
wise bubble Reynolds stress, yielding results that are
significantly closer to direct numerical simulation com-
pared with other subgrid-scale models. In LES with-
out an SGS model, the anisotropy of the fluid Reynolds
stress tensor at bubble locations is amplified relative
to DNS, whereas the new model effectively reduces
this anisotropy. Moreover, the normalized reduction of
the fluid Reynolds stress at bubble locations exhibits a
nearly linear correlation with the model parameter 𝐶𝑅,
enabling the formulation of an estimation equation for
𝐶𝑅.
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Figure 1. Diagram of computational setup

Figure 2. Instantaneous fluid velocity fluctuations and bubble distribution at 𝑦+ = 8: (a) LES without an SGS model;
(b) LES with return-to-isotropy Langevin model, 𝐶𝑅 = 1.
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Figure 3. Bubble velocity statistics: (a) Mean bubble velocity; (b-d) Bubble Reynolds stresses. DNS: DNS results;
LES: LES without an SGS model; LES-ADM: LES with approximate deconvolution model (ADM); LES-LPK: LES with
Langevin model of Knorps & Pozorski (2021); LES-LRI-C1: LES with the return-to-isotropy Langevin model, 𝐶𝑅 = 1.
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Figure 4. Invariant map of the anisotropy tensor 𝑏𝑖 𝑗 . Lines: trajectory across the channel; dots: endpoints and turning
points of the lines; circles: at 𝑦+ = 15; squares: at 𝑦+ = 40.
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Figure 5. Relationship between Δ⟨𝑢′@𝑏𝑢
′
@𝑏⟩∗∗𝑝 at 𝑦+𝑝 = 15 and model parameter 𝐶𝑅.
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