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ABSTRACT

Direct numerical simulations of rod-roughened tur-
bulent boundary layers under adverse, zero, and
favourable pressure gradients (APG, ZPG, and FPG)
were conducted. A modified equivalent boundary layer
model was employed to generate the inflow turbulence,
facilitating a rapid transition to an equilibrium flow
state. Compared to ZPG, APG accelerates boundary
layer growth and strengthens the mean velocity wake
but suppresses the roughness function. Conversely,
FPG decelerates layer growth, weakens the wake, and
enhances the roughness function. For the outer-layer
velocity defect, the velocity scale (U.,6*/8) optimally
collapses the ZPG and FPG profiles, whereas the free-
stream velocity (U,) is the most robust scaling for APG,
under which the mixed scale v/Uyu; completely fails.
Dynamically, APG amplifies overall turbulence inten-
sities and induces a global secondary outer peak in the
spatially averaged streamwise Reynolds stress; in con-
trast, this peak remains strictly localised above rough-
ness crests in ZPG and FPG flows. Finally, two-point
correlations reveal that FPG elongates streamwise vor-
tices and reduces their inclination angles, with APG ex-
erting the exact opposite effect.

INTRODUCTION

Rough-wall turbulent boundary layers (TBLs) with
non-zero pressure gradients are common and significant
in engineering applications, such as flows over rough
aerofoils and turbine blades. Clauser (1954) proposed
the pressure gradient parameter, f§ = (6*/1,)(dP./dx),
where 8* is the displacement thickness, 7, is the wall
shear stress and dP,/dx is the far-field streamwise pres-
sure gradient. If f > 0, the TBL is subject to APG
effects, whereas if B < 0, it is exposed to the influence
of FPG. The TBL is called in an equilibrium state if
is a constant independent of streamwise position.

Existing studies on rough-wall TBLs with pressure
gradient (PG) are predominantly experimental. For ex-

ample, Tay et al. (2009) measured flows over ribs in an
asymmetric expanding channel, finding that the com-
bined effect of APG and roughness on thickness growth
exceeded individual contributions. Additionally, they
observed that the boundary layer thickness of rough
TBLs increases less than that of smooth TBLs when the
APG increases. They also showed that the combined in-
crease in turbulence intensity and Reynolds shear stress
from APG and roughness is greater than their respec-
tive effects. Building on these findings, Volino & Schultz
(2023) found that rough and smooth walls remain simi-
lar in the outer layer under FPG/ZPG but differ under
APG. Further, Ghanadi & Djenidi (2022) observed a
lack of collapse in the velocity profiles across different
pressure gradients. Their spectral and proper orthog-
onal decomposition (POD) analyses revealed that the
pressure gradient predominantly modulates large-scale
motions, whereas surface roughness dictates near-wall
flow dynamics. Despite these insights, experiments still
face challenges in obtaining certain physical quantities,
such as turbulent fluctuations of pressure and spanwise
velocity.

Numerical simulations of rough TBLs with PG re-
main limited. The only work in this area is by Yuan &
Piomelli (2014, 2015), who studied a flat-plate TBL over
roughness with both equilibrium and non-equilibrium
FPG. They proposed that the coupled effects of acceler-
ation and roughness increase the mean strain rate. This,
in turn, impacts turbulence mainly through higher pro-
duction and greater wake intensity, subsequently lead-
ing to higher pressure drag and intensified energy trans-
fer between the wake and the turbulence. Nevertheless,
simulating equilibrium rough TBLs under APG, which
would eliminate the history effect, remains a challenge.

Compared to the existing studies, the present direct
numerical simulations of rough TBLs with PG solved
two main issues: how to acquire accurate quantities
which are unavailable for experiments and how to obtain
the equilibrium rough TBLs with PG.
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METHODS

The governing equations of the turbulent boundary
layers are as follows.

u _ 1 2
EJr(uV)u_fEVervV u+f (1)

V-u=0 (2)

where u is the velocity vector, p is the pressure, f is
momentum forcing, p and v are the density and kine-
matic viscousity of the fluid. f is calculated by the im-
mersed boundary method used by Huang & Sung (2007)
to satisfy the desired no-slip condition at the rough sur-
faces. The roughness elements are configured as two-
dimensional spanwise rods with a height of k =0.2§;, and
a spacing of 8k. The pressure gradient is imposed via
spatially varying freestream velocity U, ~ x™, for APG
m = —0.15 and for FPG m = 0.25. The inlet bound-
ary condition combines the mean velocity from a half-
channel simulation and the generated turbulence from a
modified equivalent boundary layer model proposed by
Li et al. (2025). At the outlet, the convective boundary
condition du/dt +Cou/dx =CaUJ/dx is imposed, where
C is the convection speed and U¢ is the freestream ve-
locity at the outlet.

The direct numerical simulations used the second-
order central difference scheme and the Crank-Nicolson
scheme for spatial and temporal discretisation, respec-
tively, which has been validated by Kim et al. (2002).
The computational domain is 405;, x 8;, x 88, and the
grids are 4000 x 256 x 250 with Re;, = 3500.

RESULTS

Figure 1 (a) illustrates the streamwise variation of
the friction Reynolds number (Re; = u;6/v) for rough-
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wall boundary layers under APG, ZPG, and FPG con-
ditions with similar inlet friction Reynolds numbers.
Here, u; = (1,/p)%° and 7, is the total drag, which
is the sum of the skin-frictional and form drags. The
friction Reynolds number exhibits the slowest stream-
wise growth under APG and the fastest under FPG.
The similar effect of APG has been reported by Kitsios
et al. (2017) in smooth-wall boundary layers.

Clauser (1954) proposed that both § and the shape
factor G = (H —1)/(H,/Cy/2) being constant is the re-
quirements of self-similar boundary layers. Here H =
8%/6 and Cy=2U2/u?. As shown in Figure 1 (b), the
pressure gradient parameter 8 and the shape factor G of
three cases remain nearly constant after x/J;, = 20. For
APG TBL B =1.3 and for FPG TBL = —0.3. The
gentle variation of B and G throughout the entire com-
putational region ensures equilibrium TBLs and avoids
the history effect of pressure gradients.

Figure 1 (c) and (d) present that the APG acceler-
ates the streamwise increase of boundary layer thickness
é and displacement thickness 6*, momentum thickness
0, and FPG decelerates it. This aligns with the experi-
ments of Ghanadi & Djenidi (2022).

Figure 2 shows the spatially and temporally aver-
aged streamwise velocity over a single roughness pitch
at Rer = 530, whose streamwise locations are indicated
in figure 1 (a) by the horizontal dashed line. The dashed
lines in figure 2 is

Ut(y)=1/kIn(y—d)" +B—-AUT, (3)

where ¥ = 0.41 and B = 5.1 are the smooth-wall con-
stants. Here, d denotes the zero-plane displacement
from the physical bottom of the roughness (y =0) to the
virtual origin, determined by maximising the quality of
the logarithmic fit. Additionally, AUY is the roughness
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Figure 2. Profiles of inner-scaled mean streamwise ve-
locity UT at Re; = 530. Dashed lines denote the loga-
rithmic law U™ (y) = 1/kIn(y —d)"™ +B—AU™.

function, representing the downward velocity shift from
the smooth-wall logarithmic law. In the present study,
d = 0.29 for all three cases. The roughness function
evaluates to AU' = 10.6, 12.3, and 12.8 for the APG,
ZPG, and FPG conditions, respectively. This increas-
ing trend indicates that the FPG effectively enhances
the wall roughness, a finding consistent with the results
of Volino & Schultz (2023). The wake region is strength-
ened in the APG case and weakened in the FPG case,
which is consistent with the effect of pressure gradient
in the smooth boundary layers of Harun et al. (2013).

As illustrated in figure 1 (b), the flows have reached
the equilibrium state. Therefore, we seek an appropri-
ate outer scaling that enables the spanwise and temporal
averaged velocity defect profiles at various streamwise
positions to collapse onto a single curve, as shown in
figure 3. Given that the velocity within the roughness
sublayer is severely influenced by the rough surface, our
scaling is restricted to the outer region with y > 0.28.
In figure 3, y is normalized by the outer length scale
6 and the mean velocity defect is normalized using the
ZS velocity scale U,6* /8 proposed by Zagarola & Smits
(1998), the mixed inner-outer scale /u;U, proposed by
DrGraaff & Eaton (2000), and the free-stream velocity
(U,), respectively. Previously, the velocity scale U,6* /8
has been employed to scale the mean velocity of APG
turbulent boundary layers such as Maciel et al. (2018);
Pozuelo et al. (2022). The mixed velocity scale is uti-
lized for rough ZPG boundary layers such as Jiménez
(2004). As depicted by the gray-black lines in figure 3
(a), the outer-region velocity defect profiles of the rough
ZPG boundary layer at different streamwise locations
collapse almost perfectly into a single solid line when
scaled by U,6* /8. Furthermore, this scale is equally ap-
plicable to rough FPG boundary layers. However, for
rough APG boundary layers, the free-stream velocity
yields the best scaling performance, outperforming the
U,6%/6, while the mixed velocity scale completely fails
under rough APG conditions.

Figure 4 (a) presents the Reynolds stress profiles
spatially averaged over a single roughness pitch. At an
equivalent friction Reynolds number, the magnitudes
of the Reynolds stresses under APG are significantly
higher than those in the FPG and ZPG cases, indicat-
ing a substantial enhancement of turbulence intensity.
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Figure 3. Velocity defect profiles with different scal-
ings: (a) (Ue —U)/(Uc67/8); (b) (Ue = U)NUeuz; (c)
(U, —U)/U,. Lighter to darker colours indicate the
streamwise locations from upstream to downstream.

Furthermore, the (u'u/)* profile for the APG case ex-
hibits a secondary peak in the outer region that exceeds
the inner-layer peak, demonstrating the intensification
of large-scale energy. This observation is consistent with
the findings of Monty et al. (2011) and Lee (2017) re-
garding smooth-wall APG boundary layers.

Notably, as shown in figure 4 (b), above the centre
of the roughness crest, a secondary outer peak emerges
for all three cases (APG, ZPG, and FPG). Due to the
roughness crest, the bypass flow induces strong mean ve-
locity shear, leading to a localised increase in the stream-
wise Reynolds stress. This is not contradictory to the
streamwise averaged results in figure 4 (a); for the ZPG
and FPG cases, the outer ('u’)* peak exists only within
the immediate vicinity of the roughness crest. Conse-
quently, these localised peaks are smoothed out during
the spatial averaging process across the roughness pitch,
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Figure 4. Profiles of the Reynolds stresses (u'u’)* (solid lines), (Vv/)* (dashed lines), and («/v')* (dotted lines) at
Rer =530: (a) spatially averaged over a single roughness pitch; (b) evaluated at the centre of the roughness crest.
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Figure 5. Contours of R, for rough APG and FPG
TBLs. The red squares denote the cross-sections of the
roughness rods.

resulting in the absence of a distinct outer peak for these
two cases in figure 4 (a).

Figure 5 illustrates the two-point correlation of
streamwise fluctuating velocity u’, defined as

<u/(xref7yref)ul(xvy)>
<u/u/> (xrefv)’ref)

Ry (x,y) = (4)

where (-) denotes averaging over the spanwise direction
and time. The wall-normal reference position is fixed at
Yref = 0.48, characterising the mid-boundary-layer re-
gion. The streamwise reference positions, x.r, are lo-
cated at the leading edges of the 6th and 17th rough-
ness rods for the FPG and APG cases, respectively. At
these stations, both boundary layers share a matched
friction Reynolds number of Re; =~ 530. The contours
of the two-point correlation are representative of hair-
pin vortex structures as illustrated by Volino & Schultz
(2023). In the present study, the inclination angle of the
contours for the APG case is slightly steeper than that
for the FPG case. This indicates that even under pro-
nounced roughness conditions (k” ~ 310 for FPG and
ki ~ 760 for APG), the applied pressure gradient con-
tinues to modulate the near-wall flow structures.

CONCLUSIONS

Direct numerical simulations of turbulent bound-
ary layers over two-dimensional spanwise roughness rods
were performed to investigate the coupled effects of sur-
face roughness and pressure gradients (APG, ZPG, and
FPG). Strictly equilibrium states (constant f and G)
were achieved, isolating pressure gradient effects from
upstream historical influence. Key findings include:

Regarding the mean flow, FPG enhances the rough-
ness function, while APG strengthens the wake. For the
outer-layer velocity defect, the Zagarola—Smits scale op-
timally collapses ZPG and FPG profiles, whereas the
free-stream velocity (U,) is the most robust scaling for
the APG condition. Furthermore, APG amplifies over-
all turbulence, generating a global secondary outer peak
in the spatially averaged streamwise Reynolds stress
({W'u')T). Conversely, this peak is purely localised above
roughness crests in ZPG and FPG flows. Structurally,
two-point correlations reveal that APG steepens the in-
clination of hairpin vortices relative to FPG. Ultimately,
these results demonstrate that despite severe roughness,
pressure gradients actively modulate near-wall topol-
ogy, offering new scaling and structural insights that
are challenging to achieve experimentally.
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