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ABSTRACT

Based on symmetry theory of the infinite multi-
point moment hierarchy and standard physical con-
straints, scaling laws for log and center regions of a tur-
bulent channel flow were derived for the mean veloc-
ity first in [Oberlack, JFM 427, 299 (2001)], and sig-
nificantly expanded to higher moments of the stream-
wise velocity U in [Oberlack et al., PRL 128, 024502
(2022)]. We presently further extend the theory to
arbitrary velocity moments, in which U, and Uz do
not contain the mean. Direct numerical simulations at
Re; = 104, performed with extended integration time,
show excellent agreement with the theoretical predic-
tions for all moments considered. A central result is
that the scaling exponents in the log and center regions
are identical for all velocity moments, demonstrating a
previously unrecognized universality in turbulent wall-
bounded flows. These scaling laws are shown to arise
as invariant solutions of the infinite hierarchy of multi-
point moment equations, with all the theoretical de-
velopment explained in an extended theoretical paper
[Gortz et al., PRF, (2026)].

1 INTRODUCTION

Osborne Reynolds Reynolds| (1895) was the first to re-
alize that the statistical description of turbulence leads to an
infinite system of moment equations. The single-point hier-
archy generates several new unclosed terms at every order,
a problem partially overcome by the multi-point moment hi-
erarchies of Keller & Friedmann [L. Keller & A. Friedmann
(1924). Therein, only one term per level is unclosed at the
price of three extra dimensions per order, leading to an infinite-
dimensional system.

Over a century of turbulence research has dealt with
this “curse of dimensions” in many ways. Scaling laws
gained early acceptance, either via dimensional reasoning Kol-
mogorov| (1941) or via a finite number of moment equations,
starting with Kdrman and Howarth’s similarity solution of the

two-point isotropic equation von Karman & Howarth|(1938).

For wall-bounded shear flows, the log law was origi-
nally derived from the eddy-viscosity hypothesis [von Karman
(1930); L. Prandtl|(1932) and has since been revisited by many
authors [Isakson| (1937); Millikan| (1938); |Clauser| (1954);
Coles| (1956); |George| (2006); [Klewicki ez al.|(2009).

A first attempt to derive the log law from the Navier-
Stokes equations, their symmetries, and the resulting statis-
tical equations was made in |Oberlack (2001), though limited
to the mean velocity. In|Oberlack & Rosteck| (2010), statis-
tical symmetries were discovered that are not apparent in the
Navier-Stokes equations alone but were proven for the infinite
multi-point moment hierarchy; their interpretation as inter-
mittency and non-Gaussianity followed in Wactawczyk et al.
(2014). These classical and statistical symmetries were the
starting point for the Uj-moment scaling laws of |Oberlack
et al.| (2022)), substantiated by DNS for the log and the cen-
tre region of plane Poiseuille flow.

The present and the extended theoretical paper|Gortz et al.
(2026) expands this development in two directions: we gener-
alise the scaling laws to arbitrary multi-point moments sub-
stantiated by DNS data up to order six, and |Gortz et al.|(2026)
establishes that these scaling laws are similarity solutions of
the infinite multi-point moment hierarchy.

2 BASIC EQUATION
Starting point are the Navier-Stokes equations
2
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with7eR*, xeR>, U =U (x,1), P= P(x,t), and v representing
time, position vector, instantaneous velocity vector, pressure,
and kinematic viscosity, respectively. Rather different to the
common Reynolds’ decomposition, i.e. Uy = Uy +uy, where Uy
and u, are, respectively, mean and fluctuation, we presently
adopt an alternative approach by utilizing statistical moments
encompassing the full instantaneous velocities instead of the
fluctuations only. Consequently, the generic multipoint veloc-
ity moments read

Hi{,,} :Hi(l)...i(,,) = Ui(l)(x(|>7t)'~~~'Ui(,,) (xe,t). (2
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As in|Oberlack et al.|(2022)) (for details see the extended theo-
retical publication|Gortz et al.|(2026))), the multipoint moment
equation (MPME) for the velocity yields
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The moment f;, ;) correlates the pressure with n—1 veloci-
ties (see e.g.|Oberlack & Rosteck! (2010)).

Definition (Z) and the infinite-dimensional system (3]
form the foundation of symmetry-based turbulence theory,
which is presented in depth in the extended theoretical pa-
per |Gortz et al.| (2026). Presently, an abbreviated theory is
presented for comparison with the DNS data, and, hence, we

focus on one-point statistics, i.e., X =X(1) =X(2) =... =X(,),

for which we introduce the classical notation U{ Uzj U3k with
i7 ] : ke No.

We note that working with instantaneous rather than fluc-
tuating moments is not a loss of generality: the symmetry
structure of the instantaneous hierarchy () is fully equivalent
to that of the fluctuation hierarchy obtained via Reynolds de-
composition, since Lie symmetries are preserved under such
invertible linear transformations; this equivalence is made ex-
plicit in Sec. V of |Gortz et al.|(2026).

3 LIE SYMMETRIES AND INVARIANT SOLU-
TIONS
Very briefly, let us define the idea of a form-invariant
transformation x* = @ (x,y;a),y” = y(x,y;a), also called a
Lie symmetry transformation, which leaves a differential equa-
tion F =0 unchanged so that holds

F(xyyMy®,. 3") =0
e Py y Wy @ Ly )0, @

with the plh derivatives of y defined as y(p ).

The symmetries of the system (3) known so far are di-
vided into (i) those inherited from the Navier-Stokes equations
to (3 and (ii) those found only in (3) and, therefore, called
statistical symmetries.

Of the nine symmetries of the Navier-Stokes equations
(I, only the combined space-time scaling symmetry

Togyse: 1 =e™t, x"=e®x,
U* =y, Pr=d@Tsp (5)

for the case of vanishing viscosity and the translation symme-
try in space are subsequently employed,

Ty :

1" =t, X" =x+ax, U =U, P"=P. (6)
In the moment frame, the scaling symmetries (3)) read
Toe/si " =e™t, xi) =e"xg,
U

*

/A Hzn} _ en(asx—asf)H{n}7 7
and the translation symmetry turns into

= y* =k

Tyt =t,x0 =xq+ax, U =U",H{,p =Hg,,.  (8)

The proof of form invariance is easily obtained by substituting
and (8) into (3).

A subtlety arises from the viscous term: the Navier-
Stokes equation admits only one scaling symmetry,

whereas the Euler equation and the inviscid MPME (3) with
v =0 admit two, cf. (3) and (7). This apparent contradic-
tion is resolved by a singular asymptotic expansion in the Kol-
mogorov scale 1 as the perturbation parameter — a boundary-
layer-type decomposition of the MPME in separation space
r. This was first introduced in [Oberlack & Peters| (1993)
for isotropic turbulence, and gained widespread recognition
thanks to Lundgren’s famous work [Lundgren| (2003). Ex-
tended to the present hierarchy for arbitrary turbulent shear
flows is presented in full detail in Sec. II B of |Gortz et al.
(2026). The expansion yields two equations: an outer equa-
tion on scales, which is simply (3) with v =0, which hold into
the inertial subrange for 1 < |r|, and governs the log and centre
regions, and an inner equation on scales |r| ~ 1] where viscosity
is dominant. All scaling laws derived below follow from the
outer, viscosity-free system.

The statistical symmetries mentioned above under point
(i) were first derived in |Oberlack & Rosteck! (2010) and in
Wactawczyk et al.| (2014) their physical meaning was pointed
out. The translation symmetry in the moments

oy 1" =1, x4 =x0),
U"=U+a, Hj, =Hy, +aj, )

refers to non-gaussianity. The statistical scaling symmetry in
the moments
*

T t" =1, x5 =xq),
l_] =eas“l_/, Hzn}=eaSSH{n}, (]0)

*

can be traced back to intermittency and has its causes in the
linearity of the infinite system (3).

Finally, the MPME (3) admits symmetries limited to
plane shear flows, with x; the wall-normal coordinate

TL’Z l‘*:l‘, xf,-):x(,»),
l7*=l:/+x2a1{‘1}, Hzn}zH{n}+x2al{‘”}, (]l)

This symmetry has already been discovered in/Rosteck] (2013
and, as we will see later, leads to a linear adjustment of the
scaling laws in the log region. For the center region, this sym-
metry is meaningless, as it would break the reflection symme-
try of the channel. The linear correction was already analyzed
by us in|Oberlack et al.| (2022)) for the U scaling laws, but the
DNS data induced an extremely small prefactor, so the term
was not listed. We see later that the prefactor of the linear term
is also very small for most of the moments, but by no means
negligible.

The form invariance of the MPME (3)) under the statisti-
cal symmetries (O)—(II) can be verified by direct substitution:
inserting, e.g., H’{*n} =Hgy + a?n} from (@) into (3) leaves ev-
ery term unchanged, since 1s linear in Hy,y and contains
only derivatives with respect to x(; and ¢, while aHn} is a con-
stant with respect to these variables. Form invariance therefore
holds at the level of the equations themselves and requires, for
the present purpose, no additional closure hypothesis.

With this, invariant solutions for U{Uzj Uf are derived

from the aforementioned symmetries rather similar to U} in
Oberlack et al.|(2022). Also here, we restrict ourselves to one-
point statistics in comparison with the DNS data, but in the
extended theoretical article |Gortz et al.|(2026), the complete
invariant solution for arbitrary multi-point moments H {(n} 18
generated and, moreover, the symmetry or similarity reduc-
tion of the MPME (B) is proven in Sec. IV C therein, showing
that the scaling laws reduce the number of independent vari-
ables in (3) — the defining property of an invariant solution in
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the Lie-group sense. With this, the characteristic system for
the invariant solution of arbitrary one-point velocity moments
reads,

_
A5y X) + ax,
~ dU, B
[asy —as; +ags | Uy + aﬁ,o,o] +xzaf170’0]
dUiUUk
= — . (12)
[n(asy —as;) +ass]Uj UZJUSI‘ + aﬁ.,jk] +x2a1[‘iAj7k]

Here and in the following, only the notation Uf Uzj Ué‘ is used,
we recall i, j, k € Ng, and introduce the abbreviation n =i+ j+k,
and agy, as;, ass are scaling group parameters. It may appear
surprising that the infinitely many equations of (3) admit, si-
multaneously, only a finite set of three scaling groups with the
parameters {ag,,as;,ass }- dss is a consequence of the linearity
of (B) across all moments and ag,,as, of the scaling of space
and time in (7). The boundary information specific to each mo-
ment is, in turn, encoded in the integration constants in (I9),
0) and 21), see [Gortz ef al] (2026) for the full argument.
For the sake of completeness, we have included the mean ve-
locity in (I2)), though it is not to be compared to DNS data.
Combining the scaling groups (7) and (T0), we obtain

_ y — —agtag T
Tscate : x; :easxxb U, =l aSTUh

VIUJUE = s GiuiuE

4 TURBULENT WALL-BOUNDED SCALING

LAWS

In the context of integrating (I2), we need to distinguish
two cases, i.e. the solutions corresponding to the log and centre
regions of the channel (see (Oberlack et al.l2022)). The piv-
otal parameter governing the log-law is the wall shear stress
velocity denoted as ur = /Tw/p, where T, denotes the wall
shear stress, and p represents density. ur serves as the exclu-
sive near-wall velocity scale. Consequently, this means that
scaling the mean velocity in equation (I3) is no longer per-
missible, and results in a symmetry breaking of the velocity
scaling, i.e.

asx—a5,+ass=0. (14)

If we use this symmetry-breaking equation in (I2) and inte-
grate, we find

H L
Iy - a[1,0,01%8x ~4[1,0,0]%% ln( ax, )

1 5 X+ —
Ay asx
L
a
1,00 ~
S L) VG B (15)
asx

and

irrirrk _ & Ax,
ViU, U3 = Cli i) (x2 + as,

)a)(n—l)

1= 001 2
as;@(n—-1)(1-w(n-1))
L

an(l—(D(}’l_l)) >

where, as already mentioned above, in |Oberlack et al.| (2022)
all aﬁ.o 0] in the data proved to be very small and were ne-

(16)

glected during DNS data fitting. The moments Uil’ in (13) and

(T6) then reduce to the results in[Oberlack et al (2022)). Fur-
ther, ® = 1 - ag; /ag, is a universal constant, and C [i,jk] denote
constants of integration. In particular, also in comparison with
the log region for the U; moments in |Oberlack ef al.| (2022)
we find five key results: (i) moments n =i+ j+k > 2 have a
power law relationship, (ii) the exponent ® links arbitrary mo-
ments, (iii) the power law behaves identically for all three U;
components, and the current DNS data clearly prove this to be
shown below, and (iv) in connection with (Gortz et al.| (2026),
we find that the above scaling laws are invariant solutions of
the infinite hierarchy of moment equations.

As already shown in |Oberlack et al.| (2022)), the second
case led to deficit type of power laws for Uf in the channel
center. For this, it is assumed that none of the scaling factors
in (I2) and (T3) vanish, i.e. (asy —ag; +ass) #0,...,n(as, —
asy) +asg # 0. Due to the reflection symmetry, in this case we
have a[Li, K= 0, and after integrating (12)), we find

—_— ax n(0,—01)+201-0,
U0 U5 =Cljjay X2+~

asx
H
B aijik] a7
b
n(agy—as;) +ags
where
a a a a
o =1-50, 55 02:2(1—ﬁ)+ﬂ (18)
dasy  dsx asy asx

are known exponents from Oberlack ef al|(2022), n =i+ j+k,
and the C‘Ei_ ; k] are constants of integration. We will see below
from DNS data that o7 and o, are universal constants across
all moments. For both of the above scaling laws (I6) and (T8),
we found in|Oberlack ez al.|(2022) for the U;-moments that the
factors C’[,}j,k] and C‘fi7 jk] are exponential functions of the mo-
ment order. This result can only be extended to other moments
to a limited extent, so it will not be considered here.

To improve the statistics for comparison with the above
scaling laws, we extended the DNS of |Oberlack e al.|(2022);
Hoyas et al.| (2022) and doubled the integration time to 100
million CPU-hours, keeping all other parameters unchanged
at Rer = 10*. The extension was particularly necessary for the
U, and Us statistics, whose convergence is poorer than for U
due to the absence of a mean.

Even with improved statistics, convergence deteriorates
with moment order and we restrict ourselves to order 6, as
in |Oberlack et al.| (2022). Odd moments in U, and Us are
exactly zero by reflection symmetry and were excluded; mo-
ments of order 5 were excluded for convergence reasons; some
sixth-order moments were also excluded for the same reason.

The retained moments used for the comparison are: U,,U 12,

2 12 13 1502 1502 U U % 17202 1202 172172
Ui’ Ui, Uy, U Uy, Uy Uy, U, Uy, Uy, UUy, UUs, U5 U,
6 176 /6 /4172 1212 A2 A2 A2 17472
Uy, Uy, U3, U'U;, UUy, UyUT, UyUy, UsUY, UsUs, and
2772172
UiusU;. ‘ ‘ .
For comparison with the DNS data, the extended scaling
laws derived above are now rewritten using the nomenclature

common in the turbulence community. Equations (15) and
(T6) then become

oy :%ln(y+)+B+Dy+, (19)

_—
ik +\0(n-1) +
UiU3U5 =Cpijuig (v") =Bl jx+Dlijiy
for n=i+j+k>2, (20)

where y* = yuz/v, U{U{USI‘ = UfUZjUSk/ug, and y* =0 de-
notes the wall. The parameters B, D, By; ; 11, C[i jx]> P[ijx)>
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o, B, @, B and von Kdrmdn’s constant x contain the group
parameters appearing in Eq. (T3) and (T6).

The log law @) will not be considered further, because
Kk =0.394 from|Oberlack et al.|(2022) remains unchanged, and
D is still negligibly small. Furthermore, as in |(Oberlack et al.
(2022), the shift in yJr will also be neglected here, i.e., ax, =0
in Egs. (T3) and (T6).

For a consistent comparison with the theory in|Gortz et al.
(2026), the value of w must be identical for all moments. Cur-
rently, we have adopted the value of @ = 0.1 from Oberlack
et al.| (2022), which continues to be the optimal choice here
as well. We emphasise that the functional form of (20), the
universality of @ across moments and components, and the
fact that a single exponent governs all n > 2 are predictions of
the symmetry analysis; the numerical value @ ~ 0.10 itself is
an empirical input, fitted from the DNS, in the same spirit in
which von Kdrman’s constant x is fitted from data.

The first key result here is the comparison of the mo-
ments 7 > 2 taken from the DNS data with the scaling law (20)
in the fitting window y* ~ 400...2500 also chosen in [Ober-
lack et al.|(2022). The corresponding results are shown on a
double-logarithmic scale, and the universal value @ = 0.1 from
Oberlack et al.| (2022) was used, which is also here the opti-
mal value. The comparisons are divided into four subimages
of figure m each of which shows the moments of order 2, 3,
4, and 6 listed above. In all cases, the data show extremely
good agreement with the scaling laws (20); the residual devi-
ation of the fitted from the theoretical exponents stays below
approximately 1% across all moments considered. Some fitted
curves follow the DNS data even to y* ~ 100. Still, we restrict
the fitting itself to y* ~ 400...2500, to ensure consistency and
a minimal error for all moments, and since below this range
buffer-layer dynamics may become non-negligible. The cor-
responding data for the parameters in equation (20) are taken
from |Oberlack & Hoyas| (2026). For the second-order wall-
normal moment, the prefactor Cjg 0] in (20) is of the same
order of magnitude as the asymptotic high-Reynolds-number

—+ "
value U22 — 1.3 reported in|Orlii et al.|(2017)); |Spalart & Abe

(2021). For the spanwise variance U2, the attached-eddy hy-
pothesis of Townsend [Townsend| (1976) (see also Marusic &
Monty| (2019)) predicts a In(y/h) profile; this is consistent
with (20) for n =2, since the present power law with the small
exponent @(n—1) = ® ~ 0.10 is numerically nearly indistin-
guishable from a logarithm over the observed log range, while
sharpening Townsend’s statement by predicting a small but
universal positive exponent rather than zero.

A second fundamental result links the present verification
of the scaling laws to the theoretical proof that generalizing
the single-point moments (19) to multi-point moments exactly
satisfies the infinite multi-point moment equation |Gortz ez al.
(2026). Inserting the scaling laws reveals a symmetry reduc-
tion, similar to the Blasius solution — shown here for the first
time for an infinite-dimensional system.

The second region, the channel center, which was ana-
lyzed in|Oberlack et al.|(2022)) for U;-moments only, shall also
be reconsidered here in much greater generality. For this case,
x = 0 refers to the channel center, which also represents the
symmetry axis for all moments. Although most moments are
reflection symmetric, those odd in U, are point symmetric. For
this reason, symmetry (TT) has already been omitted in a
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Figure 1: Velocity moments in the log region of order
2, 3, 4, and 6 from top to bottom. The thin gray lines
represent the DNS data, and the thicker black lines cor-
respond to formula (20). The legend on the right of each

- +
subfigure lists the specific moments U] Uzj Ué‘ . The cor-
responding integers i, j, k in the exponents may also be-
come zero.

priori, i.e., a* =0, and we finally obtain

——(0) ——
. |uivjul " -vivus

Uik
DU UJ U

uz

n(0>-01)+201-0,
d (’22) . with n=it+jtk (21

=Clijik]
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——(0 .
Further, we define UfUZIUé‘\ ) = UlUJU%(x, = 0), and the
absolute value in (ZI) was introduced solely to ensure that
Cfi_ > 0 for all subsequent plots.

In the four subimages of figure |ZL the DNS data in
deficit form according to formula (2T)) are now plotted double-
logarithmically sorted by specific moment orders. Although
the error in comparison to the symmetry theory increases with
growing moment order, it is very clear that the slopes for all
moments are largely identical, i.e., the values from |Oberlack’
et al.|(2022), namely o7 = 1.95 and o0, = 1.94, are also repro-
duced here with high accuracy. Conversely, this means that the
scaling exponents of all moments are independent of the mo-
ment order n =i+ j+k. The error in the exponents for the high
moments is only marginally higher than the 1% measured in
Oberlack et al.|(2022), and in general it can also be said that
statistical convergence is worse in the center of the channel
than in the log region.

An identical exponent for all moments, essentially based
on O] ~ 0y, implies strong anomalous scaling. So if we set
01 = 03 in (I8), this leads to the following symmetry breaking

asy = as;. (22)

i.e, the scaling of the instantaneous velocities in @) is lost,
while the scaling by the intermittency symmetry (I0) due to
agg is preserved, and we find a common exponent for all mo-
ments of ags/as,. We recall that agg is a measure of inter-
mittent behaviour of turbulence. Hence, we have an initially
unknown but strongly intermittent and instantaneous velocity
scale in the channel center, i.e. an invariant, to which we as-
sign the velocity scale «*. To understand the invariant «#* more
precisely, let us consider the ratio of any two moment deficits

in (1), e.g., of U and U2, and we find the invariant

729 _2
li(o)iﬂ =P us. 23)
U -t

The key finding here is that u; is also symmetry-breaking in
the channel center, but the symmetry breakings in the log re-
gion in (T4) and presently in (22) obviously have fundamen-
tally different meanings and effects. Furthermore, Eq. (23) is
always an invariant, regardless of which moments have been
employed.

The logarithmic region (Fig. [T and the deficit region (Fig.
[2) both show that the moments containing Uj, and in some
cases only these, take on very high numerical values. This
clearly distinguishes them from the moments that are formed
solely from the fluctuations, i. e. based on U, and Us. In fact,
however, only the parameters B and C assume high values (see
Oberlack & Hoyas|(2026)), because the exponents @, o7, and
o, are identical in all cases. This primarily leads to a shift
along the vertical axis, but the slopes are not affected.

There are two universal constants for each of the two re-
gions, i.e., in the log region these are k and @, and in the
channel center 6 and 0,, whereby the latter are identical in
principle, leaving only one constant. It seems sensible to an-
chor these properties in turbulence models, whereby « is al-
ready embedded in virtually all models for model calibration.
In fact, it proved extremely difficult to embed the statistical
symmetries (@) and (I0) in turbulence models, though an ini-
tial attempt can be found in Klingenberg ef al.|(2020).

5 SUMMERY AND CONCLUSION

Presently, we have shown that symmetry theory allows
further deep insight into turbulence statistics for arbitrary sta-
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Figure 2: Velocity moments of order 2, 3, 4, and 6 from
top to bottom in deficit form in the channel center re-
gion. The thin gray lines represent the DNS data, and
the thicker black lines correspond to formula (2T)). The
abbreviation for the deficit scaling on the right of each
subfigure was introduced in 2I).
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tistical moments in wall-bound turbulence. A significant ex-
tension of the large-scale simulation with a sufficiently large
Reynolds number was necessary to clearly demonstrate this in
the logarithmic layer and a generalized deficit law in the cen-
ter region of the channel. Two structural results distinguish the
present analysis from the U;-only treatment in |Oberlack et al.
(2022): (i) the same exponents @, Oj, O» govern moments
built from U, and U3, which contain no mean velocity, remov-
ing the natural concern that the agreement in Oberlack et al.
(2022) could be tied to the special role of U; and (ii) in con-
junction with|Gortz et al.|(2026), the scaling laws are shown to
be invariant solutions of the infinite multi-point moment hier-
archy in the precise Lie-group sense, i.e., the hierarchy reduces
in the number of independent variables when the scaling laws
are inserted — the same notion that, applied to the boundary-
layer equations, produces the Blasius solution, but here for an
infinite-dimensional system.
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