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ABSTRACT

Flows past finite-height obstacles feature canonical vor-
tices that govern transport and mixing. Classical reduced-
order models (POD, DMD) capture energetic structures but
not explicit causal links (Lumley, 1967; Schmid, 2010). We
present X - CAL, a framework combining a β -variational au-
toencoder (β -VAE), the synergistic–unique–redundant decom-
position (SURD) of causality, and Gradient–SHAP. DNS snap-
shots of the flow around a wall-mounted square cylinder at
Reh = 2000 are compressed into three near-orthogonal latents
retaining >93% of fluctuation energy. Validation on syn-
thetic systems (torus, Lorenz (Lorenz, 1963)) shows that the
framework reduces redundancy without changing the domi-
nant SURD ordering; in Lorenz it recovers the symmetry-
switching inter-lobe transition through both state maps and
SHAP fields. For the obstacle wake, the decoder and SHAP
means separate three preferred mid-span sectors, and SURD
links them through delays aligned with fractions of the phys-
ical shedding period. X - CAL thus provides a compact,
interpretable route to analyze and control turbulent flows
(Martı́nez-Sánchez et al., 2024; Cremades et al., 2024).

INTRODUCTION

Coherent structures organize wall-bounded turbulence
and wakes but are embedded in high-dimensional, non-linear
interactions that are difficult to interpret causally (Jiménez,
2018). Linear ROMs (POD/DMD) are valuable yet limited
for non-linear dependencies. Recent work has shown that
deep compression and predictive architectures can be effec-
tive for reduced-order modelling and temporal prediction in
turbulent flows, including β -VAE/transformer combinations
(Solera-Rico et al., 2024) and lightweight transformer at-
tention mechanisms for temporal forecasting (Sanchis-Agudo
et al., 2025). In parallel, deep-learning-based surrogate clo-
sures have started to connect these ideas with practical mod-
elling of turbulence (Eiximeno et al., 2025). What these
lines still lack is an explicit causal and physical interpreta-
tion layer. X - CAL addresses that gap by combining nonlinear
compression with a β -VAE, explicit lagged causality analy-
sis with SURD, and physical attribution with Gradient–SHAP
plus percolation. This end-to-end pipeline links who influences
whom and when in latent space with where the responsible
support lies in the physical flow, thereby extending predic-
tive/compressive models toward interpretable closure-oriented
analysis (Vinuesa et al., 2025).

1 Methodology
The present framework combines high-fidelity numerical

data, information-theoretic causality, explainability tools, and
non-linear compression into a single workflow. The numer-
ical database is obtained from a direct numerical simulation
(DNS) of the flow around a wall-mounted square cylinder at
Reh = 2000, performed with the Nek5000 spectral-element
solver. This canonical geometry isolates key wake–wall inter-
actions while remaining sufficiently rich to test causal analysis
tools (Vinuesa et al., 2015). The obstacle has a width-to-height
ratio b/h = 0.25, and the flow develops over a laminar inflow
boundary layer. The spectral-element mesh consists of 21.8
million points; a subdomain is interpolated onto a uniform grid
of (Nx,Ny,Nz) = (300,100,150). After discarding transients,
30,000 statistically stationary snapshots spanning 150 convec-
tive time units are extracted, each advanced with a time step
∆t = 0.005. To emulate forward prediction, the dataset is split
into training and testing subsets with a 5:1 ratio, preserving the
temporal sequence. For interpretability, we restrict the analy-
sis to the mid-span plane (z/h = 0), yielding two-dimensional
fluctuation fields Ut = [u′(x,y, t),v′(x,y, t)]. Consequently, the
obstacle-side physical interpretation below is deliberately lim-
ited to mid-span wake signatures rather than a complete three-
dimensional reconstruction of the wake topology.

The compression of these snapshots is performed with
a convolutional β -Variational Autoencoder (β -VAE) (Solera-
Rico et al., 2024). For the obstacle case we use four hidden
layers and a three-dimensional latent space, training for 300
epochs with batch size 64. The model encodes each field into
a latent vector L (t) = [ℓ1, ℓ2, ℓ3] and decodes it back to a re-
construction Ũt . The training objective is the standard β -VAE
functional, Jβ = ∥Ut − Ũt∥2

2 + βDKL
[
qφ (z|Ut)∥p(z)

]
, and

latent quality is assessed through both reconstruction accuracy
and the covariance of L . This structure encourages the la-
tent variables to be disentangled, near-orthogonal, and inter-
pretable, so that each ℓi encodes a distinct dynamical mecha-
nism rather than a mixture of features.

Once the latent space is obtained, we analyze the tem-
poral evolution of the variables to uncover causal rela-
tions. The latent time series are examined with the synergis-
tic–unique–redundant (SURD) decomposition of mutual infor-
mation (Martı́nez-Sánchez et al., 2024). Unlike correlation,
which only measures linear dependencies, SURD partitions
the information provided by sources, ℓ̃ about a target, ℓt+∆t

j
into unique, redundant, and synergistic contributions:

I
(
ℓ t+∆t

j ; ℓ̃
)
=

N−1

∑
k=0

∆IU
k→ j + ∑

s∈C
∆IR

s→ j + ∑
s∈C

∆IS
s→ j, (1)
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Applied in a lagged manner, the quantity I
(
ℓ j; ℓ̃

)
in Eq. 1 mea-

sures how much the future state of a latent is informed by
the present states of the others. By scanning integer delays
∆t ∈ [0,3500], the method identifies the characteristic lags as-
sociated with convection and the dominant shedding cycle.

The final stage is to connect these latent-space interac-
tions back to physical structures. To achieve this, we compute
Gradient–SHAP attribution maps (Lundberg & Lee, 2017;
Cremades et al., 2024; Shapley, 1953), which quantify the con-
tribution of each pixel in the flow field to the value of a latent
variable. In practice, this procedure follows a clear sequence:
the β -VAE first encodes the physical fields into latent vari-
ables, in direct analogy to how POD or DMD produce tem-
poral coefficients in linear frameworks; causality analysis is
then performed in the latent space to determine directional re-
lations such as ℓ j → ℓi; for each time step, Gradient–SHAP
maps identify the regions of the physical domain that are most
influential in the encoding of each latent variable; and finally,
a percolation analysis is applied to these attribution fields, iso-
lating coherent structures whose statistics can be directly as-
sociated with the latent-to-latent causal interactions. Denoting
the encoder output by ℓt

i = Ei(Ut), we write the channel-wise
attribution fields as St

i,u,S
t
i,v = GradSHAP(Ei,Ut ;B), where

the baseline ensemble B is approximated by 7000 reference
snapshots. We then define the SHAP magnitude and its rms
reference field by

At
i(x,y) =

√
(St

i,u)
2 +(St

i,v)
2, σi(x,y) =

√
(Si,u)2 +(Si,v)2,

(2)
with the overbar denoting the empirical average over B. The
percolated support is

Π
t
i(x,y) = 1

(
At

i(x,y)> Hi σi(x,y)
)
, (3)

where the latent-dependent thresholds are fixed to H =
[1.14,1.36,1.14], selected as in the arXiv analysis to maxi-
mize the number of coherent connected structures recovered
after percolation. The masked SHAP field is S̃t

i = Πt
i ⊙St

i , and
the corresponding structured turbulent kinetic energy is

ST KEt
i =

1
2

[
(S̃t

i,u)
2 +(S̃t

i,v)
2
]
. (4)

The unique fields shown below are obtained after removing
pixels belonging to the intersection of the three latent supports,
so that ST KEt

i isolates the non-shared contribution of latent i.
Figure 1 summarizes this operational X - CAL chain. The

causal graph is not prescribed a priori: for each target latent,
SURD is scanned over lag, the dominant unique peaks are
retained as directed edges, and those edges are then mapped
back to both latent-state sectors and physical-space supports
through the state maps and Gradient–SHAP fields.

Through this progression, the framework closes the loop
from DNS data to latent compression, from causal inference
to explainability, and from abstract information flows back to
coherent physical structures in the turbulent wake.

RESULTS
We validate X - CAL from controlled to realistic settings.

On the coupled torus, the original SURD histogram shows that
each target remains dominated by its own unique contribution,

Figure 1. X - CAL workflow. DNS fluctuation fields are
compressed into a low-dimensional latent space with a β -VAE,
SURD scans lagged directed information to build the causal
graph, and Gradient–SHAP plus percolation map each latent
branch back to coherent physical supports.

Figure 2. Torus validation of the causal claim. Left: SURD
histogram for the original coupled torus, showing that the
causal budget is dominated by the self-unique terms while
the cross-coupled effect remains subdominant. Right: SURD
summary across the four β -VAE cases in Table 1. Increas-
ing disentanglement reduces redundancy while preserving the
same dominant unique ordering.

while the imposed cross-coupled effect stays subdominant in
the causal budget (Fig. 2, left). Training β -VAEs with increas-
ing regularization (Tab 1) progressively reduces redundancy
while preserving that dominant unique ordering across the la-
tent cases (Fig. 2, right); Case IV yields the cleanest separa-
tion without sacrificing reconstruction (Tab. 1). Thus, for this
controlled benchmark, disentanglement sharpens the SURD
decomposition without reassigning the dominant causal direc-
tions.

Case Orthog. (%) Recon. (%) Latent Ep. βn
I 88.53 98.98 2 300 5×10−5

II 91.14 99.92 2 300 5×10−4

III 99.69 99.89 2 300 5×10−3

IV 95.79 99.89 2 800 5×10−3

Table 1. Training results for the four torus cases with differ-
ent hyperparameters.

For the Lorenz system (Lorenz, 1963), lifting (x,y,z) to
the original physical 2D field and training Case I and II with
latent dimensions d ∈ {3,2} recovers the known coupling:
mutual-information maps align the learned latents with the
(x,y) pair and the z coordinate (Fig. 3). The SURD state maps
then localize the same transition sector in both the original
Lorenz coordinates and the learned latent plane, concentrating
the unique states near the inter-lobe switching corridor where
the trajectory changes lobe and therefore changes symmetry
sector (Fig. 4). Mean Gradient–SHAP and decoded fields av-
eraged over the corresponding causal windows recover the fa-
miliar butterfly support of those transition states (Fig. 5). This
is the key Lorenz result: X - CAL does not only preserve a low-
dimensional embedding, it preserves the state-dependent sym-
metry transition that governs the dynamics, which is precisely
the scientifically relevant target for low-dimensional control.

Applied to the wall-mounted cylinder at Reh = 2000, the
β -VAE attains near-orthogonal latents and > 93% reconstruc-
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Figure 3. Lorenz mutual-information maps for Case I. Left:
mutual information between original coefficients (xt ,yt ,zt)

and learned latents (s1,s2,s3). Middle: mutual information
between Lorenz coefficients. Right: mutual information be-
tween latent variables.
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Figure 4. State-dependent SURD maps for Lorenz. Left:
unique states in the original Lorenz coordinates, localized near
the inter-lobe switching region. Right: the same transition sec-
tor represented in the learned latent plane, showing that the
causal state localization is preserved across representations.

Figure 5. Mean fields over the Lorenz causal states of Case I.
Left: unique Gradient–SHAP field associated with the selected
transition states. Middle: mean decoded field D(s1). Right:
mean physical field over the same states. Together they recover
the butterfly switching support selected by SURD.

tion for u′/v′ (Fig. 6), with decoded modes capturing richer
multi-scale content than POD. Before invoking causality, the
mean decoder and mean unique SHAP fields already indi-
cate that the representation separates three preferred mid-span
wake locations (Figs. 7 and 8): ℓ1 is concentrated in the
lower wake near the wall, ℓ3 occupies the upper wake con-
nected with the free-end signature, and ℓ2 emphasizes a mid-
wake shear-layer sector. SURD then adds the temporal or-
ganization of these sectors. It identifies informative lags at
381, 1569 and 3103 steps, consistent with convection over
roughly Tshed/9, Tshed/2 and one shedding period. The cor-
rected SURD unique-causality summary shows both the lag
spectrum and the unique-term histograms at those dominant
delays, making the main routes explicit: ℓ3 is the dominant
unique driver of both ℓ1 and ℓ2, whereas the delayed feedback
to ℓ3 is weaker and more distributed across the latent variables
(Fig. 9).

These dominant routes are then summarized by a com-
pact triadic graph: a short ℓ3 → ℓ1 branch, a half-period
ℓ3 → ℓ2 branch, and the ℓ1 → ℓ3 feedback that closes the cy-
cle (Fig. 11). In this sense, the graph is built directly from
the SURD decomposition: edge direction follows the source-
target ordering, edge selection follows the dominant unique
peaks at the selected lags, and the accompanying state maps

Figure 6. Reconstruction quality on held-out data for u′ (top)
and v′ (bottom); left: ground truth, right: β -VAE reconstruc-
tion.

Figure 7. Mean decoded turbulent kinetic energy obtained by
activating each latent independently. Top to bottom: T KE1,
T KE2, and T KE3.

indicate where each branch is activated in latent space. State-
dependent SURD maps further show that these three dominant
links occupy compact but distinct latent-space sectors, sepa-
rating the two ℓ3-driven branches from the ℓ1 → ℓ3 feedback
route (Fig. 10). On the analyzed mid-span plane, the most ro-
bust physical-space evidence comes from the structured SHAP
masks themselves: Fig. 12 reads top-to-bottom as the shared
upper-wake source associated with ℓ3, the delayed lower-wake
support at ∆t1, and the delayed mid-wake shear-layer support
at ∆t2. More precisely, Fig. 12 does not show a reconstructed
velocity or energy field; it shows the smoothed occupancy
field Π̂i(x,y) = ∑k wk 1(x,y)∈Ui(tk)/∑k wk built from the unique
SHAP support Ui(tk) at the selected causal events and then
normalized to [0,1], so that bright regions mark where the at-
tribution persists most consistently across the event ensemble.
The obstacle result is therefore not only that three regions are
detected, but that they cooperate over physical shedding pe-
riods in a consistent causal ordering. It is also the control-
oriented reading of X - CAL: in latent space, the graph iden-
tifies which variable should be monitored or actuated and on
which delay; in physical space, the SHAP support identifies
the wake region where sensing or forcing should target the cor-
responding mechanism on the analyzed mid-span plane. We
therefore keep the interpretation of ℓ1 conservative, as a lower-
wake / near-wall response on the mid-span plane rather than a
complete three-dimensional base-vortex topology, and we do
not assign a separate physical topology to the synergistic term
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Figure 8. Percolated mean unique SHAP energy on the ob-
stacle mid-span plane. Top to bottom: ST KE1, ST KE3, and
ST KE2.

Figure 9. Obstacle SURD unique-causality summary. Top:
total unique information versus lag. Bottom: unique his-
tograms at τ1 = 381, τ2 = 1569, and τ3 = 3103.

here. The delayed ℓ1 →ℓ3 feedback remains supported by the
triadic graph and the obstacle state maps, but the clearest phys-
ical figure is the shared-source split of the two outgoing ℓ3
branches.

Across all cases, X - CAL reduces redundancy while re-
taining the dominant causal ordering, and SHAP provides a
clear bridge from latent interactions to physical coherent struc-

Figure 10. State-dependent SURD maps for the three domi-
nant obstacle links. These raw state maps show that the unique
obstacle interactions occupy compact but distinct latent-space
sectors.

Figure 11. Global X-CAL graph for the obstacle case, built
from the dominant interactions in the SURD decomposition.
The red routes mark the dominant unique branches, while the
remaining edges indicate the additional pathways retained in
the global interaction graph.

Figure 12. Smoothed, normalized occupancy of the unique
SHAP support for the two outgoing unique branches from ℓ3;
this is an attribution-support map, not a reconstructed velocity
or TKE field. Top to bottom: shared source, delayed lower-
wake support at ∆t1 = 381, and delayed mid-wake support at
∆t2 = 1569. Bright regions indicate the locations where the
attribution remains most persistent across the selected events.

tures.

CONCLUSIONS
X - CAL couples a convolutional β -VAE, SURD causal

decomposition, and Gradient–SHAP/percolation into a work-
flow that turns flow snapshots into a causal graph with phys-
ically localized supports. Its main strength is that each stage
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is testable independently: reconstruction by the autoencoder,
causal ordering by SURD, and physical interpretation by state
maps and SHAP supports. On Lorenz, the framework recovers
the inter-lobe symmetry-transition corridor in both latent and
physical representations. On the wall-mounted cylinder, it sep-
arates three preferred mid-span wake sectors and links them
through delays close to Tshed/9, Tshed/2, and Tshed, yielding a
compact control-oriented description in latent space and a spa-
tially localized one in physical space. In this sense, X - CAL
extends recent reduced-order prediction and closure efforts
(Solera-Rico et al., 2024; Eiximeno et al., 2025) by adding
causal ordering, compression with interpretation, and spatial
explainability. The present evidence is limited to the mid-span
plane; extending the analysis to full 3D wake fields is the nat-
ural next step.
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Ivette, Vinuesa, Ricardo & Lehmkuhl, Oriol 2025 On deep-
learning-based closures for algebraic surrogate models of turbulent
flows. Journal of Fluid Mechanics 1020, A36.
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