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ABSTRACT

The dependency of ridge-induced Prandtl’s secondary
currents of the second kind on the ridge height / is investi-
gated for smooth sinusoidal ridges using direct numerical sim-
ulations. The ridge height is varied by over an order of mag-
nitude from 4/8 = 0.312...0.00975 at fixed spanwise wave-
length A, = 1.568, where § is the mean half-channel height.
For high to moderate ridge heights results show a close to lin-
ear decrease of the roughness function as the ridge height is
reduced and a logarithmic dependency of the peak dispersive
shear stress on h. As the height of the rigde is decreased to
very low values of the order of the thickness of the viscous
sub-layer, a departure from the linear behaviour is observed
combined with an increased sensitivity of the Reynolds and
dispersive stress statistics on the length of the time-averaging
window and its position in time. Results for very low ridge
heights indicate that — while the ridges may still be able to
introduce weak secondary current-like structures in the mean
flow — their height is too low to lock these structures in place,
leading to increased meandering of the generated secondary
current structures.

INTRODUCTION

Rough surfaces with spanwise heterogeneity are widely
known to induce secondary currents of Prandtl’s second kind
(Prandtl, 1952), which emerge due to turbulence anisotropy
and spatial gradients of the Reynolds stresses. These sec-
ondary currents are typically represented by a pair of stream-
wise aligned vortices separated by high- and low-momentum
pathways. One class of roughness that generates secondary
currents is characterised by a spanwise variation in surface to-
pography and is commonly referred to as ridge-type roughness
(Wang & Cheng, 2006). For this type of surface, the spacing
between adjacent ridges has been identified as a key parameter
that governs the size and strength of secondary currents (Van-
derwel & Ganapathisubramani, 2015). In particular, when the
ridge spacing becomes comparable to the outer length scale of
the flow, the secondary current vortices become space filling.
Ridge width also impacts the strength of secondary currents,

which weaken as the ridges become wider (Zhdanov et al.,
2024). In addition, while secondary currents can be generated
by any ridge shape, their topology and strength are affected by
the ridge geometry (Wang & Cheng, 2006).

While most studies on ridge-type roughness have exam-
ined the impact of the aforementioned parameters on sec-
ondary currents, to the best of the authors’ knowledge, the
influence of ridge height has not yet been systematically ex-
plored. In particular, it remains to be established whether sec-
ondary currents can be generated by any ridge height, i.e., what
is the minimum ridge height required to induce secondary cur-
rents, and the behaviour of secondary currents as the smooth-
wall limit is approached by reducing the ridge height. The
present study aims to address these questions. To this end,
a series of direct numerical simulations of flow over ridge-
type roughness with systematically varied height at constant
spanwise spacing is conducted to obtain mean flow properties
and turbulence statistics characterising the induced secondary
currents. The ridge-type roughness is represented by a span-
wise sine wave, which provides a continuous and differentiable
surface without singularities avoiding the generation of corner
vortices, unlike triangular or rectangular ridge shapes which
have been widely used in previous studies.

METHODOLOGY

The present ridge-type roughness is described by a cosine
function h(y) = Acos (2%)’ where A is the amplitude of the
sine wave (half of the peak-to-trough roughness height 4) and
Ay is the wavelength in the spanwise direction (see Figure 1).
The wavelength is fixed at A,/ = 1.56, where § is the mean
half-channel height. Based on the results for triangular ridges
(see, e.g., Zampiron et al., 2020; Zhdanov et al., 2024), this
value of A, is expected to produce pronounced space-filling
secondary currents. To date, six surfaces with systematically
varied wave height (2 = 2A) have been considered. Starting
from h/8 = 0.312 for case 1, the height was progressively re-
duced by factors of 2, reaching its minimum A/8 = 0.00975
for case 6.
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Figure 1. Schematic of the sinusoidal ridge-type roughness. A is the amplitude of the sine wave; % is the sine wave height; 4, is the
spanwise wavelength. The dashed horizontal line shows the location of the reference plane z = 0.

Table 1. Simulation parameters: h is the peak-to-trough roughness height (h = 24); A, is the wavelength of the sine wave in the
spanwise direction; Ly, Ly, and L; are domain sizes in the streamwise, spanwise, and wall-normal directions; Ny, Ny, and N, are the
number of grid points in the streamwise, spanwise, and wall-normal directions; Ax™ and Ay™ are the viscous scaled grid spacings in the

streamwise and spanwise directions; Az,tm and Az}, are the minimum and maximum viscous scaled grid spacings in the wall-normal
direction.

Case h/§ Ay/8 Ly x Ly x L, NexNyx N, Axt AyT Azh Azl

1 0.312 1.56 6.248 x3.128 x 1.1568 768 x384x432 447 447 067 4.68

2 0.156 1.56 6.248 x3.128 x 1.0785 768 x384x336 447 447 067 419

3 0.078 1.56 6245 x 3.128 x 1.03986 768 x 384 x288 447 447 0.67 4.00

4 0.039 1.56 6.248 x3.128 x 1.01955 768 x384x240 447 447 067 453

5 0.0195  1.56 6.245 x 3.128 x 1.009578 768 x 384 x224 4.47 447 0.67 459

6 0.00975 1.56 6.245 x 3.128 x 1.0048758 768 x 384 x 224 4.47 447 0.67 4.39

smooth - - 6.248 x 3.128 x 18 768 x 384 240 4.47 447 050 4.2

For each case, a DNS of a fully developed turbulent chan-
nel flow is performed at a constant friction Reynolds num-
ber Re; = u;8/v = 550, where u; is the mean friction ve-
locity and v is the kinematic viscosity, using the code iIMB
(Busse et al., 2015). The flow in the channel is driven by a
constant mean streamwise pressure gradient. The simulations
were performed in a half-channel configuration, i.e., the ridge-
type roughness is placed on the bottom channel wall and a
free-slip boundary condition is set at the top plane of the chan-
nel. The geometry of the ridges is resolved using an iterative
version of the embedded boundary method (Yang & Balaras,
2006) and their surface is treated as the no-slip wall. Periodic
boundary conditions are imposed in the streamwise and span-
wise directions.

The channel size is set to 6.248 x 3.128 in the stream-
wise (x) and spanwise (y) direction. In the wall-normal (z) di-
rection, the computational domain size L, is set to (8 +A), so
that the reference plane z = 0 corresponds to the mean rough-
ness height and the mean half-channel height is 6 for all cases.
The grid spacing is uniform in the streamwise and spanwise di-
rections with Ax™ = Ay™ = 4.47. In the wall-normal direction,
the computational grid is uniform with AZIqin =2/3 across the
sine wave height, and is gradually stretched above reaching
Azl < 5 at channel centre. A reference smooth wall sim-
ulation is also performed in a half-channel configuration for
the same Re; and domain size. The simulation parameters are
summarised in Table 1. In each case, the flow statistics are
acquired for a minimum of 200 flow through times after the
initial transient. The double-averaging approach of Raupach
& Shaw (1982) is used to compute statistical quantities.

RESULTS AND DISCUSSION
The contours of mean streamwise velocity fields together
with in-plane velocity vectors for cases 1, 3, 5, and 6 are

presented in Figure 2. As expected, tall and medium sinu-
soidal ridges (cases 1-4) induce a pair of space-filling counter-
rotating secondary current vortices. The observed topology of
secondary currents represents a typical topology reported for
ridge-type roughness (e.g., Vanderwel & Ganapathisubramani,
2015; Zampiron et al., 2020; Castro & Kim, 2024) with the up-
wash region located over the ridge crests and the downwash re-
gion aligned with the troughs. With a decrease of wave height
down to h/8 = 0.0195, the degree of the mean flow field het-
erogeneity progressively reduces and, as is evident from the
in-plane velocity vectors, secondary current vortices become
less pronounced until they are almost indiscernible for case 5
(Figure 2c). However, for case 6 (Figure 2d) with the lowest
ridge height (/8 = 0.00975) the degree of the mean flow field
heterogeneity increases compared to case 5. Moreover, the
secondary current vortices for case 6 are shifted in the span-
wise direction, i.e., the upwash and downwash regions are not
aligned with crest and trough, respectively.

The contours of magnitude of secondary currents deter-
mined as /92 4+ W2 /Uy, where U, is the bulk flow velocity,
are shown in Figure 3. As the ridge height is reduced to
h/8 = 0.0195 the magnitude of secondary currents progres-
sively drops (Figures 3a—c), demonstrating a decrease in the
strength of secondary currents with a reduction of 4. However,
higher values of \/v? +W? /U, are observed for case 6, i.e., the
lowest ridge height tested, compared to case 5 (Figure 3d).

As can be observed from the downward shift of the
double-averaged streamwise velocity profiles with respect to
the smooth-wall case (Figure 4a), the presence of ridges and
secondary currents induces a roughness effect, which de-
creases as A is reduced. This is quantified through the rough-
ness function AU™ computed based on the friction factor (Cy)

as AUT = (1/2/Cy)s — (\/2/Cy)r (Granville, 1987), where

subscripts ‘s’ and ‘r’ denote ‘smooth’ and ‘rough’ wall, re-
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Figure 2. Contours of the phase-averaged mean streamwise velocity with superimposed in-plane velocity vectors, which are down-
sampled and scaled for clarity. (a) case 1 (h/6 = 0.312), (b) case 3 (h/6 = 0.078), (c) case 5 (h/6 = 0.0195), and (d) case 6

(h/§ = 0.00975).

spectively, and Cy = 2(uz/ Up)%. AUT drops almost linearly
with a reduction of ridge height down to 2/8 = 0.0195 (see
inset in Figure 4a); however, extrapolation of this linear fit
to h = 0 would give a non-zero negative value of AU™". For
the lowest tested ridge height #/8 = 0.00975 a departure from
this linear behaviour is observed, leading to a slower decrease
of the roughness function with / consistent with the recovery
of smooth-wall conditions as the ridge height vanishes, i.e.,
AUT =0 for h=0.

The presence of secondary currents also has a significant
effect on Reynolds (Figure 4b) and dispersive shear stresses
(Figure 4c). Pronounced secondary currents result in a deficit
in the Reynolds shear stress compared to the smooth wall case
across the entire channel height (Figure 4b). With a reduction
of ridge height, the deficit becomes smaller, and for case 5 the
(u'w') profile closely follows the smooth-wall case the above
the ridge crests. However, an increase in the deviations from
smooth-wall conditions is observed for case 6, i.e., the lowest
ridge height.

The increase in Reynolds shear stress is accompanied by
a decrease in —(@w) ™ (Figure 4c), which almost disappears
as h — 0. Dispersive shear stress is widely used as an indi-
cator of secondary current strength. In the inset to Figure 4c

the variation of peak magnitude of —(@#w)™ with £ is plotted,
showing that, unlike the roughness function, (@)}, reduces
logarithmically with a decrease in 4. However, the trend is
broken for the two lowest tested ridge heights, with case 6
(h/8 = 0.00975) showing a higher value of (W), compared
to case 5 (h/6 = 0.0195).

To gain further insight into the behaviour of secondary
currents and the observed inconsistencies in the trends in
Reynolds and dispersive shear stresses at very low ridge
heights, we perform a sliding averaging in time based on snap-
shots of the instantaneous velocity field separated by 13.75 vis-
cous time units (Ar+ = Atu% /Vv) that were acquired in each
simulation. The sliding average window size is chosen as
AT =58 /u;, which is sufficiently long to observe secondary
current vortices, and the applied sliding shift between succes-
sive averages is set to AT = 1§ /u.

Results of the sliding average are shown for the mean
streamwise velocity field together with superimposed in-plane
velocity vectors for cases 2 and 5 in Figure 5. For cases with
h/8 > 0.039 the topology of the secondary current vortices
remains consistent for all sliding average windows, with up-
wash regions observed over the crests and downwash above
troughs (see left column in Figure 5, where results for case 2
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Figure 3. Contours of the phase-averaged magnitude of the secondary currents. (a) case 1 (h/8 = 0.312), (b) case 3 (h/6 = 0.078),

(c) case 5 (h/6 = 0.0195), and (d) case 6 (h/5 = 0.00975).

are shown as a representative example). The upwash regions
are not strictly vertical, but shift along the curved ridge crest,
which is attributed to the chosen geometry that has no singu-
larities that can pin the flow.

In contrast, for cases 5 and 6, which have the lowest tested
ridge heights, there are sliding average windows where the
topology of secondary currents is reversed, i.e., upwash occurs
above the trough and downwash over the crest, suggesting that
secondary current vortices are not locked in place by the ridge
geometry, due to their low height and smooth shape, and are
able to meander in the spanwise direction (see right column in
Figure 5, where results for case 5 are shown as a representative
example). As a result, the mean flow and turbulence statistics
are strongly influenced by the meandering, which does not ex-
hibit a particular pattern, and hence depend on the start and end
point in time for time-averaging of the statistics. It should be
noted that for the current simulations we used total averaging
times of AT > 1006 /uz, which gives converged statistics
for previous ridge type-roughness studies (e.g., Castro & Kim,
2024; Zhdanov et al., 2024) and for the present cases with high
and medium ridge heights. However, the present results sug-
gest that cases with very low ridge heights require significantly
longer averaging periods to achieve statistical convergence.

CONCLUSIONS AND OUTLOOK

The influence of ridge height on secondary currents has
been investigated for sinusoidal ridges using direct numerical
simulations. The chosen ridge geometry is free from singular-
ities such as the corner points found in ridges with rectangular
or triangular cross-section, i.e., the studied geometry is contin-
uous and infinitely differentiable and has smoothness proper-
ties resembling those of a flat surface.

The studied ridge-type surfaces induce a roughness effect,
and the roughness function, AU +, exhibits a close to linear de-
pendence on ridge height over the tested range. The present re-
sults suggest that secondary currents can be induced by ridges
with heights as low as #/8 = 0.00975 (k™ = 5.36). However,
in contrast to cases with taller ridges, for surfaces with ridge
heights /8 < 0.0195 (k™ < 10.72), the secondary current vor-
tices are not locked in place by the ridges and meander in the
spanwise direction. This behaviour leads to time periods in
which a reversal of the usual topology of secondary currents
is observed, with upwash regions aligned with troughs and
downwash regions with crests.

As expected, the strength of secondary currents decreases
as the ridge height is reduced, showing an approximately loga-
rithmic dependence of the peak dispersive shear stress on /8.
However, at very low sine wave amplitudes this trend is not
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Figure 4. Profiles of (a) streamwise velocity, (b) Reynolds shear stress, and (c) dispersive shear stress for sinusoidal ridge surfaces
with varied ridge height. Reference smooth-wall data is shown with black lines. The locations of the ridge crests are marked by thin
dotted vertical lines. The legend in part (b) applies to all parts of the figure. The inset in part (a) shows the variation of the roughness
function with ridge height. The inset in part (c) shows the variation of the peak magnitude of —(#iw) ™ with ridge height.

clearly observed due to the meandering of the secondary cur-
rents. It is therefore conjectured that significantly longer aver-
aging periods are required in these cases to achieve statistical
convergence of Reynolds and dispersive stresses, as well as of
the strength of secondary currents.

In the limit of infinitely long averaging times and very low
ridge height, the spanwise heterogeneity of the mean flow is
expected to be significantly reduced or even to vanish. Never-
theless, secondary currents may persist within finite averaging
windows. Ongoing work extends the present study by run-
ning simulations for the two lowest tested amplitudes further
for longer sampling periods with the aim of improving statis-
tical convergence and to clarify the behaviour and persistence
of secondary currents as the smooth-wall limit is approached.
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