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ABSTRACT

This study demonstrates the capabilities of band-
ensemble Spectral Proper Orthogonal Decomposition
(bSPOD) for investigating the dynamics of broadband—tonal
flow cases. Instead of relying on Welch’s segmentation
formalism, bSPOD estimates modes from frequency bands of
a discrete Fourier transform (DFT) of the entire time series,
without segmenting the time signal. By making use of the
expansion coefficients, which contain information on how
much each Fourier mode contributes to a given bSPOD mode,
a frequency can be attributed to the mode, yielding improved
frequency estimation for broadband—tonal cases. Compared
to Welch-based SPOD, the methodology reduces spectral
leakage and allows for a variable trade-off between spectral
variance and bias across frequencies. In this study, bSPOD
is applied to a Mach 0.6 cavity flow subject to aeroacoustic
instabilities and to an acoustically forced turbulent jet. The
results are compared with those obtained using the classical
SPOD algorithm based on Welch segmentation. For both
flow cases, bSPOD demonstrates clear advantages in terms
of low-bias tonal detection combined with low estimation
variance across the entire spectrum.

1 Introduction

Model decomposition techniques are widely used for ex-
tracting relevant information from high-dimensional, turbulent
flow data (Lumley} [1970; |Schmid| [2010; [Sieber ez al.| [2016;
Towne et al.,|2018). Spectral Proper Orthogonal Decomposi-
tion (SPOD) goes back to the work of [Lumley|(1970) and has
recently received considerable attention for its ability to iden-
tify coherent structures in turbulent flows that can be related
to physical models (Towne et al.;2018). SPOD extracts struc-
tures with coherence in time and space and therefore extends

the classic space-only POD approach by incorporating tempo-
ral information. To compute SPOD modes, one typically re-
lies on Welch’s segmentation method to obtain converged sta-
tistical estimates (Welch, |1967} |Schmidt & Colonius| 2020).
This segmentation involves a trade-off: using a small number
of long segments achieves high-frequency resolution, but pro-
vides only a few mode realizations per frequency bin; using a
large number of shorter segments increases the convergence of
modes, but can lead to spectral bias and the smearing of sharp
tonal peaks.

Several variations and adaptations to SPOD have been
developed in recent years. For example, robust SPOD in-
corporates a robust proper orthogonal decompositon algo-
rithm (Colanera et al.,[2025), while shifted SPOD applies time
shifting to the snapshot to align advecting structures (Blanco
et al.|2022) - both improving statistical convergence. |[Heidt
& Colonius| (2024)) introduce cyclostationary SPOD to inves-
tigate the dynamics evolving around a periodic base state. |Ye-
ung & Schmidt| (2024) proposed an adaptive SPOD method
that does not rely on time segmentation but instead employs a
multitaper method. The approach enables control of the bias—
variance trade-off across the spectrum through an adaptive al-
gorithm that selects the number of tapers based on a conver-
gence criterion. However, this adaptive formulation requires
repeated SPOD computations with varying numbers of tapers,
which can become computationally expensive if convergence
is to be achieved across the entire spectrum.

To overcome the bias—variance tradeoff, we propose
band-ensemble SPOD (bSPOD) in a companion work (von
Saldern et al., [2026): modes are computed from narrowly
resolved frequency bands of the discrete Fourier transform
(DFT) of the full-length time signal, rather than from multita-
per or segment-wise Fourier estimates on a coarser frequency
grid. The expansion coefficients of the associated eigenvalue
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problem quantify the contribution of each Fourier bin to each
bSPOD mode; these coefficients are used to assign a distinct
frequency estimate to each mode. Compared to the commonly
used Welch-based method, the approach reduces spectral leak-
age and enables more accurate frequency estimation of high-
energy components at comparable computational cost. It thus
provides low-bias estimates of tonal components while main-
taining low variance in broadband regions of the spectrum,
making it particularly suitable for broadband—tonal flow cases.

In the following, we briefly review the widely used SPOD
algorithm based on Welch’s time segmentation (Towne et al.,
2018; |Schmidt & Colonius) 2020) and then introduce the bS-
POD method. The effectiveness of bSPOD is subsequently
demonstrated using data from a broadband—tonal cavity flow
and an acoustically forced jet flow.

2 Spectral POD

We begin with a short overview of the commonly ap-
plied SPOD algorithm that uses Welch’s segmentation tech-
nique (Welch, |1967). We consider a discrete space—time sig-
nal g, , with [ =0,..., Ny — 1 spatial degrees of freedom and
n=0,...,N;— 1 time samples. In the first step, the time series
is divided into N, blocks of length N,, and transformed into

frequency space,

1 U .
i) = ¥ wnal’) exp(=i2mjn/Ny), =0, Ny~ 1
J Ny n=0 ’
9]

where i is the imaginary unit, b denotes the block number
and w, is a taper (window) used to reduce spectral leak-
age. A common approach to increase the number of blocks
is the use of overlapping time segments; however, this is not
considered here for simplicity. The frequency resolution is
Af = 1/(NyAt). For each frequency j, the block-wise Fourier
coefficients are stacked into a matrix

i ech, Q;echM

(2)
From this data matrix Q;, the cross-spectral density (CSD)
matrix is estimated as

(1) A(2 ~ (N
Q;=[a\".a", ...aM™],

a *
C;= ﬁijQja

The SPOD modes ®; are the eigenvectors of the CSD matrix
and the eigenvalues represent power spectral density. This is
ensured by the prefactor o in Eq. [3] considering the forward
normalization of the Fourier transform, Eq. (I). The eigen-
value problem reads

CiWD;=A;®;, DWW, =1, “)

where W is a weight matrix defining the discretized in-
ner product. When N, > N, it is advantageous to solve
the alternative eigenvalue problem, known as the method-of-
snapshots (Sirovich, [1987)

o, o ~1/2
N, GWQi0;=4;0;  @j= 4/ QA 2,6

i.e., to first solve for the expansion coefficients ®; and then
to reconstruct the modes by expanding the block-wise Fourier
modes using these coefficients. The eigenvalue problem in the
method of snapshots is of size N, x Np, whereas the corre-
sponding eigenvalue problem based on the CSD matrix is of
size Ny x Ny. The modes at frequency index j are assigned the
corresponding DFT frequency, f; = jAf. The modes are nor-
malized with respect to the inner product defined in Eq. @).
Their modal power is contained in the SPOD eigenvalues,
which represent the power spectral density at the respective
frequency. Typically, modes are ranked within each frequency
bin, with the most energetic structures being of primary inter-
est.

By combining spectral analysis with proper orthogonal
decomposition, SPOD enables the extraction of structures with
both spatial and temporal coherence, making it a powerful tool
for analyzing coherent structures in broadband turbulent flows
across a wide range of fluid mechanics applications (Towne
et al.l 2018 |[Lesshafft et al., 2019} Yeung & Schmidt, [2024;
von Saldern et al.| 2025 |[Demange et al., 2026). However,
the performance of SPOD is often limited by data availabil-
ity. High frequency resolution requires long block lengths
(large N,,), while a large number of blocks (N}) is required
for statistical convergence, particularly for broadband dynam-
ics. Together, these requirements imply that SPOD relies on
long time series. In practice, for finite data, one encounters the
classical bias—variance trade-off inherent to spectral estimation
methods and must balance frequency resolution against statis-
tical convergence. For broadband—tonal flows, this implies that
improved convergence in the broadband part of the spectrum
comes at the cost of increased bias of tonal components.

3 Band-ensemble SPOD

bSPOD, as introduced in |von Saldern et al.| (2026), ad-
dresses the shortcomings of SPOD for broadband—tonal flow
cases and enables reduced estimator variance while maintain-
ing low bias of tonal eigenvalue estimates. The method avoids
segmentation of the time signal and instead forms ensem-
bles from narrowly resolved frequency bands of the full-length
transform. Details of the bSPOD method are provided in the
referenced study; here, only the key steps are outlined.

bSPOD is based on the discrete Fourier transform of the
full-length signal without time segmentation. Let y denote
the DFT-bin index with physical frequency fy = yANf , where
Kj‘ = 1/(N;Ar) is the fine frequency spacing resulting from
the transform of the full record. In analogy to the matrices Q;
in SPOD, the data matrices Q; in bSPOD are formed by col-
lecting Ny adjacent Fourier coefficients anchored at index j,
ie.,

dy € CY, Qe VN,

Q)
Similar to the use of overlapping time segments in Welch-
based SPOD, the data matrices Q; can be constructed from
overlapping frequency bands. In the present study, however,
we restrict the analysis to the non-overlapping case. From Q;,
the bandwise cross-spectral density is estimated as

sz [(Nlj+l’ Qj+2 ~-~an+Nf]’

Cj=

=
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A forward normalization of the Fourier transform is assumed
in Eq. (7, such that the eigenvalues of the CSD matrix, with
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the given & factor, represent modal power spectral density. A
taper can also be applied, which requires an additional factor of
1/U, similar to the CSD estimate in Welch-based SPOD (see
Eq. @)). However, in bSPOD, spectral leakage is naturally
reduced since the DFT is computed over the entire signal.

As in Welch-based SPOD, the bSPOD modes are the
eigenvectors of CSD matrix, C j- However, the main features
of bSPOD rely on the expansion coefficients obtained via the
method of snapshots,

where W defines the inner product, A j is the diagonal ma-
trix of bSPOD eigenvalues, and ®; denotes the correspond-
ing modes associated with frequency band j. In Welch-based
SPOD, the expansion coefficients ®; quantify the contribution
of each Fourier mode contained in Q; — associated with a time
segment — to each SPOD mode (see Eq. (3)). In bSPOD, the
expansion coefficients © ; have a similar interpretation, quan-
tifying the contribution of each Fourier mode to each bSPOD
mode, Eq.[8] The key difference is that the Fourier modes in
Q ;j originate from adjacent frequency bins of the full-length
DFT, rather than from different time segments, and are there-
fore each associated with a unique frequency. The information
contained in the expansion coefficients is used to assign each
bSPOD mode a frequency estimate. To this end, weights are
defined as

[ v
ﬁ’”lﬁ’: N: 1z 7 Z ﬁfm/ = ©)
Ly [0yl r=1

which are then used to compute the modal frequencies as

fi=pt;, f= [fj+1>fj+2»~-~vfj+N,}T (10

where f; contains the frequencies of the Ny discrete Fourier
modes in the band of index j. The exponent ¢ in Eq. (T0) is
an adjustable parameter that controls how the contributions of
the Fourier modes to a bSPOD mode are mapped to its fre-
quency attribution. A natural choice is £ = 1, corresponding to
a contribution-weighted average, in which each frequency is
weighted by the contribution of its associated DFT mode. For
¢ =0, all frequencies within the band are weighted equally,
such that the band-center frequency is recovered. In the limit
{ — oo, the bSPOD mode is assigned the frequency of the most
contributing DFT mode, which is a suitable choice for precise
frequency estimation of tonal components.

For broadband-tonal flows, it is advantageous to choose
£ =1 in the broadband part of the spectrum and ¢ = o in the
vicinity of tonal components. This yields a well-resolved fre-
quency grid in broadband regions while ensuring accurate fre-
quency estimation of tonal components. Accordingly, in this
study, £ = 1 is used as the default value, and ¢ = oo is selected
when a tonal component is detected in the current or adjacent
frequency bands. Tonal components are identified based on
the relative change in eigenvalue magnitude between adjacent
frequencies; a tonal component is detected if this change ex-
ceeds a threshold, here set to 50%. When overlapping bands
are considered, £ = o is applied in every band that contains the
tonal component.

T
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Figure 1. Time-averaged axial velocity component of the

cavity flow. The thick black line indicates the cavity wall.

The parameter Ny plays a role analogous to the num-
ber of blocks Nj, in Welch-based SPOD: increasing Ny (i.e.,
including more DFT modes per band) enhances averaging
and improves statistical convergence (reduces variance). For
Ny = Nj, both methods estimate the CSD matrix over the same

effective bin width Af = N fZ]/‘ , and the resulting matrices are
of the same size, yielding the same number of SPOD eigenval-
ues and eigenvectors. Under the assumption that the dynamics
do not vary across this bin width and neglecting spectral leak-
age, both methods are expected to produce equivalent results.
The key difference relative to Welch-based SPOD is twofold:
reduced spectral leakage due to the use of the full-length DFT
and improved frequency attribution. Tonal modes concen-
trate energy in a few DFT bins, and the expansion coefficients
capture this concentration, enabling accurate frequency esti-
mation for each bSPOD mode. Combined with the reduced
spectral leakage, bSPOD allows improving statistical conver-
gence without sacrificing frequency localization of tonal com-
ponents. In addition to these advantages, the bandwidth N
can be varied with frequency, allowing for an adaptable bias—
variance trade-off similar to the multitaper approach of | Yeung
& Schmidt] (2024).

4 Results

To highlight the features of bSPOD, we apply it to two
broadband—tonal flow cases and compare the results with
Welch-based SPOD, in the following simply referred to as
SPOD. The first example is a mono-PIV dataset of a Mach
0.6 cavity flow recorded by |Zhang et al.| (2020), which ex-
hibits aeroacoustic instabilities and was also considered in our
previous bSPOD study (von Saldern ef al.| 2026). The sec-
ond example is a mono-PIV dataset of an acoustically forced
round turbulent jet at a Reynolds number of 10,000, reported
by Reumschiissel et al.|(2024)).

4.1 Cavity flow

The cavity flow dataset of [Zhang et al.|(2020) comprises
16,000 velocity snapshots obtained from mono-PIV measure-
ments at an acquisition rate of 16 kHz. The measurement plane
is located at the cavity center plane. The rectangular cavity has
a height of H = 26.5mm, a length-to-depth ratio of L/H =6,
and an out-of-plane depth of 3.85H. The broadband flow ex-
hibits additional tonal components, known as Rossiter modes,
arising from an aeroacoustic instability mechanism. For fur-
ther details on the experimental setup, the reader is referred to
the original publication (Zhang et al| 2020). Figure [I]shows
the mean axial velocity Uy, obtained by averaging all 16,000
snapshots.
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Figure 2. Comparison between Welch-based SPOD and bSPOD for the cavity flow at two frequency resolutions: left Af = 25 Hz,
right Af = 100 Hz. The top panels show the leading three eigenvalues for both methods. The middle and bottom panels display the
real part of the axial velocity mode at 500Hz, indicated by the yellow arrow in the top panels, for SPOD and bSPOD, respectively.

For the analysis of coherent structures, SPOD and bSPOD
are applied to the fluctuating velocity field obtained by sub-
tracting the temporal mean from the velocity snapshots. The
modal decompositions are compared for Ny = N, such that
the number of blocks in Welch-based SPOD corresponds to
the number of consecutive modes in bSPOD. This ensures a
fair comparison between the methods, as the modes are com-
puted with the same frequency resolution.

The top panel in the left column of Fig. 2] shows the
SPOD and bSPOD eigenvalue spectra for Ny = Nj, = 25, cor-
responding to a frequency resolution of Af =25 Hz. The
three most dominant eigenvalues are shown. The frequencies
of the Rossiter tones are indicated by red vertical lines, ob-
tained from the power spectral density of a pointwise velocity
probe located in the shear layer at y/H = 0 and x/H = 2. At
this frequency resolution, SPOD and bSPOD yield similar re-
sults and capture the instabilities reasonably well. However,
the variance of the eigenvalue estimates remains high for both
methods, indicating insufficient convergence and the need for
increased averaging.

The second and third panels in the left column of Fig. [2]
show the real part of the axial velocity mode at 500 Hz.
The corresponding eigenvalues at this comparatively low fre-
quency are highlighted in the spectrum by a yellow arrow. The
mode shapes obtained from SPOD and bSPOD are of similar
quality and both exhibit a relatively high noise level. This ob-
servation further indicates limited convergence of the analysis.

To improve convergence, Ny and N, are increased to
100, yielding an effective frequency resolution of Af =
100 Hz. The corresponding eigenvalue spectra and low-
frequency modes are shown in the right column of Fig. 2]
For both methods, a substantial reduction in the variance of

the eigenvalue estimates is observed, and the low-frequency
mode shapes exhibit improved convergence. For Welch-based
SPOD, the reduction in variance comes at the cost of increased
spectral bias of the Rossiter tone frequencies. In contrast, bS-
POD provides accurate eigenvalue estimates of the Rossiter
modes even at this relatively large bin width of 100 Hz. This
improvement is attributed to reduced spectral leakage, which
mitigates the smearing of tonal energy across frequency bins,
and to the frequency attribution, which enables accurate esti-
mation of the tonal frequency within the 100 Hz bands.

4.2 Turbulent round jet flow

The second flow configuration used to assess the capa-
bilities of bSPOD is a jet flow at Reynolds number 10,000
(2.93 m/s bulk velocity) that emerges from a nozzle of di-
ameter D = 51 mm. The nozzle is equipped with eight zero-
net mass flux actuators, arranged circumferentially around the
outlet. The actuators each consist of an acoustic driver that
is connected through a rectangular channel with a slit close
to the nozzle lip. By running the drivers, the shear layers of
the jet can be forced. The circumferential arrangement allows
forcing at different circumferential wavenumbers m through
control of the phase difference between the driver’s signals.
|[Reumschiissel et al.| (2024) used Bayesian optimization on
this setup to identify forcing patterns that maximize entrain-
ment and analyzed the underlying physics. More details can
be found in the referenced article. In this study, we investi-
gate two of their configurations using bSPOD; the unforced jet
flow and a forced case, with combined axisymmetric (m = 0)
and helical m = 1 forcing, superposed at two different frequen-
cies. For each of the configurations, we analyze a dataset of
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dominant eigenvalues shown). Right: Real part of the axial velocity mode at St ~ 0.59 (highlighted with yellow arrows).
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Figure 4. SPOD and bSPOD eigenvalue spectra for the three dominant eigenvalues, computed for N, = Ny = 10 (left) and N, = Ny =
20 (right). Vertical lines indicate the forcing frequencies (red) and nonlinear interaction frequencies (black and green).

10,000 snapshots of the two-dimensional velocity fields, ac-
quired from mono-PIV at a sampling rate of 1 kHz.

The left panel in Fig. [3]shows the time-averaged axial ve-
locity of the jet flow without acoustic forcing. It shows shear
layers that emerge at the nozzle tip between the jet flow and
the surrounding air. These grow in axial direction and en-
close a potential core of around 5-6 nozzle diameters length
in which the bulk velocity is roughly maintained. The mid-
dle panel in Fig. [3] shows the SPOD and bSPOD eigenvalue
spectra for N, = Ny = 40, corresponding to a frequency reso-
lution of ASt = 0.07 (Af = 4 Hz), where the Strouhal num-
ber is defined based on the nozzle diameter and bulk flow
velocity. The leading three eigenvalues are shown. For this
unforced flow, SPOD and bSPOD yield very similar eigen-
value spectra. In the frequency range 0.4 < St < 0.6, an el-
evation of the leading eigenvalue is observed. This is con-
sistent with the dynamics of turbulent round jets, which are
dominated by Kelvin—Helmholtz-type vortex shedding in this
frequency range. The right panel shows the real part of the
axial velocity mode corresponding to the dominant eigenvalue
for both SPOD and bSPOD, highlighted by a yellow arrow
in the spectrum. The mode shape exhibits the characteris-
tic Kelvin—Helmholtz wavepacket structure. At approximately
twice this characteristic frequency, St = 1.1, another elevation
in the leading eigenvalue is observed, likely corresponding to
a higher harmonic of the Kelvin—Helmbholtz-type modes. The
overall similarity in eigenvalue spectra and mode shapes high-
lights the consistency of both methods for broadband flow fea-
tures.

Next, we analyze the flow field under acoustically forced
conditions. Using the circumferentially arranged speakers, the

flow is simultaneously forced with an m = 1 azimuthal mode
at St; = 0.37 and an m = 0 mode at Sty = 0.84. Figure [
shows the three most dominant eigenvalues computed from the
corresponding mono-PIV snapshots using SPOD and bSPOD.
The left panel presents the eigenvalue spectra for Ny = Nj, =
10, corresponding to a frequency resolution of ASt = 0.017
(Af = 1 Hz), while the right panel shows the results for Ny =
Np, = 20, i.e., for more modes per frequency bin and thus a
reduced frequency resolution of ASt = 0.035 (Af =2 Hz).

Compared to the unforced case, the eigenvalue spectrum
changes significantly. Distinct peaks appear at the forcing fre-
quencies (highlighted by red vertical lines), while the broad-
band elevation of the leading eigenvalue is confined to a nar-
rower frequency range between St ~ 0.5 and St ~ 0.6. In ad-
dition to the primary forcing peaks, further peaks are observed
at Sty /2 (black) and Sty — St; (green), indicative of nonlinear
interactions. A comparison between SPOD and bSPOD shows
that these tonal components, and in particular their frequen-
cies, are captured more accurately by bSPOD. In Welch-based
SPOD, the tones are more difficult to identify, as spectral leak-
age and the fixed frequency grid smear the tonal energy across
neighboring frequency bins. In contrast, bSPOD reduces leak-
age and, through improved frequency attribution, enables more
accurate resolution of all tonal modes. This improvement is al-
ready evident at the higher frequency resolution shown in the
left panel and becomes even more pronounced for the more
converged spectrum with lower frequency resolution shown in
the right panel.

Figure [5] shows the real part of the axial velocity mode
shape corresponding to the leading bSPOD eigenvalue for the
four highlighted frequencies in the right panel of Fig. E| Ny =
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Figure 5. Real part of axial velocity mode for bSPOD with
Ny =20, highlighted with vertical lines in right panel of Fig.El
Each mode is normalized by its respective maximum value.

20). For Styp, the axial velocity mode shape is symmetric with
respect to the centerline. For Sty, it is anti-symmetric. This
is expected for axisymmetric (m = 0) and azimuthal (m = 1)
forcing, respectively. The two additional mode shapes at St /2
and Stg — Sty are also predominantly anti-symmetric, although
the symmetry of the latter is less pronounced.

The frequencies identified via bSPOD frequency attribu-
tion are indicated at the top of each panel in Fig. |§] (rounded).
The results show that the mode identified as St; /2 is accurately
located at half the forcing frequency St;, and that the mode la-
beled Sty — St; precisely matches the difference between the
forcing frequencies. This provides strong evidence that these
modes arise from non-linear mode coupling, in which the fre-
quencies and azimuthal wavenumbers result from an additive
combination. The accurate reproduction of this characteristic
highlights the precise frequency identification provided by bS-
POD. Such information is not readily accessible from SPOD
based on Welch’s segmentation, highlighting the advantages
of bSPOD for the analysis of nonlinear interactions in broad-
band-tonal flow cases.

5 Conclusion

In this study, we compared the novel method of band-
ensemble SPOD (bSPOD), which computes modes from fre-
quency bands of the full-length Fourier transform to SPOD
based on Welch’s time-segmentation approach. bSPOD offers
reduced spectral leakage and improved frequency estimation
of the modes by exploiting the expansion coefficients, which
quantify the contribution of each Fourier mode to a given bS-
POD mode. These advantages are particularly beneficial for
broadband—tonal flow cases, where estimation variance can
be reduced while maintaining low bias in the identification of
tonal components.

The capabilities of bSPOD were demonstrated for a Mach
0.6 cavity flow exhibiting aeroacoustic instabilities and for a
turbulent round jet subject to simultaneous acoustic forcing at
two frequencies with different azimuthal mode structures. The
results show that bSPOD provides a more accurate represen-
tation of tonal components and their interactions. In particu-
lar, for the forced jet case involving nonlinear mode coupling,
bSPOD enables clear identification of the tones and their tri-
adic interactions, whereas in Welch-based SPOD the energy is
smeared across neighboring frequency bins and the fixed fre-
quency grid limits accurate tracking of such interactions.
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