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1 ABSTRACT

Multi-step cylinders are widely used in marine riser sys-
tems, but the large-diameter buoyancy elements may amplify
vortex-induced vibration by increasing the transverse fluid
loading. Previous shape optimization using Bayesian opti-
mization with Gaussian process regression (BO-GPR) showed
that lift fluctuations of a multi-step cylinder can be strongly
suppressed, but at a noticeable computational cost, even at
a relatively low Reynolds number of 300. To improve the
practicality of this approach, the present study introduces a
heteroscedastic BO-GPR framework that explicitly accounts
for observation-dependent uncertainties from finite-length un-
steady CFD simulations. The statistical uncertainty of each
sample is estimated from the lift-force time series using an
autocorrelation-based integral-time-scale method and is incor-
porated into the Gaussian process surrogate as case-dependent
observation noise. In addition, each optimization cycle adap-
tively decides whether to evaluate a new design point or refine
an existing sample to reduce its uncertainty. When applied
to optimizing the multi-step cylinder geometry, the proposed
method achieves results comparable to conventional BO-GPR,
while delivering a 50% improvement in efficiency.

2 Introduction

The cylindrical structure with several small- and large-
diameter coaxial cylinders is called the multi-step cylinder,
as shown in figure 1(a). Structures with a similar shape to
a multi-step cylinder have been broadly used in marine riser
systems. An example is the steel lazy wave riser (SLWRs)
(Felisita et al., 2017), shown in figure 1(b), where the large di-
ameter buoyancy elements are attached to the small diameter
riser. The additional force provided by the buoyancy elements
could decompose the motion between the marine platform and

the riser attached to the seabed. This leads to reduced dynamic
responses and better fatigue performance, making SLWRs an
attractive choice for the deep-water riser system (Ruan et al.,
2024).
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Figure 1. (a) A sketch of the multi-step cylinder geome-
try. (b) A view of steel lazy wave risers (retrieved from
https://www.kongsberg.com).

However, the large-diameter cylindrical buoyancy has the
risk of amplifying local vortex-induced vibration (VIV) re-
sponses because of the larger hydrodynamic fluctuating force
induced by its larger diameter than that of the small-diameter
cylinder. Compared to the bare uniform cylinder, the alter-
nately arranged coaxial small and large cylinders significantly
changed the vortex formation (Dunn & Tavoularis, 2006; Tian
et al., 2017), the structural loads (McClure et al., 2015; Mas-
saro & Schlatter, 2024; Tian et al., 2020b), the turbulent char-
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acteristics in the wake (Tian et al., 2020a; Massaro et al.,
2023a,b), and the fluid structure interactions (Ji et al., 2019;
Zhao et al., 2024). These bring challenges to understand-
ing and predicting the vortex-induced vibration (VIV) of the
multi-step cylinders. VIV of risers, induced by ocean waves
and currents, can cause extensive fatigue damage if not ad-
equately mitigated. Therefore, previous research (Li et al.,
2017; Jhingran et al., 2017) has mainly focused on the dy-
namic response of different multi-step cylinders, where the di-
ameter ratio 2.5 < D/d < 5 (where D and d represent the diam-
eter of the large and small cylinders, respectively; see Figure
1(a)) is usually picked up. However, the exploration of struc-
tural load optimization of the multi-step cylinder is limited.

Considering that the transverse force (i.e., the lift force) is
generally more important than the in-line force (i.e., the drag
force) for VIV, Tian et al. (2026) applied the Bayesian opti-
mization based on Gaussian process regression (BO-GPR) de-
scribed by Morita et al. (2022) to explore the possibility of
suppressing the transverse force (i.e., lift force) of the multi-
step cylinder by properly designing its shape. After 26 simu-
lations, a reduction of approximately 99% in the lift force was
achieved. While this result demonstrates the approach’s po-
tential, it required more than 100,000 CPU hours, even at a
relatively low Reynolds number of 300. For realistic flow con-
ditions at much higher Reynolds numbers, the computational
cost is expected to increase substantially due to the need for
finer spatial and temporal resolutions. Therefore, improving
the efficiency of the BOGP framework is a critical prerequisite
for its practical application.

In the present work, we address this challenge by intro-
ducing an observation uncertainty model based on time-step
iterations of CFD simulations. By explicitly accounting for
the uncertainty arising from partially converged simulations,
the proposed approach enables adaptive use of computational
effort, thereby significantly improving the overall efficiency of
the BOGP optimization process.

Methodology

The present work proposes a heteroscedastic Bayesian
optimization framework for unsteady CFD design optimiza-
tion. Direct numerical simulations (DNS) are carried out
using the second-order finite-volume solver MGLET (Man-
hart, 2004) in the present work. An open-source version of
MGLET is available at https://github.com/kmturbulenz/mglet-
base. For the optimization framework, in contrast to a con-
ventional Bayesian optimization with Gaussian process re-
gression (Morita et al., 2022), each evaluated sample is not
represented only by a design-response pair, but by a triplet
Py = {(ai,ri,0)}}_;, where q; is the design vector, r; is the
observed objective value, and o; is the case-dependent obser-
vation uncertainty. Another key difference from standard BO
is that each optimization cycle in the present study does not
necessarily launch a new design point. Instead, there are two
possible actions: (1) NEW - start a new CFD simulation at a
new design point; (2) REFINE - continue or refine an existing
case in order to reduce its statistical uncertainty. The action de-
cision is made automatically by comparing a new-point score
and a refinement score, which will be explained in detail in the
following.

Design parameters and objective function:

Design parameters and objective function: The design
vector is written as q = [q1,42]" € 2, where ¢; and ¢»
represent the lengths of the small and large cylinders, re-
spectively. The admissible design space is defined as 2 =

{(g1,92) | q1 €10.1,5], g2 € [0.1,3]}. The objective function
is setup as r(q) = log (1 + CL"““< D ) to make it vary within a

small range even when the lift force coefficient Cy, - changes
in several orders. Here, € = 1075 is used, the RMS Iift
force coefficient is defined as Cy,,. = y/E [C?], where Cp(t) =

F(1)
pU(qi1d+¢:D)

Uncertainty estimation:

Since the objective value r(q) is calculated from a finite-
length unsteady CFD signal, it is affected by sampling uncer-
tainty. Therefore, the observation at design point q; is mod-
eled as r; = f(q;) + &| & ~ ' (0,67), where f(q) denotes
the latent noise-free objective, and o; is the case-dependent
observation standard deviation. The uncertainty is estimated
from the time series of the lift force F;(r) using an autocorrela-
tion function (ACF) based integral-time-scale method (Oliver
et al., 2014; Mockett et al., 2010).

The analysis is performed on the squared lift signal,
y(t) = C}(t), such that the RMS lift coefficient is ex-
pressed as Cr, = \/E[y]. For the discrete samples yj in
the selected statistical window, with average sampling in-
terval Ar, the normalized autocorrelation function is defined

M S
as p(f) = S e where 7 is the sample mean.

and Fy(t) is the time series of the lift force.

The corresponding integral time scale is estimated as Tj, =
At (% +Z§; ; p(é)) , with £, taken as the first lag for which
the autocorrelation becomes negative. The effective number
of independent samples is then approximated by Neg = %_m,
with T = NAt, which accounts for the temporal correlation in

the signal. Using this effective sample size, the standard error

of the mean of y is estimated as SE(¥) = 4/ V;,rst ) , and, by er-

ror propagation, the uncertainty of the RMS lift coefficient is

obtained as SE(C, ) = 255 )

Considering that BO uses r(q) rather than Cy, directly,
the uncertainty must be mapped from the RMS space to
the objective space. This is done by interval propagation:
Cp, . = max (CLye — 0¢,,0) and CZLW = Cr,,. + 0c,, where

¢, = SE(Cy,,.). The corresponding lower and upper ObJec-

rms

tive values are r~ = log (1 + L“““ ) and ™ =log <1 + Lr“‘” >

rt—r-

and the objective uncertainty is defined as 6 =

Heteroscedastic Gaussian process surrogate:

To improve robustness, the physical design space is first
mapped to the unit square: x = % where x € [0,1]%.
The surrogate model is then trained with the heteroscedastic
observation model r; = f(x;) + &, where & ~ A (0,6,2) us-
ing a Gaussian process regressor with sample-wise noise vari-
ance 652. The covariance kernel is chosen as the Matérn-5/2.
The kernel hyperparameters are optimized using the L-BFGS-
B algorithm Zhu et al. (1997). For any candidate point x, the
GP provides the predictive mean p(x) and standard deviation
s(x). Here, o; and s(x) represent two different uncertainty no-
tions: o; is the observation uncertainty of a computed CFD
case, while s(x) is the posterior uncertainty of the surrogate.
This distinction is essential in the present method because the
former enters the GP training noise term, whereas the latter is
used to determine whether a NEW or a REFINE case will be
conducted.

Action between NEW and REFINE:

A key difference from conventional Bayesian optimiza-
tion is that the present framework does not necessarily launch
a new design point at every iteration. Instead, two possible
actions are considered simultaneously: NEW, which evaluates
a previously unexplored design, and REFINE, which contin-
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ues the simulation of an existing sample in order to reduce its
observation uncertainty. The optimizer then selects the action
with the larger expected benefit.

For a candidate new point X, the corresponding score is

defined as Scorepew (X) = % . m, where EI(x) is

the Expected Improvement, Cpey denotes the computational
cost of launching a new short simulation (i.e., the total time-
step a new simulation needs), and Gpeyw (X) is the estimated un-
certainty associated with that short run. In this way, a new
point is preferred when it is both promising in terms of ob-
jective improvement and sufficiently reliable in terms of sta-
tistical accuracy. Since Opew(X) is unknown before running
the simulation, it is approximated from nearby existing sam-
ples. In the present implementation, a distance-weighted k-
nearest-neighbor estimate is used, Gnew(X) = ¥jc s (x) W;0js
wj o d(ﬁ) k=3.

For an already evaluated sample i, the objective of
refinement is not to explore a new region of the design
space, but to reduce the uncertainty of a case that may
already be important for the optimization. To assess the
value of a refinement action, a temporary heteroscedastic GP
model is reconstructed by reducing the uncertainty of only
one existing sample, while keeping all others unchanged.
The refinement score is then defined as Scorefine(i) =

i ‘Q—IF‘ZXGQP rnax(snow(x)—sl?ef(x),O)]g,-, where Cper is

the refinement cost (i.e., the time-step a refinement simulation
needs), snow (X) is the current GP posterior standard deviation,
and s?ef(x) is the posterior standard deviation after assuming
that the refinement will reduce 30% uncertainty (o) of the
sample i. The factor g; assigns more importance to samples
that are closer to the current best solution.

To avoid spending computational effort on clearly irrel-
evant regions, the refinement benefit is evaluated only over a
promising region identified from the GP predictive mean. For
the minimization problem considered here, this region is de-
finedas Q) = {x € 2| u(x) < Qo30(u)}. Only the candidate
points belonging to the lowest 30% of the predictive mean field
are retained. If no existed candidate is involved, all candidates
will be selected.

The action decision is made by comparing the best
NEW score and the best REFINE score, Score)., =
maxy Scorepew (X), Scorels . = max;Scorerfine(i). Refine-
ment is selected only when Score},; . > Scoref,,. Otherwise,
a NEW action starts. In addition, refinement is blocked when
the selected sample already has sufficiently small relative un-
certainty, i.e., ‘%" < 3%. Then, the optimizer is forced to find
the new point by maximizing Scorepew (X).

Overall workflow:

In general, the optimization loop follows the sequence:

. read the current BO sample list;

. build the heteroscedastic GP surrogate;

. compute Scorepey and Scoreefine;

. decide whether to execute NEW or REFINE;

. post-process the force signal to obtain r(q) and o,(q);
. update the BO database and convergence state.

AN AW =

Results and discussions

Figure 2 shows the convergence of r(q). The black
line is from the present study, while the red line is taken
from , where a conventional BO-GPR framework without
observation-dependent uncertainties is applied. Except for the
uncertainty treatment, both approaches share the same numer-
ical setups (e.g., mesh strategy and CFD solver) and optimiza-

tion settings (e.g., design variables and initial samples). It
shows that r(q) decreases from 12.2 to approximately 0.8 in

both cases, reaching a comparable minimum level. According

to r(q) = log (1 + w» the corresponding Cy__ is re-

duced by approximately four orders of magnitude, from 107!
to 1073, effectively approaching zero.

To reach a comparable optimum, the present BO-GPR re-
quires four more iterations than the conventional BO-GPR, as
shown in figure 2. This is mainly because the present frame-
work permits objective evaluations based on shorter CFD sim-
ulations, for which the associated uncertainties remain rela-
tively high. As a result, the objective estimates in the early
stage of the optimization are less accurate, and additional it-
erations are therefore needed to identify promising candidates
and further reduce their uncertainties through the REFINE pro-
cess. By contrast, the conventional BO-GPR relies on fully
converged CFD simulations with uniformly low uncertainty,
so that each evaluation is more accurate, although substantially
more expensive.
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Figure 2. Convergence history of r(q) for the present BO-
GPR and the conventional BO-GPR (obtained from Tian et al.
(2026)), with markers indicating the iterations where the RE-
FINE process is triggered.

Despite the increase in the number of iterations, the
present BO-GPR reduces the total computational cost by ap-
proximately 50% in terms of total time step (also reflecting the
CPU hours) cost by all CFD simulations compared with the
conventional BO-GPR, as shown in figure 3. In the conven-
tional BO-GPR, each numerical simulation must be advanced
for sufficiently long time steps to ensure that all cases reach a
uniformly low uncertainty level. In contrast, the present BO-
GPR explicitly accounts for the uncertainties induced by the
relatively small time steps in each CFD simulation. This al-
lows early termination of individual runs, resulting in substan-
tial improvements in computational efficiency.

The green markers in figure 2 indicate the iterations where
the REFINE process is triggered. REFINE is activated only 3
times out of 34 total iterations. This suggests that adopting
fewer time steps per CFD simulation in the first place may en-
able more frequent REFINE steps, potentially leading to fur-
ther reductions in computational cost. However, it should also
be noted that fewer time steps may increase the number of re-
quired BO-GPR iterations due to larger uncertainty, and, in
turn, the total optimization time. Therefore, how to better bal-
ance the cost of each individual simulation against the number
of refinement and optimization iterations is a key issue for fur-
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ther improving the overall efficiency of the framework. This
aspect will be explored in future work.
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Figure 3. Accumulated total simulation time steps as a func-
tion of iteration for the present BO-GPR and the conventional
BO-GPR, with REFINE-triggered iterations highlighted.

Figure 4(a) shows the predicted mean of the objective
function r(q) from the Gaussian Process surrogate model,
while figure 4(b) shows the corresponding predicted standard
deviation (uncertainty) of r(g) with 95% confidence. In both
plots, the black dashed lines connect the sequence of evaluated
design points, illustrating the search trajectory of the BO-GPR
algorithm. The black circles indicate the locations of individ-
ual sample points in the design space. At the optimal design,
defined by ¢ =1/D = 1.68 and ¢, = L/D = 0.4, the corre-
sponding predicted uncertainty is in the dark blue region (i.e.
almost zero) in figure 4(b), indicating the convergence and re-
liability of BO-GPR at this location.

The objective landscape shown in figure 4(a) is clearly
non-convex, with multiple low-response regions and strongly
anisotropic variations. This is because the objective is derived
from the RMS lift coefficient, which depends on the vortex
dynamics and interactions in the near wake of the multi-step
cylinder. Small changes in the lengths of the small (g;) and
large (g2) cylinders could lead to substantial changes in the
wake state and, consequently, in the lift fluctuations. This in-
terpretation is further supported by figure 5, which shows vor-
tex isosurfaces for different parameter combinations and cor-
responding levels of lift fluctuation. Figures 5 (c, d) show the
final optimal geometries obtained by the conventional and the
present BO-GPR, respectively. As the geometry changes from
figure 5(a) to (d), both the final optimal geometries suppress
the classical von Kdrmdn vortex street and lead to negligible
fluctuating lift force Cp s, although they are not identical.
This indicates a near-optimal low-response region, where dif-
ferent BO trajectories may converge on distinct representative
geometries while sharing the same flow states and physical
mechanisms.

The multiple low-response regions seen in figure 4(a) rep-
resent different geometric configurations that achieve a similar
low-lift flow regime, rather than fundamentally distinct opti-
mal points. The non-convex shape does not just arise from
the surrogate model but reflects the nonlinear and regime-
dependent characteristics of the underlying flow physics. This
inherent multi-modality in the wake flow highlights the value
of Bayesian optimization for tackling global optimization
problems that are expensive, non-convex, and noisy.

Optimal
I/D=1.68, L/D=0.4

Predicted Mean of r(q)

6.00
5.25
4.50
3.755
3.002
Tg]
2250
1.50
0.75
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Figure 4. (a) The predicted mean of the objective function
r(g) from the Gaussian Process surrogate model; (b) The pre-
dicted standard deviation (uncertainty) of r(¢g) with 95% con-
fidence.

3 Conclusion

A heteroscedastic Bayesian optimization framework with
Gaussian process regression was proposed to reduce flow-
induced transverse loads on a multi-step cylinder while im-
proving the efficiency of unsteady CFD-based optimization.
In the proposed method, each evaluated sample is represented
not only by its design parameters and objective value, but also
by a case-dependent observation uncertainty estimated from
the lift-force time series. This uncertainty is obtained using an
autocorrelation-based integral-time-scale analysis and is incor-
porated directly into the Gaussian process surrogate. In con-
trast to a conventional BO-GPR procedure, the present frame-
work can either evaluate a new design point or refine an exist-
ing sample, thereby improving computational efficiency.

The results show that the present BO-GPR reaches a com-
parable optimum to the conventional approach, with the objec-
tive decreasing from 12.2 to approximately 0.8, corresponding
to an approximately four-order reduction in Cy, . from 107!
to 1075, The optimal design is found near g; = [/D = 1.68
and ¢» = L/D = 0.4, where the predicted uncertainty is very
small, indicating reliable convergence. Although the proposed
method entails four additional optimization iterations com-
pared to conventional BO-GPR, the total computational cost
is reduced by approximately 50% owing to the utilization of
shorter CFD simulations in the early stages, with refinement
applied only when necessary. Furthermore, the vortex struc-
tures indicate that the suppression of lift fluctuations is at-
tributed to the disappearance of the classical von Karméan vor-
tex street, which is consistent with previous publications.

One future work will focus on balancing shorter initial
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Figure 5. Instantaneous vortex structures behind the multi-
step cylinder visualized by isosurface of Q = 0.2 (Hunt et
al. 1988).

simulations, greater statistical uncertainty, and the resulting
number of refinement and optimization iterations to further
enhance the overall efficiency of the framework. Addition-
ally, in the present study, the mesh is fixed for all CFD eval-
uations. Therefore, the uncertainty modeled here is the statis-
tical uncertainty associated with finite-length unsteady force
signals, rather than the spatial error of the CFD solver. This
setup isolates the effect of observation-dependent statistical
uncertainty on the BO process. A natural extension is to ac-
count for resolution-induced error as an additional uncertainty
contribution, e.g. 62, = G5, + Ggisc’ where 0Ogsc can be esti-
mated from occasional refined-grid or refined-time-step calcu-
lations. An alternative is to treat numerical resolution itself as
a fidelity variable within a multi-fidelity BO framework. In-
stead of merely penalizing low-resolution data with inflated
noise, this approach models the correlation between different
resolutions to actively correct the bias of coarse grids using
sparse high-fidelity data. These will also be considered in fu-
ture work.
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