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ABSTRACT
We perform direct numerical simulations (DNS) of the

flow over the Boeing Gaussian bump in two configurations:
the straight-ahead flow considered in published DNS, and in a
45◦ swept configuration, at the same bump Reynolds number
of ReL = 1 million. In the baseline (unswept) configuration,
we analyze the flow in the streamline coordinate system to il-
lustrate the direct and indirect curvature effects on the mean
momentum balance and turbulence budgets. The swept flow
exhibits much stronger separation on the leeward side of the
bump than the baseline configuration, arising from the cross-
flow induced by the pressure gradients imposed by the bump.

INTRODUCTION
Turbulent boundary layers (TBLs) in engineering appli-

cations are often subject to pressure gradients and curvature
effects (e.g. on wings, turbine blades, and ship hulls). While
direct numerical simulations (DNS) and experiments have re-
sulted in a mature understanding of zero-pressure-gradient
(ZPG) flat-plate turbulent boundary layers (TBLs), the under-
standing of adverse/favorable pressure gradient (APG/FPG)
TBLs is less developed, and even more so for curved bound-
ary layers. The understanding of these more complex TBLs
is further complicated for three-dimensional TBLs (3DTBLs),
which exhibit a 3D mean flow via a “secondary” velocity su-
perimposed on the primary flow, induced by either pressure
gradient or viscous effects (Lozano-Durán et al., 2020).

The Boeing Gaussian bump (Slotnick, 2019) is a sim-
plified geometry aiming to elicit the curvature, pressure gra-
dient, and separation behavior of a TBL initially developing
on a flat plate. The bump has a width L with error-function
shoulders, and a centerline surface height described by a Gaus-
sian function y(x) = hexp(−(x/a)2), where h/L = 0.085 and
a/L = 0.195. The incoming TBL experiences a mild ad-
verse pressure gradient (APG) upstream of the bump, a fa-
vorable pressure gradient (FPG) approaching the bump apex,
and a strong APG on the leeward side, with a corresponding
concave–convex–concave evolution of streamline curvature.

The Boeing bump has been extensively studied through
DNS of its planar center section, which has been conducted at
Reynolds numbers based on L of ReL = 1 million (Balin and
Jansen, 2021; Uzun and Malik, 2021; Shur et al., 2021), 2 mil-
lion (Uzun and Malik, 2022; Prakash et al., 2024), and up to
4 million (Uzun and Malik, 2025). At ReL = 1 million, the
leeward side of the bump experiences mild, incipient separa-
tion, which counterintuitively becomes more severe at higher
Reynolds numbers. This behavior is linked to the partial re-
laminarization of the TBL in the FPG on the windward side
of the bump (Uzun and Malik, 2021; Balin and Jansen, 2021),
which re-transitions downstream of the bump apex, increasing
momentum transfer to the wall (Uzun and Malik, 2022).

The rich phenomena observed for ReL = 1 million moti-
vate the present study, which expands on the existing litera-
ture on two fronts. First, details of the flow are explored in
the streamline coordinate system (SCS) proposed by Finnigan
(1983), which was recently used by Morse and Mahesh (2021)
and Prakash et al. (2024) to study an axisymmetric TBL and
the TBL on windward side of the bump at ReL = 2 million,
respectively. While these two studies focused on the contribu-
tion of streamwise curvature to the mean momentum balance
of their respective TBLs, in the present work we take advan-
tage of the SCS to investigate the role curvature plays in the
Reynolds shear stress and turbulent kinetic energy budgets.

In the present study, we perform two new DNS of the
bump at ReL = 1 million: one corresponding to the unswept
(baseline) configuration considered in past work, and another
DNS at a sweep angle of Λ = 45◦. For the baseline configura-
tion, we examine the curvature contribution to the relaminar-
ization region of the bump using the SCS. Then we examine
the separation behavior of the 3DTBL for the swept configu-
ration and discuss how the global flow features differ from the
baseline case.

SIMULATION DETAILS
DNS is performed using the open-source spectral element

solver Nek5000 (Fischer et al., 2008) to advance the incom-
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pressible Navier–Stokes equations
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where Re is the simulation Reynolds number.
The computational domain is a planar section along the

centerline of the Boeing bump, in which the bump is centered
at x/L = 0, as shown in figure 1. A no-slip condition is applied
on the bottom wall, whose shape is described by the Gaussian
function given in the introduction, while periodic boundary
conditions are applied in the spanwise direction, which is of
width 0.04L, matching previous DNS (Uzun and Malik, 2021;
Shur et al., 2021; Balin and Jansen, 2021). The domain extends
to a stabilized outflow boundary at x/L = 1 downstream of the
bump apex and upstream to the inlet, located at x/L =−0.72.
At the inflow boundary, the time-dependent velocity field from
a precursor simulation is specified as a Dirichlet condition,
which is rotated by the sweep angle Λ = 0◦ or 45◦ such
that the freestream velocity is U⃗∞ = (U∞ cosΛ, 0, U∞ sinΛ).
For the swept case, coordinates (x′, y, z′) are formed by ro-
tating the base (x, y, z) coordinates by Λ to align x′ with the
freestream direction. The velocity components associated with
the base Cartesian coordinates are (u, v, w), while (uΛ, v, wΛ)
denote the velocities in the crossflow (x′, y, z′) coordinates.
The Reynolds number based on the momentum thickness at
the inlet, θ0, is Reθ0 = 790, such that by x/L =−0.6, the TBL
thickness is approximately h/8 with Reθ ≈ 1050, matching ex-
periments and previous DNS (Williams et al., 2020; Balin and
Jansen, 2021).

Special consideration is required for the top boundary
condition to model the confinement induced by the boundary
layer growth on the top wall of the experimental wind tun-
nel. Due to limited information on the top-wall boundary layer
development, we apply the general 1/7th power law to pre-
scribe the displacement thickness δ ∗ as a function of θ0 and
the streamwise distance from the inlet (x− x0):

δ ∗

θ0
=

0.046
Reθ0

[(
x− x0

θ0

)
Reθ0 +

(
Reθ0

0.0363

) 5
4
] 4

5

(2)

The top wall at y/L ≈ 0.5 is tilted according to the above ex-
pression and treated with a slip wall condition. Although this
approach assumes unobstructed boundary-layer growth, which
is not strictly true due to the presence of the bump, it avoids
the uncertainty of RANS-based boundary conditions used in
previous DNS (Balin and Jansen, 2021; Shur et al., 2021).

The mesh is of DNS quality with average spacings of
∆+

x = 10 and ∆+
z = 5, with a first off-wall point at y+ = 0.1 and

24 points in y+ < 10 (+ superscripts indicate wall units). The
total number of spectral elements is approximately 3.2 mil-
lion, resulting in approximately 1.6 billion grid points using
7th-order spatial polynomials. The flow was simulated for 1.5
flow-through times (FTT) to remove initial transients, before
collecting statistics for an additional 5.6 FTT, which are also
averaged in the z direction.

RESULTS
Figure 2 displays contours of the instantaneous x velocity

(u) on a z slice of the unswept and swept flow fields. The over-
all u velocity is lower in the swept case since the freestream

Figure 1. A schematic of a streamwise cross-section of the
computational domain, showing the SCS and boundary condi-
tions.

velocity in the x-direction is U∞/
√

2. The boundary layer is
visibly thicker on the leeward side of the bump in the swept
case, with a larger degree of x backflow (u < 0, cyan) in fig-
ure 2b compared to the small regions of incipient separation
observed for the unswept bump in figure 2a. In the mean, the
incipient separation for the unswept bump appears as a small
separated region, as in past DNS at the same ReL (Uzun and
Malik, 2021; Balin and Jansen, 2021; Shur et al., 2021).

Unswept (Baseline) Configuration
The development of the mean pressure coefficient, Cp =

(P − Pref)/
1
2 ρU2

∞, and the skin friction coefficient, C f =

τw/
1
2 ρU2

∞, along the bottom wall for the unswept case are
compared to published DNS data at ReL = 1 million in fig-
ure 3. In the above expressions, ρ is the fluid density and τw is
the wall shear stress, while the reference pressure, Pref, is taken
such that Cp = 0 on the wall at x/L =−0.6 (Balin and Jansen,
2021). Figure 3a shows reasonable agreement in Cp between
the DNS results, besides small differences at the bump peak
and a lower Cp of Balin and Jansen (2021) downstream of the
bump, most likely due to differences in confinement. In terms
of the skin friction, figure 3b shows a similar peak in C f as
Uzun and Malik (2021) and Shur et al. (2021), with a sec-
ond peak downstream of the top of the bump closer to that of
Shur et al. (2021) than Uzun and Malik (2021) or Balin and
Jansen (2021). This second peak in C f is strongly dependent
on the relaminarization of the TBL. In particular, Shur et al.
(2021) found a link between larger numerical dissipation and
a smaller second C f peak and weaker separation extent, which
provides confidence in the present results. As mentioned in
the discussion of the instantaneous flow, the incipient separa-
tion on the leeward side of the bump appears as a small region
of slightly negative C f near x/L = 0.2.

In analyzing the flow over the unswept bump, we make
use of the streamline coordinate system (SCS) proposed by
Finnigan (1983), which consists of orthogonal coordinates fol-
lowing mean streamlines (ψ) and streamwise-normal lines (φ ),
as depicted in figure 1. The third orthogonal coordinate is
z, arising from the homogeneous direction of the mean flow.
The plotted ψ and φ lines in figure 1 demonstrate the orthog-
onality of the coordinates, as well as the way in which the φ

coordinate curves to become normal to both the wall and the
freestream velocity. Away from the hump on the flat plate, the
φ lines appear nearly vertical. The SCS represents a Frenet–
Serret (TNB) basis, which was recently extended to complex-
lamellar three-dimensional flows by Finnigan (2024). The
benefits of the SCS are that it naturally follows the mean
flow and underlying geometry, greatly simplifying and mak-
ing more interpretable the governing equations, which explic-
itly contain curvature and streamwise acceleration terms in the
SCS form. In the irrotational flow outside the boundary layer,
φ becomes equivalent to potential lines, while ψ are stream-
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(a)

(b)

Figure 2. Instantaneous contours of x velocity for the unswept case (a), and the swept case (b). Values u < 0 are colored in cyan.
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Figure 3. Mean pressure coefficient (a) and skin friction co-
efficient (b) along the bottom wall compared to published
DNS results for the unswept bump at ReL = 1 million.

lines, providing a strong link to potential flow theory.
As stated above, the SCS has already been used to ana-

lyze the mean momentum balance (MMB) on the windward
side of the bump at ReL = 2 million (Prakash et al., 2024), as
well as a thick axisymmetric TBL (Morse and Mahesh, 2021).
Recently, Patton et al. (2026) used the SCS to study turbu-
lence production over isolated forested hills, which bear sim-
ilarities to the flow considered here. The SCS has also been
used successfully in the study of turbulence near surface waves
(Yousefi and Veron, 2020; Xuan and Shen, 2022).

In the flat-plate, near zero pressure gradient (ZPG) flow
near the inflow boundary, the profiles in the SCS agree closely
with profiles in standard Cartesian coordinates, despite a small
rotation due to the non-zero mean vertical velocity, V . Figure
4 shows mean velocity magnitude and Reynolds stress profiles
along a φ line originating from the wall at x/L ≈−0.64, com-
pared with the ZPG TBL data of Schlatter and Örlü (2010) at
similar local Reynolds numbers, showing good agreement.
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Figure 4. Mean velocity and Reynolds stress profiles near the
inlet at x/L ≈ −0.64L (solid lines, Reθ ≈ 931, Reτ ≈ 344)
compared to the reference ZPG TBL data of Schlatter and Örlü
(2010) (dotted lines, Reθ = 1000, Reτ = 360).

In figure 5b, we show profiles of mean velocity and
Reynolds stresses on a φ line ahead of the bump apex, orig-
inating from x/L ≈ −0.05, as drawn in figure 5a. In this re-
gion, the favorable pressure gradient approaching the bump
apex has nearly eliminated the mean velocity gradient in the
outer layer, reducing the overall momentum thickness of the
boundary layer. The u′2ψ Reynolds stress is reduced by around
10% compared to the ZPGTBL in inner units, resulting in a
corresponding reduction in the turbulent kinetic energy (TKE,
k = 1

2 u′iu
′
i). The other Reynolds stresses are even more greatly

reduced. It is also near this station where the Reynolds shear
stress reaches its minimum value in inner units, as shown using
profiles from multiple φ lines in figure 5c.

In the SCS, the mean momentum balance (MMB) under
the boundary layer approximation takes the form

MIψ︷ ︸︸ ︷
Uψ

∂Uψ

∂ψ
=

PGψ︷ ︸︸ ︷
− 1

ρ

∂P
∂ψ

+

[ TIψ︷ ︸︸ ︷
∂

∂φ

(
−u′ψ u′

φ

)
+

VFψ︷ ︸︸ ︷
ν

∂ 2Uψ

∂φ 2

]
(3)

U2
ψ

Rψ︸︷︷︸
CFφ

=− 1
ρ

∂P
∂φ︸ ︷︷ ︸

PGφ

+
∂

∂φ

(
−u′2

φ

)
︸ ︷︷ ︸

TIφ

(4)

where we note that partial derivatives from the traditional

3



14th International Symposium on Turbulence and Shear Flow Phenomena (TSFP14)
Heidelberg, Germany, July 28–31, 2026

−0.4 −0.3 −0.2 −0.1 0.0 0.1 0.2 0.3 0.4

x/L

0.0

0.1

0.2
y
/L

(a)

100 101 102 103 104

φ+

0

1

2

3

4

5

6

7

8

R
ey
n
ol
d
s
st
re
ss
es

k+

u′ψu
′
ψ

+

u′φu
′
φ

+

u′zu′z
+

−u′ψu′φ
+

U+
ψ

0

5

10

15

20

25

U
+ ψ

(b)

100 101 102 103 104

φ+

0.0

0.6

1.2

1.8

−
u
′ ψ
u
′ φ

+

−0.19

−0.14

−0.10

−0.05

0.00

0.05

(c)

Figure 5. Mean velocity and Reynolds stress profiles (panel
b) for the unswept case (solid lines, Reθ ≈ 689, Reτ ≈ 641)
on the windward side of the bump on a φ line originating at
x/L ≈−0.05, shown in panel a. The reference ZPGTBL data
of Schlatter and Örlü (2010) (dotted lines, Reθ = 1000, Reτ =

360) is also shown. Panel c shows −u′ψ u′
φ

on multiple φ lines,
with approximate x/L positions shown in the legend.

MMB are replaced by directional derivatives in the SCS, such
that derivatives of vector/tensoral quantities include contribu-
tions from coordinate rotation. Specifically, directional deriva-
tives of the Reynolds stress tensor (u′iu

′
j) differ from locally-

aligned partial derivatives due to contributions from coordi-
nate rotation along ψ and φ lines. The above equations now
directly include the local streamline curvature, defined by

1
Rψ

= 1
Uψ

(
Ω + ∂Us

∂φ

)
, where Ω is the spanwise mean vorticity

(R−1
ψ > 0 for concave curvature). While R−1

ψ defines the cur-

vature of the streamlines (ψ), a similar curvature 1
La

= 1
Uψ

∂Uψ

∂ψ

describes the curvature of streamwise-normal (φ ) coordinate
lines. This L−1

a curvature is related to the e-folding length
scale of streamwise acceleration (Finnigan, 1983).

Figure 6 shows contours of these mean curvatures R−1
ψ

and L−1
a over the bump, along with black contour lines indi-

cating their inflection points. Figure 6a illustrates the con-
cave curvature (R−1

ψ > 0) upstream of the inflection point of
the Gaussian wall surface curvature (x/L ≈ −0.1379, Uzun
and Malik (2021)), from which the curvature inflection line
extends nearly straight from the wall. This is in contrast to
the thick axisymmetric TBL of Morse and Mahesh (2021), in
which the inflection line was strongly misaligned with the wall
normal, suggesting that wall-aligned coordinates are more ad-

equate for this flow. After the inflection line, the convex curva-
ture (R−1

ψ < 0) over the bump apex reaches a larger magnitude
than the peak concave curvature at x/L ≈ −0.25, consistent
with the magnitude of the wall curvature (Uzun and Malik,
2021). L−1

a in figure 6b illustrates the strong flow acceleration
from x/L ≈ −0.3 until the bump apex, which is concentrated
near the wall. The inflection line of L−1

a extends nearly ver-
tically away from the bump apex, but reaches in the upstream
direction near the wall toward x/L ≈ −0.05 (marked in fig-
ure 6b). It is near this x/L ≈ −0.05 station that the peak of
−u′ψ u′

φ

+
reaches its minimum (figure 5c) and the favorable

streamwise pressure gradient begins to rapidly decrease, lead-
ing to a net streamwise deceleration near the wall.

Figure 7a displays the streamwise (ψ) MMB on the same
φ line shown in figure 5a. At this station, the PGψ term is still
elevated at the wall (FPG, ∂P/∂ψ < 0), resulting in MIψ > 0.
However, after this station, PGψ drops rapidly such that MIψ

develops a negative peak before the bump apex, reflecting the
observations from figure 6b. Figure 7b shows the streamwise-
normal (φ ) MMB at the same station, where the centripetal
acceleration, CFφ = U2

ψ/Rψ , dominates the normal pressure
gradient above the buffer layer. Outside the boundary layer, the
viscous and turbulent stresses in equations 3 and 4 disappear,
and we are left with statements of potential flow: Bernoulli’s
equation along streamlines (MIψ = PGψ ) and Euler’s equation
normal to them (CFφ = PGφ ) in figure 7a,b.

Additional SCS expressions can also be constructed for
budgets of −u′ψ u′

φ
and k (Finnigan, 1983). The convection

and production terms of the k budget are

C︷ ︸︸ ︷
Uψ

∂k
∂ψ

=

PE︷ ︸︸ ︷(
u′2

φ
−u′2ψ

)
∂Uψ

∂ψ

PS︷ ︸︸ ︷
−u′ψ u′

φ

(
∂Uψ

∂φ
+

Uψ

Rψ

)
+ . . . (5)

where the total production is P = PE +PS and we have left out
the dissipation (ε) and turbulent (T ), pressure (Π), and vis-
cous (D) transport terms on the right-hand side (RHS). The
first term on the RHS (PE ) is the production via the stream-
wise extensional strain, while the second term (PS) is produc-
tion via shear, which is affected by a curvature term, Uψ/Rψ .
This shear also appears in the decomposition of the mean
vorticity into rigid body rotation and shear components as
Ω =

(
2Uψ

Rψ

)
−
(

∂Uψ

∂φ
+

Uψ

Rψ

)
= Ωrot −Ωshear, where the shear

component appears in the mean strain rate tensor through
S11 = −S22 =

∂Uψ

∂ψ
, S12 = S21 = Ωshear/2. The fact that the

TKE production depends explicitly on Si j is well-known, and
while the streamline curvature does appear in the TKE budget,
it only affects production indirectly by modification of Si j.

In contrast, a more explicit curvature effect does appear
in the −u′ψ u′

φ
budget, given by

Cψφ︷ ︸︸ ︷
Uψ

∂

(
−u′ψ u′

φ

)
∂ψ

=

PG
ψφ︷ ︸︸ ︷

u′2
φ

∂Uψ

∂φ
+

PC
ψφ︷ ︸︸ ︷

u′2ψ
Uψ

Rψ

+

PP
ψφ︷ ︸︸ ︷(

u′2ψ −u′2
φ

) Uψ

Rψ

+ . . .

(6)
where we have again omitted the εψφ , Tψφ , Πψφ , and Dψφ

terms for brevity, and the total production is Pψφ = PG
ψφ

+

PC
ψφ

+PP
ψφ

. The PG
ψφ

term is the traditional generation via the
velocity gradient normal to the mean flow, while the second
term, PC

ψφ
, is related to the buoyancy production analogy of

Bradshaw (1969) for streamline curvature. This term is posi-
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(a) (b)

↑

Figure 6. Contours of L/Rψ (a) and L/La (b) for the unswept case. A contour line for the zero level is shown in black for each case.
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Figure 7. MMB for the unswept case in the ψ (a) and φ (b)
directions for the φ line shown in figure 5a.

tive in the concave curvature at the front of the bump and neg-
ative in the convex curvature over the its peak (figure 6a). The
final term on the RHS, PP

ψφ
, is the “pseudo” production due to

the rotation of the coordinate axes along ψ (Xuan and Shen,
2022). This same term is also contained within the directional
derivative in the convection term (Cψφ ) on the left-hand side.

Figure 8 shows the budgets of TKE and −u′ψ u′
φ

on the
same φ line as in the MMB discussion. The TKE budget ap-
pears as expected, with the shear production dominating the
extensional component (this is also reflected in the u′2ψ bud-
get, not shown). While the curvature term (Uψ/Rψ ) in the
shear rate is negative over the top of the bump (figure 6a), act-
ing to lower PS, its effect on the near-wall production peak
is negligible compared to the streamwise-normal velocity gra-
dient. However, it does have a larger influence on the outer
layer production, where it, combined with the PE , decreases
the total production to near zero. In the budget for −u′ψ u′

φ
, the

effect of the curvature on the production peak is much more
pronounced, with the PC

ψφ
+PP

ψφ
terms combining to reduce

the peak Pψφ by nearly 30% below the gradient contribution
of PG

ψφ
. The production in the outer layer is also reduced to

near zero. A result of the attenuated −u′ψ u′
φ

is a reduction of

PS in the TKE budget, via an indirect curvature effect.
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Figure 8. Inner-scaled budgets of k (a) and u′ψ u′
φ

(b) for the
φ line shown in figure 5a.

Swept Configuration
Finally, we turn to the flow over the bump in the swept

configuration (Λ = 45◦), for which we observed a larger de-
gree of backflow than the unswept flow in figure 2. To in-
vestigate this in greater detail, we examine the flow over the
bump in the (x′, y, z′) coordinates aligned with the freestream
velocity, where x′ points in the direction of U⃗∞. The associated
instantaneous velocities in this frame are (uΛ, v, wΛ). Figure
9 displays instantaneous contours of uΛ and wΛ, where we do
not observe any region of uΛ < 0 as was present in u con-
tours in figure 2b. As the flow approaches the bump, figure 9b
shows that wΛ becomes slightly positive in the due to the APG
imposed by the bump. This switches to a FPG approaching the
bump apex, resulting in a strong negative wΛ velocity, which
acts as a secondary velocity component to create a skewing of
the overall velocity profile, forming a strong 3DTBL effect. In
the APG on the leeward side of the bump, wΛ switches back
to large positive values past x/L = 0.1 within the boundary
layer. This in turn contributes to the negative u velocity ob-
served in figure 2b, based on the projection of wΛ to the x axis
as −wΛ sinΛ. For the region outside the boundary layer for
x/L > 0, there is no such shift to positive wΛ. The resulting
mean flow topology on the leeward side of the bump consists
of a separation region with a strong z velocity component.
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(a)

(b)

Figure 9. Instantaneous contours of uΛ (a) and wΛ (b) velocity components for the swept case, where there is no region where uΛ < 0.

CONCLUSIONS
We presented DNS results of flow over the Boeing Gaus-

sian bump at ReL = 1 million for an unswept configuration and,
for the first time, for a 45◦ swept flow. The two configurations
exhibit significant structural differences on the leeward side
of the bump, with a three-dimensional separated flow in the
swept case, compared to incipient separation in the baseline
case. For the swept case, the pressure gradients over the bump
lead to a significant three-dimensionality of the flow over the
bump apex, with a sudden inversion of the crossflow velocity
on the leeward side. For the unswept case, streamline coor-
dinate analysis of the mean momentum balance and, for the
first time, turbulence budgets illustrated the direct and indirect
effects of streamline curvature. Specifically, curvature effects
appear indirectly in the TKE production via a small near-wall
contribution to the shear rate. However, the curvature effect
much more strongly reduces the Reynolds shear stress pro-
duction, which indirectly affects TKE production. Hence, we
presented for the first time the quantified effect of streamline
curvature on turbulent stresses for the Boeing bump TBL. Fi-
nally, observations of the streamwise acceleration length scale
revealed that its inversion starts near the wall ahead of the
bump apex, approximately coinciding with the station where
the inner-scaled peak of the TKE and Reynolds shear stress
start to recover as the favorable pressure gradient diminishes.
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