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ABSTRACT
We present results from physics-based modeling of low-

frequency dynamics in an incompressible separated turbulent
flow over the Boeing Gaussian Bump. The Reynolds number
is 2× 106, based on the free-stream velocity and wind tunnel
width, and the Mach number is 0.1. Particle Image Velocime-
try (PIV) by Gray (2023) are used for validation of the mod-
eling results. Linear Stability Analysis (LSA) is employed to
model the flow dynamics, and identifies a modal mechanism
at zero frequency that matches well with the observed low-
frequency dynamics. In the literature, similar modal mech-
anisms are often attributed to centrifugal instabilities. Fur-
ther analysis reveals that this modal mechanism relies on co-
herent energy production through the spatial gradient of the
mean field-consistent eddy viscosity field. These results add
to the discussion regarding the role of eddy viscosity in linear
modeling of turbulent flows and highlight that the effects of a
spatially-resolved eddy viscosity field are more nuanced than
a spatially-varying dissipation model.

INTRODUCTION
For the study and modeling of coherent structures in tur-

bulent separated flows, linearized mean field methods, includ-
ing Linear Stability Analysis (LSA) and Resolvent Analysis
(RA), have emerged as popular tools. These methods are based
on a linearization of the Navier-Stokes equations around the
temporal mean flow, which includes a closure term represent-
ing the nonlinear energy transfer. This closure problem is fre-
quently tackled in analogy to the mean flow closure problem
in the Reynolds-averaged Navier-Stokes (RANS) equations,
through introduction of a turbulent (eddy) viscosity model.
For the choice of eddy viscosity, the mean field-consistent
value, available from data assimilation, has become a popu-
lar choice in recent years (Rukes et al., 2016; Tammisola &
Juniper, 2016; Symon et al., 2023; Saldern et al., 2024). How-
ever, the introduction of such a spatially-varying viscosity-like
variable has the potential of modifying flow stability in unex-
pected ways (Govindarajan & Sahu, 2014). For turbulent mean
flow analyses, these implications are rarely discussed.

In this paper, we discuss results from linear modeling of
low-frequency dynamics in a separated flow over the Boeing
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Figure 1: Geometry of the bump and ū from PIV mea-
surements. Reproduced from Klopsch et al. (2025a).

Gaussian Bump (Williams et al., 2020; Gray et al., 2021; Gray,
2023; Manohar et al., 2026; Gray et al., 2026). The flow is
fully turbulent with a Reynolds number of Re = 2×106, based
on the free-stream velocity and wind tunnel width. The geom-
etry of the bump including PIV mean fields from Gray (2023)
is shown in Figure 1. An overview of the mean flow topol-
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ogy is provided in Gray et al. (2026). In the present study,
we employ SPOD on the PIV snapshots to identify coherent
structures, which are then modeled using LSA. The role of the
mean field-consistent eddy viscosity field, used in construct-
ing the linear operator, is subsequently discussed. This paper
thereby extends on our previous studies on this flow: The data
assimilation procedure used to obtain the mean flow for the
linear analysis, including an eddy viscosity field, is detailed in
Klopsch et al. (2025b). An extensive characterization of the
flow dynamics in both cases, including linear modeling results
are reported in Klopsch et al. (2025a).

METHODS
We employ both data-driven and physics based ap-

proaches to investigate coherent structures in the flow. On the
data-driven side, we employ SPOD to the PIV snapshots. On
the physics-based side, we employ global linear stability anal-
ysis. The linear analysis is then validated by comparison with
the data-driven results.

Spectral Proper Orthogonal Decomposition
SPOD is applied to identify coherent structures in the

turbulent broadband dynamics of the flow (Lumley, 1970;
Towne et al., 2018). Starting from a temporally and spatially
resolved signal, in this case the PIV snapshot data, the
cross-spectral density is estimated and the SPOD modes are
given by its eigenvectors. The corresponding eigenvalue
represents the spectral energy of the mode. If large parts of
the spectral energy at a given frequency are contained in a
small subset of the SPOD modes, the dynamics are considered
low-rank and the dominant modes are considered coherent
structures in the flow.

Global Linear Stability Analysis
We consider the Navier–Stokes equations with Reynolds

decomposition u = ū+u′, where ū denotes the time-averaged
velocity field and u′ the remaining fluctuating share. For the
latter a modal ansatz of the form

u′ = ûeiβ z−iωt + c.c., (1)

is assumed, where β = 2πn and ω are the spanwise- and tem-
poral wavenumber, and z and t the respective coordinates. The
spanwise-harmonic ansatz allows the three-dimensional prob-
lem to be solved on a two-dimensional mesh. Introducing this
ansatz in the linearized Navier–Stokes equations yields

−iωû+(ū ·∇)û+(û ·∇)ū+∇p̂−∇ ·
[
(

1
Re

+νt)Ŝ
]
= f̂, (2)

where an eddy viscosity model (Boussinesq approximation) is
introduced to close the equations. The model relates the devi-
atoric share of the coherent component of Reynolds stresses,
û′u′, that represent the fluctuating Reynolds stresses in fre-
quency space, to the coherent strain rate tensor Ŝ=(∇+∇⊤)û.
The spherical part, representing isotropic normal stress, is ab-
sorbed into the pressure term. The deviation between the
modeled and true coherent stresses is represented by the forc-
ing vector f̂. This ad hoc model is commonly applied to
the linearized Navier–Stokes equations and is important, as it
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Figure 2: Data-assimilated mean flow used in the approx-
imation of the linear operator, with the eddy viscosity
field shown as background contours and mean stream-
lines overlaid in blue. Reproduced from Klopsch et al.
(2025a).

introduces a turbulent dissipation term that is otherwise ab-
sent (Symon et al., 2023; Saldern et al., 2024).

The linearized continuity condition reads ∇ · û = 0. Equa-
tion 2 and the continuity condition are cast into the linearized
Navier–Stokes operator L , allowing the system to be written
as

−iωq̂ = L q̂+ f̂ (3)

where q̂ = [û, q̂]⊤ is the state vector. Assuming (f̂ = 0), Eq. 3
simplifies to an eigenvalue problem. The real and imaginary
parts of the complex eigenvalue ω correspond to the frequency
and growth rate of the mode, respectively, and the mode shape
is given by the corresponding eigenvector.

The LSA computations are performed using FELiCS1

(Kaiser et al., 2023), an open-source linear flow solver devel-
oped at TU Berlin.

DATABASE
We work with the experimental database from the Smooth

Body Separation Experiment2 by Gray (2023), which includes
various measurements of the flow over the Boeing Gaussian
Bump at different Reynolds numbers. We consider the flow
condition with Reynolds number Re = 2× 106, based on the
free-stream velocity (34m/s) and wind tunnel width (0.91m).
The corresponding Mach number is M = 0.1. At this Reynolds
number, the flow is fully separated and a turbulent separation
bubble is formed at the downstream face of the bump. PIV
mean fields for the separated flow are shown in Figure 1. Time
series of the velocity fields are available in “FOV 1” and “FOV
2” (u, v), and in the spanwise window (u, v, w).

In (Klopsch et al., 2025a), we also analyse the flow con-
ditions Re = 106 and Re = 4×106. While the mostly attached
flow at Re = 106 displays different dynamics, the dynamics
at Re = 4 × 106 remain largely unchanged compared to the
present case.

To construct the linear operator used in the LSA formu-
lation, velocity mean fields and their gradients, as well as a
corresponding eddy viscosity field are required (see Eq. 2).
These are publicly available3 from our previous study (Klop-
sch et al., 2025b), where we assimilated the flow using a
Physics-informed Neural Network with the experimental PIV
mean field serving as training data and the RANS equations
alongside continuity and a no-slip wall condition as physical

1https://felics.eu/
2Data available in the Turbulence Modeling Resource:

https://tmbwg.github.io/turbmodels/Other exp Data/speedbump sep exp.html
3https://git.tu-berlin.de/pida-group
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Figure 3: SPOD eigenvalue spectra from PIV time se-
ries data in “FOV 1” (Gray, 2023). Eigenvalues are nor-
malised by the sum over all eigenvalues to highlight low-
rank structure.

constraints. Pressure and mean field-consistent eddy viscosity
fields are inferred in the process. Streamlines and eddy viscos-
ity contours of the assimilated mean flows are shown in Figure
2. Further details on the data assimilation procedure, including
a validation of the inferred pressure and eddy viscosity fields,
can be found in the aforementioned study.

RESULTS
Detailed results from SPOD and linear modeling are

available in our previous publication (Klopsch et al., 2025a).
A brief summary of the key aspects is provided in the first part
of this section. In the second part, we focus on the role of the
eddy viscosity field in the linear modeling approach, highlight-
ing the production mechanism through the spatial gradient of
the mean field-consistent eddy viscosity field.

Summary of Previous Results
A normalised SPOD eigenvalue spectrum computed for

the PIV interrogation window “FOV 1” (see Figure 1) is shown
in Figure 3. Here, Sth = f h/U∞ is the Strouhal number based
on the bump height h and freestream velocity U∞. We con-
sider Sth < 0.05 as the low-frequency regime, as indicated by
the purple-shaded area in the figure. For the lowest resolv-
able frequency (1Hz, corresponding to Sth = 2.3×10−3), the
leading mode accounts for around 80% of the power spectral
density. This demonstrates that the bump flow at this Reynolds
number exhibits strong low-rank dynamics.

The pronounced low-frequency dynamics can be ex-
plained by a branch of global eigenvalues with distinctly ele-
vated growth rate. The corresponding LSA spectrum is shown
in Figure 4. Here, the x-axis shows the spanwise wave number
n = β/(2π), the y-axis shows the growth rate with a Strouhal-
like scaling, and the color-axis shows the frequency expressed
as Strouhal number. The critical branch consists of eigenval-
ues with (numerically) zero frequency and non-zero spanwise
wave number. In the range of 2.5 < n < 12.5, the modes are
globally unstable.

The mode shape corresponding to the spanwise wave
number with the largest growth rate, n = 6.5 (black cross in
Figure 4), is shown in Figure 5a. The leading SPOD mode
for the zero frequency bin is shown in Figure 5b, for compari-
son. Evidently, the mode shapes are similar. This observation
leads us to consider the distinct global eigenvalue branch as
a meaningful modeling result. This result is in line with pre-
vious observations in the literature on laminar and turbulent
separation bubbles that similarly identified the low frequency
unsteadiness to be rooted in a global eigenmode: Barkley et al.
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Figure 4: LSA eigenvalue spectrum. Reproduced from
Klopsch et al. (2025a).
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Figure 5: Zero frequency modes from LSA and SPOD.
(a) LSA mode shape at n= 6.5; (b) leading SPOD mode.
Adapted from Klopsch et al. (2025a).

(2002); Gallaire et al. (2007); Rodrı́guez et al. (2013); Cura
et al. (2024); Sarras et al. (2024); Savarino et al. (2025); Fuchs
et al. (2026), to name a few.

Role of Eddy Viscosity in Flow Stability
The observation of globally unstable zero-frequency

modes is somewhat unexpected in a linear mean-field analysis.
Such a mode corresponds to a steady deformation of the flow
field with growing amplitude, which is inconsistent with the
converged mean field obtained from the measurements. The
positive growth rates are thus likely rooted in the underlying
modeling assumptions, namely the assumption of a homoge-
neous mean field in the spanwise direction and in the eddy
viscosity closure used in the linearized equations.

It appears natural to assume that the positive growth rates
result from a lack of dissipation, and that the growth rate could
be suppressed by increasing νt to yield weakly-dampened
modes, as done in (Fuchs et al., 2026). Specifically, we de-
fine

νt = γνt,RANS (4)
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Figure 6: LSA critical eigenvalue branches as computed
for different values of γ .

where νt,RANS is the mean field-consistent value (in the base-
line formulation γ = 1). The critical eigenvalue branches as
computed for different values of γ are shown in Figure 6. Un-
expectedly, increasing the eddy viscosity further destabilizes
the eigenvalues, whereas decreasing it suppresses the growth
rates, until the distinct modes vanish for γ = 0.25. This result
is counter-intuitive, as the eddy viscosity is typically assumed
to have a predominantly damping effect by introducing addi-
tional dissipation into the system.

In order to explain the destabilizing effect of the eddy vis-
cosity, we study the respective term in the momentum equa-
tions. To this end, the eddy viscosity term is expanded using
the product rule,

∇ · (νtŜ) = νt∇
2û+(∇νt) · Ŝ (5)

where the first term on the right hand side is analogous to the
familiar (molecular) viscous term that includes viscous mo-
mentum transport and energy dissipation. The second, inho-
mogeneous term captures the effect of a spatially-varying vis-
cosity. Under the common assumption of a spatially-uniform
viscosity in aerodynamic flows, this term is typically neglected
and the viscous term is solely written in terms of the velocity
Laplacian.

Multiplying Eq. 5 with û∗ gives the respective contribu-
tions to the coherent energy balance (Symon et al., 2023),

û∗ ·
[
∇ · (νtŜ)

]
= νtû∗ · (∇ · Ŝ)︸ ︷︷ ︸

homogeneous

+ û∗ ·
(

∇νt · Ŝ
)

︸ ︷︷ ︸
inhomogeneous

, (6)

where the homogeneous term on the right hand side can be
further expanded by inverting the product rule,

νtû∗ · (∇ · Ŝ)︸ ︷︷ ︸
homogeneous

= νt∇ · (û∗ · Ŝ)︸ ︷︷ ︸
transport

−νt(∇û∗) : Ŝ︸ ︷︷ ︸
dissipation

, (7)

where the transport term is conservative and integrates to zero
over a domain without boundary flux, and the dissipation term
is an energy sink, provided νt > 0. Therefore, the homoge-
neous term is always globally dissipative in the absence of
boundary fluxes. The inhomogeneous term, however, is the
product of two independent quantities, and the sign is not
known a priori. The fields associated with both terms and the
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Figure 7: Eddy viscosity-related terms in the coherent
energy balance. Normalized by respective maximum ab-
solute value.
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Figure 8: Vertically-integrated homogeneous (hom.) and
inhomogeneous (inhom.) eddy viscosity terms in the co-
herent energy balance, and the sum of both terms.

total contribution are plotted in Figure 7. Evidently, the ho-
mogeneous term primarily dissipates coherent energy, whereas
the inhomogeneous term acts mainly as a production term.
This is further highlighted in Figure 8, where the terms are
integrated over the vertical coordinate y. All curves are nor-
malized by the maximum absolute value of the total contri-
bution. Clearly, the overall direct effect of the eddy viscos-
ity is primarily dissipative due to the dissipative contribution
through the homogeneous term being significantly larger than
the productive contribution through the inhomogeneous term.
Nevertheless, the total contribution of the eddy viscosity to the
coherent energy balance is locally positive in some regions of
the flow (see Figure 7c), including the recirculation bubble.

In order to verify that the inhomogeneous contribution is
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(a) Mean field-consistent, spatially-resolved νt with the inho-
mogeneous term neglected in the equations
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(b) Spatially-constant νt = 9.4×10−4

Figure 9: LSA eigenvalue spectra with modified eddy
viscosity models.

in fact responsible for destabilizing the eigenvalue branch at
zero-frequency, we remove the term that includes the eddy vis-
cosity gradient from the linearized equations in our stability
solver, and repeat the LSA. For this analysis, the eddy viscos-
ity is set to the mean field consistent field with γ = 1. The
resulting eigenvalue spectrum is shown in Figure 9a (compare
to Figure 4). For comparison, we also perform the LSA with a
constant νt = 9.4×10−4, which corresponds to the mean field-
consistent value in the center of the bubble. The eigenvalue
spectrum for this case is shown in Figure 9b. For both cases,
the critical eigenvalue branch is not captured, and none of the
identified mode shapes represent physically meaningful fea-
tures (not shown). These results indicate that coherent energy
production through the inhomogeneous term significantly im-
pacts the linear stability predictions and, for the present case,
is essential for modeling the mode shown in Figure 5a using
LSA.

The observation of instabilities resulting from viscosity
gradients is not new. For laminar flows with spatially-varying
molecular viscosity (e.g. due to concentration or temperature
gradients), such instabilities have been studied for decades, as
summarized in the review by Govindarajan & Sahu (2014).
For a linear mean flow analysis of a turbulent channel flow
with eddy viscosity model, Symon et al. (2021) discuss en-
ergy production associated with eddy viscosity gradients and
conclude that the model remains primarily dissipative. Based
on the results shown in Figure 8, a similar conclusion could
be drawn for the present case. This result of a primarily dissi-
pative behavior also holds for the scaled eddy viscosities with
factor γ , as the scaling affects the homogeneous and inhomo-

geneous contributions equally.
However, the present results demonstrate that the integral

contribution to the energy budget is insufficient to conclude
whether the terms stabilize or destabilize the system. Instead,
the spatial distribution of the individual contributions is cru-
cial, as local positive contributions to the energy budget may
act as a forcing (in analogy to resolvent analysis), generating
structures that are subsequently amplified through interaction
with the mean flow gradients.

CONCLUSIONS
From the results presented in this study, several conclu-

sions can be drawn regarding turbulence modeling in stabil-
ity analyses of the separated turbulent flow over the Boeing
Gaussian Bump. Introducing a spatially resolved eddy vis-
cosity, such as the mean-field-consistent value, can give rise
to additional eigenmodes that rely on coherent energy pro-
duction through gradients of the eddy viscosity field and are
not observed for a spatially constant value. This mechanism
is also responsible for the somewhat counter-intuitive obser-
vation, that artificially increasing the eddy viscosity further
destabilizes the eigenvalue branch, whereas stabilization can
be achieved by reducing its value.

For the present case, the resulting eigenvalue branch
shows close agreement with the coherent structures identified
in the PIV data. In particular, the zero-frequency eigenmode
(Sth = 0) is consistent with the corresponding SPOD mode and
accounts for a significant fraction of the low-frequency power
spectral density in the velocity snapshots. These findings con-
tribute to the ongoing discussion on closure modeling in the
linearized equations and highlight the need for further research
to better understand potentially unexpected effects associated
with spatially resolved eddy viscosity models, including mean-
field-consistent formulations.
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