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ABSTRACT
Building on the concept of “weaving turbulence”, this

study introduces woven Lundgren turbulence, a synthetic tur-
bulence model constructed from Lundgren vortex ensembles.
The turbulent field is assembled by distributing Lundgren spi-
ral profiles along vortex filament centerlines, enabling control
over stretching, temporal evolution, and spatial orientation.
This approach integrates vortex stretching, spiral phase evolu-
tion, and viscous dissipation into a unified framework. Lever-
aging this construction, we derive an analytical expression for
the third-order vorticity structure function in spectral space,
which successfully recovers the K41 scaling law in the inertial
range. Our analysis reveals that this K41 adherence arises from
non-Gaussian vorticity correlations induced by the progressive
stretching and tightening of spiral arms. Validation against di-
rect numerical simulation at different Taylor-scale Reynolds
numbers shows excellent agreement.

1 INTRODUCTION
Synthetic turbulence is a valuable tool for studying the

fundamental mechanisms of turbulent flow. Two primary
methodologies dominate this field. The first employs stochas-
tic processes, such as fractal Lagrangian mapping on a random
field, to generate velocity fields that mimic direct numerical
simulation (DNS) data (Meneveau, 2011). The second, a more
physically intuitive approach, generates turbulence by super-
imposing ensembles of elementary vortex structures (Pullin &
Saffman, 1998). This vortex-based method links the dynam-
ics of small-scale vortices to turbulence statistics, underscor-
ing the importance of accurate vortex dynamic modeling.

Models for synthesizing turbulent vortices fall into three
categories, each characterized by specific trade-offs. Stochas-
tic methods offer computational speed by assembling random
vortex elements, but lack a clear physical or dynamical ba-
sis (Dizaji et al., 2018). Physics-based methods achieve high
fidelity via directly simulating vortex dynamics, but are often
computationally prohibitive (Aarnes et al., 2025). Physics-
informed generative models integrate machine learning with
physical laws, yet remain dependent on training data and suf-

fer from limited interpretability (Lozano-Durán & Bae, 2023).
Despite their differences, current models struggle to

achieve multi-scale coupling within a unified framework. They
are often scale-specific, performing well in either the inertial or
dissipative range but failing to capture the transitions. For in-
stance, vortex filament methods excel at modeling large-scale
interactions, while analytical solutions like the Burgers and
Lundgren vortices more accurately describe the internal evolu-
tion of small-scale dissipative structures. A unified model that
integrates these complementary approaches is therefore neces-
sary to bridge this gap, providing a complete physical picture
across the entire energy spectrum.

Addressing this need, Shen et al. (2024) proposed “weav-
ing turbulence”, a technique for constructing entangled vor-
tex tubes. The approach employs vortex filaments as center-
lines to govern large-scale nonlinear dynamics, superimposing
Burgers-like vortex profiles to establish a physical dissipation
scale. Although this framework successfully reproduces the
energy spectrum and second-order structure functions, it fails
to capture odd-order statistics because axisymmetric Burgers
vortices enforce Gaussian vorticity distributions with vanish-
ing third-order moments. This statistical symmetry constraint
necessitates a vortex model capable of generating inherent
asymmetry to represent the skewness of turbulent fluctuations.

The Lundgren spiral vortex model (Lundgren, 1982) re-
solves this asymmetry deficit through unsteady differential ro-
tation, which generates persistently skewed vorticity distribu-
tions via progressive spiral arm tightening. The Lundgren
vortices naturally produce non-Gaussian correlations essen-
tial for third-order structure functions while encapsulating the
essential features of fine-scale turbulence. Subsequent ex-
tensions to higher-order statistics (Pullin & Saffman, 1993;
Saffman & Pullin, 1996) and scalar transport (Pullin & Lund-
gren, 2001) have confirmed the model’s capacity to capture
the non-Gaussian features required for energy transfer descrip-
tions.

In this work, we propose woven Lundgren turbulence
(WLT), which replaces the Burgers vortices in the weaving
framework with Lundgren spiral vortices to explicitly incor-
porate unsteady stretching and spiral phase dynamics. To
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construct a physically consistent turbulent field, we distribute
spiral vortices of varying evolutionary ages along entangled
vortex-filament centerlines through a space-time mapping that
couples arc-length coordinates to stretching history. Leverag-
ing this construction, we derive an analytical expression for
the third-order vorticity structure function in spectral space. It
shows that the spiral tightening mechanism generates the req-
uisite non-Gaussian correlations to recover the Kolmogorov
scaling for the velocity structure function in the inertial range.

The paper is organized as follows. In §2, we describe the
synthesis of turbulent fields using an adjustable spiral vortex
ensemble based on weaving turbulence. In §3, we present a
mathematical model for the third-order structure function in
WLT, grounded in the statistical theory of the spiral vortex en-
semble. The validation against DNS data at different Taylor-
scale Reynolds numbers are shown in §4. Some conclusions
are drawn in §5.

2 WEAVING TURBULENCE WITH LUNDGREN
VORTICES
We construct woven turbulent fields comprising an en-

semble of Lundgren vortices. This framework provides a plat-
form for examining how vortex structures influence the third-
order velocity structure function.

2.1 Lundgren Spiral Vortex Profiles
We adopt the methodology proposed by Lundgren (1993)

to derive adjustable profiles for vortex tubes. The three-
dimensional (3D) unsteady flow is represented as a two-
dimensional (2D) unsteady spiral through a spatiotemporal
stretching transformation, wherein the axial coordinate maps
to time and the stretching compresses radial scales. The vor-
ticity field of such a spiral vortex of age t is expressed through
the real Fourier series

ω(r,θ , t) = ω0(r)+2 f (r)×
∞

∑
n=1

cos [2n(θ −µ(r)t)]exp
(
−4n2µ ′(r)2νLt3

3

)
,

(1)

where r and θ are the radial and azimuthal coordinates in
the plane perpendicular to the vortex axis, ω0(r) denotes the
xisymmetric vorticity, f (r) represents the amplitude of har-
monics, µ(r) is the angular velocity profile, and νL is the vis-
cous factor. The cosine term captures the 2n-fold symmetric
spiral arms rotating with µ(r), while the exponential factor ac-
counts for viscous damping of fine-scale azimuthal structure.
The progressive winding of these spiral arms arises from dif-
ferential rotation, which is quantified by

µ
′(r) =

ω0(r)−2µ(r)
r

. (2)

Note that µ ′(r) ̸= 0 is a necessary condition for the spiral arms
to tighten over time.

To obtain localized and smooth vorticity, we adopt the
dimensionless radial profiles

ω0(r) =
Γexp

[
−(r/r0)

2
]

(1+h)πr2
0

+2 f (r),

f (r) =
Γh(r/r0)

2 exp
[
−(r/r0)

2
]

2(1+h)πr2
0

,

(3)

t = 40 t = 120

t = 80 t = 160
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Figure 1. The vorticity of the spiral vortex profiles at dif-
ferent times t for dimensionless parameters r0 = 1, Γ = 1,
νL = 0.0001 and h = 0.5.

where Γ represents the total circulation, r0 denotes the vortex
core radius, and h is a parameter governing the relative strength
of the spiral arms.

Substituting Eq. (3) into Eq. (2), the angular velocity pro-
file is

µ(r) =
Γ

[
1+h−

(
1+h+h(r/r0)

2
)

exp
(
−(r/r0)

2
)]

2(1+h)πr2
0

.

(4)
For 0 < h < 1, Eq. (4) shows that µ(r) increases monoton-
ically from zero at r = 0 to a finite asymptotic value, while
f (r) peaks at a finite radius, thereby simulating the roll-up of
vortex sheets.

Note that Eq. (1) introduces non-physical oscillations in
the far-field, which result in localized singularities in the spi-
ral arms and disrupt grid convergence. We retain the first ten
dominant harmonics to preserve the essential dynamics of spi-
ral tightening while ensuring smooth decay at large radii and
convergence on computational grids. Figure 1 illustrates this
temporal evolution, showing how the spiral arms constrict and
increase in winding number as the vortex ages from t = 40 to
160. As time increases, one can see that two spiral arms persis-
tently constrict, and the number of turns in the spiral increases
due to differential rotation.

2.2 Constructing Lundgren Vortex Ensemble
with Entangled Vortex Tubes

We consider an ensemble of Lundgren vortices ran-
domly distributed in space, orientation, and age, following
the original formulation of Lundgren (1982) and its extensions
by Pullin & Saffman (1993). The ensemble is based on four
fundamental assumptions: (i) ergodicity, which relates vortic-
ity autocorrelators to velocity autocorrelators and is important
in ensemble theory; (ii) locality of vorticity along each vor-
tex axis, such that each vortex remains tube-like; (iii) random
ages, orientations, and spatial positions of vortices, ensuring
statistical homogeneity and isotropy; and (iv) a dynamical bal-
ance between vortex generation, stretching, and annihilation,
which maintains a steady-state ensemble.

To construct a statistically stationary turbulent field, we
distribute vortices of different evolutionary stages along spatial
curves that serve as vortex centerlinee, as shown in Fig. 2. The
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central innovation of WLT lies in how we map the temporal
evolution of Lundgren vortices onto these spatial curves, en-
suring that the spatial distribution of vortex ages is physically
consistent with the stretching history of the vortices them-
selves. The entangled vortex-filament skeletons of Shen et al.
(2024) are employed, which provide a statistically stationary,
homogeneous, and isotropic tangle of curves. Other tech-
niques for weaving turbulence, including generating skeletons,
constructing vorticity along curved centerlines, and boundary
processing have been documented in previous studies (Xiong
& Yang, 2019, 2020; Shen et al., 2023, 2024).

The governing constraint arises from the physical require-
ment that a vortex element of age t, having been stretched with
a constant strain rate γL, possesses an axial length l(t) = l0eγLt ,
where l0 denotes the initial length. Consequently, the arc-
length coordinate s along the centerline must be related to t
through

ds
dt

= l0eγLt . (5)

To maintain statistical stationary, we consider a periodic
life cycle for each closed centerline C of total arc length ℓ. A
complete cycle consists of a growth phase from t = 0 to τL,
followed by a decay phase where age decreases back to 0. The
parameter τL represents the cutoff age of the vortices, denoting
the stage at which the helical vortices in the ensemble undergo
annihilation and subsequent reorganization. Integrating Eq. (5)
over the growth phase yields the required arc length

ℓup =
l0
γL

(eγLτL −1). (6)

During the decay phase, the vortex tube at age t = τL − τ re-
tain length l(τ) = l0eγL(τL−τ), requiring an identical arc length
ℓdown = ℓup. Thus, a complete generation-to-annihilation cycle
occupies a total arc length ℓcycle =

2l0
γL

(eγLτL −1).
For a centerline of length ℓ, one accommodates N =

ℓ/ℓcycle such cycles. N is assumed to be an integer for sim-
plicity. This creates a periodic age profile that ensures contin-
uous vortex regeneration along the filament.

For the growth phase 0 ≤ s ≤ ℓup,

t(s) =
1
γL

ln
(

1+
γLs
l0

)
, (7)

while for the decay phase ℓup ≤ s ≤ ℓcycle,

t(s) = τL −
1
γL

ln
(

1+
γL(s− ℓup)

l0

)
. (8)

These functions are continuous and differentiable at s = ℓup,
satisfying t(0) = 0, t(ℓup) = τL, and t(ℓcycle) = 0. This ensures
smooth transitions between growth and decay. At any point
s along a centerline, the local field is given by the Lundgren
profile of Eq. (1). As one traverses the increasing branch, the
structure evolves from a nascent, weakly wound spiral (t = 0)
to a fully developed, tightly coiled state (t = τL); traversing
the decreasing branch, the spiral gradually unwinds and decays
back to t = 0, completing the cycle. This construction ensures
that the spatial distribution of ages along the centerline is con-
sistent with the stretching history: vortex elements at different
positions have physical lengths that exactly correspond to the
arc-length increments over which they are distributed.

3 MODELLING THE THIRD-ORDER VELOCITY
STRUCTURE FUNCTION IN WLT
We derive the third-order velocity structure function by

evaluating the spectral density of vorticity correlations within
the Lundgren ensemble. The WLT construction ensures statis-
tical stationarity and homogeneity, permitting the replacement
of ensemble averages with integrals over vortex age, orienta-
tion, and spatial position through the ergodicity assumption.
The derivation proceeds through three sequential steps. First,
we evaluate the third-order vorticity correlator Gω (k) in spec-
tral space by exploiting the localized geometry of the spiral
arms. Second, we identify the inertial-range scaling behav-
ior that connects vorticity correlations to velocity correlations.
Third, we transform these spectral results to physical space to
obtain the measurable structure function D3(r).

The evaluation of Gω (k) relies on the Wentzel-Kramers-
Brillouin-Jeffreys (WKBJ) approximation (Vallis, 2019). Ap-
plying this approximation to the ensemble of vortices dis-
tributed along the entangled filaments yields the spectral den-
sity

Gω (k) =
1
k

2γLπ2Ncl0
L3

∞

∑
n=1

Zn, (9)

where

Zn =−
∞

∑
m=−∞

∫ 1

Ω′ (u)2 n
fm (u) fn−m (u) f−n (u)

× exp

[
−2νL

(
n2 +m2 +nm

)
k2

3γLn2

]
udu.

(10)

Here, L denotes the domain size, Nc represents the number
density of vortices, Ω(u) is the angular velocity of vortic-
ity evolution in the stretched radial coordinate u = S1/2rn(t).
The factor 1/k arises from the Fourier transform of the local-
ized spiral structure, while the exponential term accounts for
viscous damping of the fine-scale azimuthal structure. The
triple product fm fn−m f−n represents the nonlinear coupling
between different spiral harmonics, resembling the triadic in-
teractions governing energy transfer in turbulence (Kinjangi &
Foti, 2023).

The exponential factor in Eq. (10) governs the dissipation-
range behavior, where viscous effects smooth the finest spi-
ral turns. Although the dissipation-range form is more com-
plex than the Gaussian decay observed in second-order cor-
relator Lundgren (1982), this complexity does not affect the
inertial-range scaling law that constitutes the primary focus of
our analysis. For any finite and non-zero fn, Gaussian inte-
grals yield a similar exponential cutoff factor, though it does
not prevail within the relevant range of k. In our case, all fn(u)
are equal (introduced in 2.1), so we could replace the sum over
m by

In =−
∫

∞

−∞

exp
[
−2νL(n2 +m2 +nm)k2

3γn2

]
dm

=−exp
(
−2νLk2

3γn2 · 3n2

4

)∫
∞

−∞

exp
[
−2νLk2

3γn2

(
m+

n
2

)2
]

dm.

(11)

For the inertial range, where k ≪
√

γ

νL
, the dissipation factor

exp[−(νL/2γ)k2] ∼ O(1). Therefore, the third-order vorticity
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 vortex filament skeleton
     synthetic turbulence 
with entangled vortex tubes spiral vortices along center lines

Figure 2. Schematic of Lundgren spiral vortex-based woven turbulence, where the turbulence field and vortex elements are colored
by helicity density and vorticity strength, respectively.

correlation operator conforms Gω (k)∼ k−1 within the inertial
range. Through dimensional analysis G(k) ∼ Gω (k)/k3, the
inertial-range scaling Gω (k)∼ k−1 implies G(k)∼ k−4.

Transforming from spectral space to physical space yields
the measurable third-order velocity structure function. The
structure function D3(r) relates to the velocity correlator G(k)
through the transformation (Saffman & Pullin, 1996)

D3

6
= 16π

∫
∞

0
(

sin(kr)
k2r2 +

3cos(kr)
k3r3 − 3sin(kr)

k4r4 )k2G(k)dk.

(12)
Substituting G(k) = Bk−4 into Eq. (12) and changing variables
to y = kr yield

D3

6
= 16Bπr

∫
∞

0
(

sin(y)
y2 +

3cos(y)
y3 − 3sin(y)

y4 )y−2dy. (13)

Equation (13) establishes that D3(r) ∼ r in the inertial range,
consistent with the Kolmogorov scaling law (Kolmogorov,
1941). Incorporating the viscous correction, the third-order
velocity structure function in WLT becomes

D3(r) = K · r · exp(νL/2γLr2), (14)

where K is a constant to be fitted in different cases.
This result demonstrates that the non-Gaussian vorticity

correlations are sufficient to recover the K41 scaling law with-
out invoking additional phenomenological assumptions.

4 STATISTICS OF WLT
We simulated three cases with different Reynolds num-

bers, as summarized in Table 1. Figure 3 shows that the WLT
model provides good agreement with both dissipation and
enstrophy distributions, displaying the stretched-exponential
shape for both.

To validate our theory, we compare the energy spectra and
velocity structure functions against DNS data and the analyt-
ical model predictions, as shown in Fig. 4. The comparison
shows good agreement. Discrepancies between the synthetic
data, the analytical model, and the DNS results diminish as

Table 1. Three simulation cases with different Reynolds
numbers of WLT, where kt is Turbulent Kinetic Energy, ⟨χ⟩ is
Mean Enstrophy, ⟨ε⟩ is Mean Dissipation Rate, ⟨νλ ⟩ is Kine-
matic Viscosity, and Reλ is Taylor Reynolds Number.

Group kt ⟨χ⟩ ⟨ε⟩ ⟨νλ ⟩ Reλ

WLT1 3.95 7526.3 4.13 5.48×10−4 231.3

WLT2 3.68 6488.2 3.89 5.99×10−4 174.4

WLT3 3.02 5231.2 3.47 6.64×10−4 131.6

the Taylor-scale Reynolds number increases. Our analytical
model accurately predicts the inertial-range scaling laws and
the extent of the inertial range for the woven turbulence. Fur-
thermore, the statistics of the synthetic field align well with the
DNS results in the dissipative range.

We further evaluate the model by computing higher-order
velocity structure functions for WLT and DNS data, bench-
marking them against the K41 and SL-94 (She & Leveque,
1994) scaling laws, as shown in Fig. 5. The WLT shows excel-
lent agreement with DNS for p ≤ 3 and continues to track the
classical K41 scaling closely for p ≤ 5, only deviating slightly
from the DNS statistics and SL-94 scaling. These results con-
firm that the realistic fine-scale vortical structures incorporated
in WLT are essential for reproducing the fundamental statistics
of turbulence.

5 CONCLUSIONS
We developed a synthetic turbulence field based on the

Lundgren vortex ensemble model, capturing the key physics
of vortex stretching and spiral evolution. Using this frame-
work, we derived an analytical expression for the third-order
structure function that recovers the K41 scaling law.

Our analysis reveals that the progressive stretching and
tightening of spiral arms induces non-Gaussian spatial corre-
lations in the vorticity field. This mechanism is pivotal for the
third-order velocity structure function’s adherence to the K41
scaling law and improves the predictive precision of higher-
order statistics. Agreement with DNS data across a range of
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Figure 3. PDFs of enstrophy (a) and dissipation (b) nor-
malized by their mean values for DNS and WLT at different
Reynolds numbers.
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Figure 4. (a) Comparison of the energy spectra between DNS
and the WLT at different Reynolds numbers. (b) Comparison
of the third-order velocity structure functions among DNS, the
WLT, and the theoretical model at different Reynolds numbers.
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Figure 5. Scaling of the 2nd- to 5th-order velocity structure
functions Dp ∼ rζp for WLT and DNS, compared with the K41
and SL-94 predictions.

Reynolds numbers confirms the model’s validity, demonstrat-
ing fidelity in both the inertial and dissipative ranges.

Future work will expand the framework to incorporate
various vortex models, better representing the structural diver-
sity of real turbulence.

APPENDIX: INVARIANTS OF THE VELOCITY
GRADIENT TENSOR IN WLT

Considering the incompressible flows described by the
3D velocity field u(x, t), the velocity gradient tensor (VGT)
A or Ai j = ∂ui/∂x j effectively represents the local kinemat-
ics of fluid motion, capturing both the rate of deformation
(strain rate) and rotation (vorticity) through the expression
Ai j = Si j +Ωi j. Here, Si j = (Ai j +A ji)/2 denotes the symmet-
ric strain-rate tensor, while Ωi j = (Ai j −A ji)/2 signifies the
anti-symmetric rotation-rate tensor, related to the vorticity vec-
tor by ωi =−εi jkΩ jk. The first invariant P =−tr(A) vanishes
identically due to the divergence-free condition ∂ui/∂xi = 0 in
incompressible turbulence, therefore we always use the second
and third invariants

Q =−1
2

Ai jA ji =
1
4

ωiωi −
1
2

Si jSi j (15)

and

R =−1
3

Ai jA jkAki =−1
3

Si jS jkSki −
1
4

ωiSi jω j (16)

to analyze the local flow topology.
An important feature of the joint-PDF P(Q,R) for the in-

variants Q and R is the tear-drop shaped contours. To facilitate
comparisons across scales and Reynolds numbers, we adopt
the normalized forms Q∗ =Q/⟨Si jSi j⟩ and R∗ =R/⟨Si jSi j⟩3/2,
based on the globally averaged strain-rate tensor ⟨Si jSi j⟩. Fig-
ure 6 compares the joint-PDF P(Q∗,R∗) from DNS results
with the WLT model. WLT reproduces, to great extent, the fea-
tures observed in the DNS results, most notably the teardrop
shape, which further validats its ability to capture the fine-scale
topological features of turbulence.
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