
14th International Symposium on Turbulence and Shear Flow Phenomena (TSFP14)
Heidelberg, Germany, July 28–31, 2026

SPECTRAL ANALYSIS OF TURBULENT TRANSPORT OF REYNOLDS
STRESSES IN ELLIPTICAL PIPE FLOWS

Taylor C. Opperman, Bing-Chen Wang
Department of Mechanical Engineering

University of Manitoba
Winnipeg, MB, R3T 5V6, Canada

oppermat@myumanitoba.ca, BingChen.Wang@umanitoba.ca

ABSTRACT
Turbulent transport of Reynolds normal stresses in el-

liptical pipe flows at two Reynolds numbers (of Reτ = 180
and 395) has been studied using direct numerical simulations
(DNS) in both physical and spectral spaces. Owing to the
varying curvature along the periphery of the elliptical pipe,
the strength of the transport terms of the Reynolds normal
stresses increases significantly along the semi-major axis as
the Reynolds number increases. The budgets are dominated
by turbulence production, balanced by turbulent diffusion, vis-
cous diffusion, and viscous dissipation. In spectral space it
is interesting to observe that the modal values of all budget
terms of the streamwise premultiplied velocity spectra show a
noticeable shift towards smaller wavelengths as the Reynolds
number increases.

INTRODUCTION
The wall curvature of an elliptical pipe varies azimuthally,

with its maximum and minimum occurring at the ends of the
major and minor axes, respectively. This varying curvature
fosters large-scale secondary motions in the cross-stream di-
rection, which have a significant impact on the statistical mo-
ments and coherent structures of the flow.

Cain & Duffy (1971) investigated the mean characteristics
of turbulent flow confined within elliptical pipes of aspect ra-
tios AR = 1.5:1 and 2:1 for a wide range of Reynolds numbers.
They observed that the wall shear stress varied substantially
along the azimuthal direction, independent of both Reynolds
number and aspect ratio. Nikitin & Yakhot (2005) performed
DNS to study elliptical pipe flow at a fixed bulk Reynolds
number of ReDh = 6000 with a pipe length of Lz = 6Dh.
Four counter-rotating vortical structures resulting from the az-
imuthal variation of wall-tangent and wall-normal Reynolds
stresses were observed in the cross-stream directions. They
also observed that the turbulence kinetic energy (TKE) was
lower near the two ends of the major axis due to the turbulence-
suppressing effects of transverse wall curvature. Voronova &
Nikitin (2006) and Voronova & Nikitin (2007) conducted DNS
of turbulent elliptical pipe flows of AR = 2:1 at ReDh = 4000
and 6000. They determined that the distribution and intensity
of secondary flows are mainly caused by differences between
the radial and azimuthal Reynolds normal stresses in the near-
wall region of the elliptical pipe. Recently, Rosas et al. (2021)
and Rosas & Wang (2022) performed DNS to study the impact
of radial system rotation on turbulent flow and heat transfer in
an elliptical pipe. The effects of Coriolis forces on the statisti-

cal moments of the velocity and temperature fields were thor-
oughly investigated. Opperman et al. (2025) performed DNS
to investigate turbulent flows within elliptical pipes of varying
aspect ratios. They observed that as a result of the varying
wall curvature of elliptical pipes, large-scale secondary flows
appear in the cross-stream direction as two pairs of counter-
rotating vortices at relatively small AR values, which signifi-
cantly impact the turbulence statistics of the flow.

In his pioneering work, Lumley (1964) derived the spec-
tral energy equation to study the budget balance of TKE in
the spectral space in the context of wall turbulence. Mizuno
(2016) performed DNS to study the inter-scale and wall-
normal transport of TKE in turbulent channel flows, and
showed that the fluctuating flow structures responsible for
transporting TKE across different scales were self-similar. Lee
& Moser (2019) conducted a spectral analysis of the bud-
get balance of Reynolds stresses using DNS data of turbu-
lent plane-channel flows, and observed that the large-scale
streamwise-elongated flow structures played a significant role
in the energy transport process. Yang et al. (2020) con-
ducted DNS of a streamwise-rotating channel flow to study
the sustaining mechanisms of Taylor-Götler-like (TGL) vor-
tices, which appear as two layers of streamwise-elongated
roll cells under fast system rotation. They observed that the
large-scale TGL vortices absorbed energy from small-scale
eddies through an inverse inter-scale energy transfer process.
Xiong et al. (2025) performed a spectral analysis of TKE trans-
port processes in turbulent flow through a channel roughened
with circular-arc ribs. It was observed that the transport of
TKE from moderate-scale wavelengths to small- and large-
scale wavelengths occurred simultaneously within the inter-
nal shear layer caused by the rib crest. The transport of en-
ergy from moderate- to large-scale turbulent motions (i.e., the
inverse energy transport) weakened as the Reynolds number
increased. Kawata & Alfredsson (2018) conducted spectral
analysis of turbulent transport of Reynolds stress in a plane-
channel Couette flow. They observed that small-scale struc-
tures played an increasingly crucial role in sustaining turbu-
lence energy production at large scales as the Reynolds num-
ber increases.

Notwithstanding the contributions reviewed above, the
number of studies on spectral analysis of turbulent energy
transport processes is still relatively limited in the current
literature, primarily focusing on DNS of smooth-wall flows
(Mizuno, 2016; Lee & Moser, 2019; Yang et al., 2020) over
the recent decade. To date, a study of the turbulent transport of
velocity-spectrum tensor in elliptical pipe flows is still lacking.
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Figure 1: Computational domain and coordinate system of an
elliptical pipe flow. Here, a and b denote the semi-major and
semi-minor axes, respectively.

In view of this knowledge gap, the objective of this research
is to conduct a detailed DNS study of turbulent transport of
Reynolds stresses in elliptical pipe flows in both physical and
spectral spaces.

TEST CASE AND NUMERICAL ALGORITHM
Figure 1 shows the geometry and coordinate system of a

smooth elliptical pipe. The axial domain length has been set
to Lz = 20πb, which is among the longest in the current liter-
ature of DNS of elliptical pipe flows (in order to fully capture
the axially elongated turbulence structures). The incompress-
ible flows are fully developed in the axial direction and are
governed by the following equations:

∂ui

∂xi
= 0 , (1)

∂ui

∂ t
+u j

∂ui

∂x j
=− 1

ρ
Πδi3 −

1
ρ

∂ p
∂xi

+ν
∂ 2ui

∂x2
j

, (2)

where the density and pressure of the fluid are denoted by ρ

and p, respectively, while Π denotes the constant mean ax-
ial pressure gradient that drives the flow, and δi j is the Kro-
necker delta. With tensor notation, coordinates (x, y, z) and
velocities (u, v, w) correspond to (x1, x2, x3) and (u1, u2, u3),
respectively. A periodic boundary condition is applied to the
streamwise direction along with a no-slip boundary condition
enforced at the wall.

Two test cases (with Reτ = 180 and 395) of the elliptical-
pipe flow are examined in our comparative study to investi-
gate the effects of Reynolds number on turbulent transport
of Reynolds stresses. The Reynolds number is defined as
Reτ = uτ Rh/ν . Here, Rh = Dh/2 is the hydraulic radius
(or, one half the hydraulic diameter Dh) of an elliptical pipe
and uτ is the wall velocity determined by the average wall
shear stress τw,a along the periphery of the elliptical pipe (i.e.,
uτ,a =

√
τw,a/ρ). The aspect ratio of the pipe is held constant

at AR = 2 : 1 for both test cases.
The governing equations were solved using the spectral-

element code “Semtex”, developed by Blackburn et al. (2019),
which provides spectral accuracy suitable for conducting rig-
orous DNS. The code is written in C++ and Fortran program-
ming languages and is made parallel using message passing in-
terface (MPI) libraries. Time integration is performed using a
second-order, three-step time-splitting scheme (Karniadakis et
al., 1991; Karniadakis & Sherwin, 2005). This code has been
used by our group for conducting DNS studies of turbulent
flow and heat transfer in channels roughened with circular-arc
ribs (Xiong et al., 2023, 2024, 2025), turbulent flow and heat
convection in stationary and axially rotating elliptical and cir-
cular pipes (Rosas et al., 2021; Rosas & Wang, 2022; Opper-
man et al., 2025; Zhang & Wang, 2025), and turbulent flow in

Table 1: Key flow parameters and grid resolutions for the four
test cases of varying AR values.

Reτ (nominal) 180 395
Reτ (actual) 179.92 395.11
ReDh (actual) 5329 12968

a/b 2 2
NT (millions) 63.2 295.7

Nz 960 1296
Lz/b 20π 12π

L+
z 8720 11481

∆z+ 9.1 8.9
∆n+ (min−max) 0.2-3.4 0.2-4.0
∆̄/η (min-max) 0.49-1.91 0.62-2.65

LETOTs 122.3 61.2

a square duct roughened by longitudinal ribs (Tachie et al.,
2025). The cross-section of the pipe is discretized into a
finite-element mesh that is further discretized using an 8th-
order Gauss-Lobatto-Legendre-Lagrange (GLLL) polynomial.
In the streamwise (z) direction, all physical quantities are dis-
cretized in the spectral space based on Fourier expansions,
with into 960 and 1296 modes used for the cases of Reτ = 180
and 395, respectively. Consequently, the total number of grid
points is NT = 63.2 to 295.7 million for the low and high
Reynolds number flow cases, respectively. The grid spacing in
the axial direction is uniform within a range of ∆z+ = 9.1-8.9
for cases of Reτ = 180 and 395, respectively. To ensure a pre-
cise calculation of the wall shear stress, the wall-normal dis-
tance of the first node off the wall is kept at ∆n+ ≤ 0.2 for both
cases. To confirm that the grid resolution is sufficiently fine
for capturing the smallest turbulence scales in DNS, the ratio
of the grid size (∆̄ = 3

√
∆x ·∆y ·∆z) over the local Kolmogorov

length scale (η) is examined, which varies within the range of
0.49 ≤ ∆/η ≤ 2.65 in the cases of Reτ = 180 and 395. Here,
the Kolmogorov length scale is defined as η = (ν3/εk)

1/4, and
εk is the TKE dissipation rate. Table 1 summarizes the flow
parameters and grid resolutions.

In the results analysis, the instantaneous velocity is de-
composed as u = ⟨u⟩+ u′, where a pair of angular brackets
⟨·⟩ represents variables averaged over time and the homoge-
neous streamwise direction, and a prime symbol (·)′ represents
fluctuations from the mean. Variables expressed in wall co-
ordinates denoted by superscript ‘+’ were obtained using the
wall friction velocity uτ . For each simulation, 450 instanta-
neous snapshots were generated over 122.3 and 61.2 large-
eddy turnover times (LETOTs) for the cases of Reτ = 180 and
395, respectively, resulting in 12.0 TB of data in total.

RESULTS AND DISCUSSION
Figure 2 compares the cross-sectional contours of the

non-dimensionalized instantaneous streamwise velocity w+

for both Reynolds number test cases. Both cases show the so-
called “mushroom patterns” typical of a pipe flow. Figure 2(b)
demonstrates an enhanced distribution of high-momentum
fluid into the near-wall region at the ends of the major-axis
as the Reynolds number increases from Reτ = 180 to 395.

Figure 3 compares the contours of the non-
dimensionalized TKE (defined as k+ = ⟨u′iu′i⟩/2u2

τ ) for
both cases. The contours reveal that the TKE is concentrated
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(a) Reτ = 180 (b) Reτ = 395
Figure 2: Contours of instantaneous velocity w+ in the cross-
stream plane corresponding to z/Lz = 0.5 at the final time step
for each case.

(a) Reτ = 180 (b) Reτ = 395
Figure 3: Contours of the non-dimensionalized TKE k+. The
black isopleths correspond to the value of 0.75(k+)max.

near the wall, with a maximum occurring at the ends of the
minor axis in both cases. Furthermore, strong dampening
of TKE is observed along the ends of the major axis for
the lower Reynolds number test case. Interestingly, as the
Reynolds number increases, the concentration of large TKE
values migrates closer to the walls while becoming more
uniformly distributed around the periphery of the elliptical
pipe. This is clearly shown by the black isopleths in Fig. 3,
which correspond to the value of 0.75(k+)max for each test
case.

Figure 4 presents the profiles of the non-dimensionalized
Reynolds normal stresses along the semi-major axis for both
test cases. Specifically, Fig. 4(a) presents the profiles of the
streamwise component ⟨w′w′⟩+, while Fig. 4(b) presents those
of the cross-stream components ⟨u′u′⟩+ and ⟨v′v′⟩+. A com-
parison of Figs. 4(a) and (b) reveals that the peak values of all
three components increase in magnitude as the Reynolds num-
ber increases. The peak value of ⟨w′w′⟩+ migrates towards
the end of the major axis slightly from a wall-normal distance
of x+ = 16.7 to 15.4 as the Reynolds number increases. The
cross-stream components (⟨u′u′⟩+ and ⟨v′v′⟩+) behave in a
similar, yet more exaggerated manner. This suggests that the
increase in TKE at the ends of the major axis observed in Fig. 3
results from two simultaneous trends as the Reynolds num-
ber increases. First, the turbulent motions of all three velocity
components are increasing along the semi-major axis. Second,
the largest cross-stream velocity fluctuations shift closer to the
end of the semi-major axis.

The budget balance of the Reynolds stress transport equa-
tions for a steady state flow can be written as

∂ ⟨u′iu′j⟩
∂ t

= Hi j +Pi j +Πi j + εi j +Dt
i j +Dp

i j +Dv
i j = 0 , (3)

where Hi j , Pi j , Πi j , εi j, Dt
i j, Dp

i j , and Dv
i j are the convec-

tion, turbulent production, pressure-strain, viscous dissipation,
turbulent diffusion, pressure diffusion, and viscous diffusion
terms, respectively. The definitions of these budget terms are
presented in Appendix A.

Figure 5 compares the budget balances of the three
Reynolds normal stresses (⟨u′u′⟩+, ⟨v′v′⟩+ and ⟨w′w′⟩+) along
the semi-major axis for the cases of Reτ = 180 and 395. All
terms have been non-dimensionalized by u4

τ/ν . Clearly, the
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Figure 4: Profiles of the non-dimensionalized Reynolds nor-
mal stresses ⟨u′iu′j⟩+ along the semi-major axis. Pink arrows
point in the direction of an increasing Reynolds number.
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Figure 5: Profiles of the budget terms of Reynolds normal
stresses (⟨u′u′⟩+, ⟨v′v′⟩+ and ⟨w′w′⟩+) along the semi-major
axis. All terms are non-dimensionalized by u4

τ/ν .

magnitudes of ⟨u′u′⟩+ and ⟨v′v′⟩+ are significantly reduced
compared with those of ⟨w′w′⟩+. In Figs. 5(a) and (b), it is
shown that the budget of ⟨u′u′⟩ is balanced by the pressure-
strain Π

+
11 and pressure diffusion Dv+

11 acting as source and
sink terms, respectively, in the near-wall region. Further from
the wall, for x+ > 10, the budget is balanced by the pressure
diffusion Dv+

11 and viscous dissipation ε
+
11 acting as source and

sink terms, respectively. In Figs. 5(c) and (d), it is observed
that the budget is balanced by the pressure-strain Π

+
22 acting as

a source term and the viscous dissipation ε
+
22 acting as a sink

term for both test cases. In the near-wall region, for x+ < 2,
the budget is balanced by viscous diffusion Dv+

22 and viscous
dissipation ε

+
22 acting as source and sink terms, respectively.

From Figs. 5(e) and (f), the viscous diffusion Dv+
33 and dissipa-
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(a) Reτ = 180 (b) Reτ = 395
Figure 6: Contour plots of the normalized 1-D energy
spectrum k+z φ

+
k /(kzφk)max displayed with respect to non-

dimensionalized streamwise wavelength λ+
z extracted at the

central horizontal plane through the major axis. The yellow
dot indicates the peak value of k+z φ

+
k /(kzφk)max. Three con-

tour levels of the energy spectrum of plotted, with the inner-
most, intermediate and outermost isopleths corresponding to
62.5%, 25% and 12.5% of the peak value, respectively.

tion ε
+
33 dominate the budget close to the wall. Meanwhile, P+

33
acts as the dominant source term balanced by the sink terms
of turbulent diffusion Dt+

33 , viscous diffusion Dv+
33 , and dissi-

pation ε
+
33 near the pipe center. It is worth noting that the sign

of the pressure-strain term Π
+
33 is opposite that of Π

+
22, demon-

strating the role of the pressure-strain term in the redistribution
of energy between streamwise and cross-stream fluctuations at
the end of the semi-major axis.

Owing to the streamwise homogeneity of the elliptical
pipe flow, the premultiplied velocity spectra k+z φ

+
i j can be a

useful tool for analyzing the characteristic streamwise length

scales of turbulence structures. Here, φi j = Re{û′i
∗
û′j} is the

velocity-spectrum tensor, where Re{·} denotes the real part of
the solution, and an overline (·) denotes averaging over time.
Additionally, superscript ‘∗’ denotes the complex conjugate
and a hat symbol (̂·) indicates the Fourier transform in the
streamwise (z) direction of a velocity fluctuation component.
Specifically,

û′i(x,y,kz, t) =
1
Lz

∫ Lz

0
u′i(x,y,kz, t)e−Ikzzdz . (4)

Here, I =
√
−1 is the imaginary unit, and kz = nzkz0 is the

streamwise wavenumber, nz ∈ [−Nz/2,Nz/2−1] is an integer,
and kz0 = 2π/Lz is the smallest positive wavenumber. The
streamwise wavelength is given by λz = 2π/kz.

Figure 6 displays the isopleths of the 1-D premultiplied
energy spectra k+z φ

+
k of TKE, where φk = φii/2. The yel-

low dot demarcates the location of the maximum value (i.e.,
(kzφk)max). Each contour was extracted along the major axis
in the x/a-λ+

z plane and has been normalized by (kzφk)max of
their respective test case. The three isopleth levels are defined
by 62.5%, 25% and 12.5% of (kzφk)max. The maximum en-
ergy occurs at the positions of (x/a, λ+

z )≈ (0.935, 1200) and
(0.975, 875) for the low and high Reynolds number test cases,
respectively. Clearly, the most energetic eddies decrease in
wavelength and shift towards the wall as the Reynolds num-
ber increases. This is in agreement with the TKE contours
and Reynolds normal stress profiles observed in Figs. 3 and 4,
respectively, which showed a migration towards the wall of en-
hanced energetic motions. Importantly, the isopleths are fully
contained within the domain for both test cases, indicating that
the most energetically relevant turbulence motions have been
well captured by the DNS.

Figure 7 compares the profiles of the premultiplied
streamwise, spanwise, and vertical velocity spectra (k+z φ

+
33,

k+z φ
+
11 and k+z φ

+
22, respectively) at the location of maximum
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Figure 7: Profiles of the non-dimensionalized premultiplied
velocity spectra k+z φ

+
i j calculated at the peak position of

⟨w′w′⟩+ along the semi-major axis for each test case (i.e, at
a distance from the wall of x+ = 16.7 and 15.4 for the cases
of Reτ = 180 and 395, respectively). Pink arrows point in the
direction of an increasing Reynolds number.

⟨w′w′⟩+ along the semi-major axis for each test case. It is ob-
served that the magnitudes of all three components increase as
the Reynolds number increases from Reτ = 180 to 395. Ad-
ditionally, it is seen that the peak positions of all three com-
ponents shift towards smaller wavelengths as the Reynolds
number increases. Specifically, the characteristic wavelengths
(i.e., the modal wavelength corresponding to (k+z φ

+
i j )max) shift

from λ+
z = 370 to 350, 400 to 350, and 1250 to 885 for

k+z φ
+
11, k+z φ

+
22 and k+z φ

+
33, respectively, as the Reynolds num-

ber increases. From Fig. 7(b), it is interesting to observe that
characteristic wavelengths corresponding to peaks of k+z φ

+
11

and k+z φ
+
22 are less sensitive to changes in Reynolds num-

ber. From Fig. 6(a), it is observed that the profile of k+z φ
+
33 is

most sensitive to changes in Reynolds number for wavelengths
λ+

z < 2000.
In order to gain a deeper understanding of the various

scales involved in the transport of Reynolds normal stresses,
the transport equations of the velocity-spectrum tensor can be
examined, which reads in Fourier space as

∂ û′i
∗
û′j

∂ t
= H̃i j + P̃i j + T̃i j + Π̃i j + ε̃i j + D̃t

i j + D̃p
i j + D̃v

i j = 0 , (5)

where H̃i j, P̃i j, T̃i j, Π̃i j, ε̃i j, D̃t
i j, D̃p

i j, and D̃v
i j are the con-

vection, turbulent production, inter-scale transport, pressure-
strain, viscous dissipation, turbulent diffusion, pressure diffu-
sion, and viscous diffusion terms, respectively. The definitions
of these budget terms are given in Appendix B. It is worth not-
ing that the integral of the inter-scale transport term T̃i j over
the spectral space is equal to zero, indicating that the energy
transported by T̃i j is strictly between turbulent motions of dif-
ferent wavelengths.

Figure 8 shows the budget balances of the three compo-
nents of the premultiplied velocity-spectrum tensor associated
with the Reynolds normal stresses at the location of maximum
⟨w′w′⟩+ along the semi-major axis for each case. All budget
terms have been plotted against the non-dimensional stream-
wise wavelength λ+

z = λzuτ/ν . Clearly, the magnitudes of
budget terms for k+z φ

+
11 and k+z φ

+
22 are significantly smaller

than those for k+z φ
+
33, even as the Reynolds number increases.

Figures 8(c) and (d) show that the budget balance of k+z φ
+
22 is

dominated by the pressure-strain term k+z Π̃
+
22, which acts as a

source, while viscous dissipation term k+z ε̃
+
22 acts as the pri-

mary sink. Interestingly, the inter-scale transport term k+z T̃+
22

acts as a sink for wavelengths below λ+
z ≈ 400 and as a source

for wavelengths above this value. From this, it is understood
that k+z T̃+

22 plays an important role in the inverse transport of
energy from small to large scales. Figures 8(e) and (f) re-
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veal that the balance of the premultiplied streamwise veloc-
ity spectrum k+z φ

+
33 is dominated by the turbulent production

term k+z P̃+
33, which acts as a source, while viscous dissipation

k+z ε̃
+
33 and turbulent diffusion k+z D̃t+

33 act as the dominant sink
terms. The signs of k+z Π̃

+
33 and k+z T̃+

33 are opposite to those
of their counterparts in the k+z φ

+
22 budget for both test cases.

This is consistent with the observations of Fig. 5, indicating
a redistribution of TKE between the streamwise and vertical
Reynolds normal-stress components at the end of the semi-
major axis. In contrast to its vertical cross-stream counterpart,
the inter-scale transport term k+z T̃+

33 plays an important role in
the transfer of energy from large to small scales. The charac-
teristic wavelengths of all transport terms in the k+z φ

+
33 bud-

get decrease as the Reynolds number increases. In particular,
the characteristic wavelength of the negative peak of k+z T̃+

33
remains nearly constant at λ+

z ≈ 190, whereas that of the pos-
itive peak decreases from λ+

z = 1700 to 1150 with increasing
Reynolds number. Likewise, the characteristic wavelength of
viscous diffusion, k+z D̃v+

33 , remains approximately constant at
λ+

z ≈ 1200 for both Reynolds number test cases.

CONCLUSION
Turbulent transport of Reynolds normal stresses in ellip-

tical pipe flow has been studied in both physical and spectral
spaces using DNS at Reτ = 180 and 395. The present study ex-
tends current understanding of turbulence in non-circular pipe
flows and aims to provide new insights into spectral transport
processes.

In physical space, all Reynolds normal stress components
increase in magnitude along the semi-major axis with an in-
creasing Reynolds number, with their peak values shifting to-
ward the wall. In examining the budget terms of the Reynolds
stress transport equation, it is interesting to observe opposite
behaviors of the streamwise and vertical pressure-strain terms
(Π33 and Π22, respectively), clearly indicating a redistribution
of TKE between these two Reynolds normal stress compo-
nents.

In spectral space, the premultiplied energy spectra shift
toward smaller streamwise wavelengths as the Reynolds num-
ber increases. The spectral budgets reveal that the inter-scale
transport term T̃33 promotes a forward cascade from large to
small scales. Interestingly, T̃22 exhibits inverse energy trans-
fer from small to large scales, highlighting anisotropic and
component-dependent energy transfer at the end of the semi-
major axis.
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Figure 8: Profiles of the premultiplied budget terms in the
spectral transport equation of Reynolds normal stresses calcu-
lated at the peak position of ⟨w′w′⟩+ along the semi-major axis
for each test case (i.e, at a distance from the wall of x+ = 16.7
and 15.4 for the cases of Reτ = 180 and 395, respectively). All
terms are non-dimensionalized by u5

τ/ν2.
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APPENDIX A: TRANSPORT EQUATION OF
REYNOLDS STRESSES

In the physical space, the transport equation for Reynolds
stresses in a statistically-stationary fully-developed flow is ex-
pressed as (Mansour et al., 1988)

∂ ⟨u′iu′j⟩
∂ t

= Hi j +Pi j +Πi j + εi j +Dt
i j +Dp

i j +Dv
i j = 0 , (6)

where Hi j , Pi j , Πi j , εi j, Dt
i j, Dp

i j , and Dv
i j are the convec-

tion, turbulent production, pressure-strain, viscous dissipation,
turbulent diffusion, pressure diffusion, and viscous diffusion
terms, respectively. These terms are defined as

Hi j = −⟨uk⟩
∂

〈
u′iu

′
j

〉
∂xk

, (7)

Pi j = −
〈
u′iu

′
k
〉 ∂
〈
u j
〉

∂xk
−
〈
u′ju

′
k
〉 ∂ ⟨ui⟩

∂xk
, (8)

Πi j =
1
ρ

〈
p′
(

∂u′i
∂x j

+
∂u′j
∂xi

)〉
, (9)

εi j = −2ν

〈
∂u′i
∂xk

∂u′j
∂xk

〉
, (10)

Dt
i j = −

∂

〈
u′iu

′
ju

′
k

〉
∂xk

, (11)

Dp
i j = − 1

ρ

∂

∂xk

(〈
p′u′j

〉
δik +

〈
p′u′i
〉

δ jk
)

, (12)

Dv
i j = ν

∂ 2
〈

u′iu
′
j

〉
∂xk∂xk

. (13)

APPENDIX B: TRANSPORT EQUATION OF VE-
LOCITY SPECTRA

In the spectral space, the transport equation for the
velocity-spectrum tensor in a statistically-stationary fully-
developed flow is given by (Lee & Moser, 2019; Xiong et al.,
2025)

∂ û′i
∗
û′j

∂ t
= H̃i j + P̃i j + T̃i j + Π̃i j + ε̃i j + D̃t

i j + D̃p
i j + D̃v

i j = 0 , (14)

where H̃i j, P̃i j, T̃i j, Π̃i j, ε̃i j, D̃t
i j, D̃p

i j, and D̃v
i j are the con-

vection, turbulent production, inter-scale transport, pressure-
strain, viscous dissipation, turbulent diffusion, pressure diffu-
sion, and viscous diffusion terms, respectively. These terms
are defined as

H̃i j = Re

−⟨u1⟩
∂ û′i

∗
û′j

∂x1
−⟨u2⟩

∂ û′i
∗
û′j

∂x2

 , (15)

P̃i j = Re
{
−û′k

∗
û′j
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∂xk

− û′k û′i
∗ ∂ ⟨u j⟩

∂xk

}
, (16)

T̃i j = Re

−û′j
∂ û′iu

′
1
∗

∂x1
− û′i

∗ ∂ û′ju
′
1

∂x1
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∂ û′iu
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2
∗

∂x2
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, (17)

Π̃i j = Re

 1
ρ
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, (18)
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û′j

∂x1
δi1 +

∂ p̂′
∗
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