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ABSTRACT

The Monin-Obukhov similarity theory emerges as a pow-
erful model for predicting the effects of stratification on the
mean velocity profile in a turbulent boundary layer. While its
results for the overlap layer are generally very accurate, the
theory loses its applicability under strong stratification and to-
wards the edge of the overlap layer. To address these limita-
tions, a modified derivation is presented that focuses on strong
stratification and the early overlap region. The approach yields
amodel that serves as an extension to the classical log-law that
takes the effects of stratification into account and is evaluated
on a set of direct numerical simulations of a plane Couette
flow with varying degrees of stratification. The analysis sug-
gests that a log-law can remain valid for stratified flows when
an effective, modified Karman constant, which considers the
effects of strong stratification, is introduced.

INTRODUCTION

One fundamental result of wall-bounded turbulence
research is the near-wall logarithmic scaling law for the
mean streamwise velocity (Von Karman, 1931; Tennekes &
Lumley, 1972). It has been found to accurately predict the
behavior between the buffer layer and core flow for a large
variety of high Reynolds-number flows and is characterized
by the empirical Karman constant. While the constant is
often used with a unique value of k¥ = 0.41 (Schlichting
& Gersten, 2016), different works have reported values
ranging from 0.38 to 0.43 for various flow conditions and
measuring methods (Zagarola & Smits, 1998; Mckeon et al.,

2004; Hoyas & Jiménez, 2006b; Hoyas et al., 2022). This
has raised the question whether the Kdrman constant is
indeed a constant independent of all other flow quantities.
Subsequently, works such as Jiménez & Moser (2007) have
shown that an extension to the classical derivations can result
in an effective modification of the presumed constant and
Monkewitz & Nagib (2023) question its universality based on
both numerical simulations and experimental data.

Because the classical log-law does not take the effects
of stratification into account, a first modification was proposed
by Monin and Obukhov in 1954 using self-similarity theory to
extend its applicability (Monin & Obukhov, 1954). In many
works, such as the analysis of atmospheric measurements by
Businger et al. (1971), the model has since proven to be a
powerful predictor for mean velocity profiles. Subsequently,
various aspects of turbulent, stratified flows have been
studied, among them intermittency (Ansorge & Mellado,
2016; Deusebio et al., 2015), effects on the emergence of
large-scale structures (Gandia-Barberd et al., 2021) and
specific application cases such as the convective atmospheric
boundary layer that drives surface-atmosphere interactions
(Fodor et al., 2019; Tong & Ding, 2020). One notable result
of these more recent works is the failure of Monin-Obukhov
self-similarity theory (MOST) under conditions of intermit-
tency, unstable stratification, and strong stable stratification,
with a large amount of empirical evidence from measurements
in the atmospheric boundary layer (Stiperski & Calaf, 2023;
Mahrt, 1998; Grachev et al., 2005; Foken, 2006). Moreover,
as recognized by Monin & Obukhov (1954), the classical
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model is by construction only valid in the so-called overlap
region, while becoming increasingly inaccurate for smaller
wall-distances. These shortcomings can have a direct impact
on predictive models that use their assumptions or rely on
measurements from outside the validity region, resulting in,
for example, overestimated surface cooling in atmospheric
models under certain conditions (Mahrt, 1998). Correspond-
ingly, a wide variety of solutions and improvements to the
theory have been proposed, ranging from different definitions
of the driving length-scales (Mater & Venayagamoorthy,
2014; Yano & Waclawczyk, 2022) to the proposition of
incomplete self-similarity by including explicit dependencies
on Reynolds and Prandtl number (Barenblatt & Monin, 1979)
or the evaluation of alternate power-law-based approaches
(Barenblatt & Chorin, 1997). Recent works by Cheng et al.
(2023) have moreover shown that a logarithmic law may
still exist in stratified conditions as an alternative to MOST,
which can be uncovered by considering a modification of the
classically unique Kdrmén constant to include a dependency
on stratification.

This work aims to provide a theoretical foundation and
additional empirical evidence for a stratified log-law as re-
ported by Cheng et al. (2023). A reasoning similar to Jiménez
& Moser (2007) is used to derive an effective modification
of the Kdrmdn constant by combining their approach with
classical MOST and the additional consideration of strong
stratification. The result are two model equations for mean
streamwise velocity and temperature, which resemble a strati-
fied log-law and successfully match the observations of Cheng
et al. (2023). Following the derivation, a set of high-resolution
DNS data of a plane Couette flow with varying degrees of
stratification is used to validate and contextualize the found
equations in relation to underlying physical phenomena, while
last conclusions are given in the final section.

DERIVATION OF A MODIFIED LOG-LAW

The analytical model for the mean velocity profile in the
near-wall region of a stratified wall-bounded flow according
to MOST (Monin & Obukhov, 1954) is derived by assuming
the effects of stratification to be characterized by the Obukhov
length-scale L defined for the case of thermally induced strati-
fication as

3 aT
L=—2 with w2=v|Z2| | qu=klZ| (D)
KgQv qw ay wall ay wall

with u; known as the friction velocity, Kdrman constant x
(Von Kdrman, 1931), gravity g, thermal expansion coefficient
ay, heat flux at wall ¢,,, viscosity v, mean streamwise velocity
u, vertical coordinate y, thermal diffusivity k and mean temper-
ature profile T'(y). The general velocity profile for the flow is
then fully determined by y, the external length-scale h, u;, v
and L as

M:MTF(y,I’l,MT7V,L). (2)

To simplify, the dependency on /& may be dropped by limit-
ing ourselves to the inner region classically characterized by
y/h < 1, which we consider to be dominated by effects of vis-
cosity and stratification only (Wyngaard, 2010). Furthermore
applying the Buckingham-IT theorem (Buckingham, 1914), in-

troducing viscous units as u™ = u/u; and y" = yu; /v and con-
sidering 0, u™ instead of u™ directly, we obtain

du* 1 yt
%F:FfGﬂEJ’ 3)

using f = y+8y> F and viscous units for all variables as
y/L=y" /LT with LT = Lu;/v. Classically, the dependency
of f on two variables is addressed by limiting ourselves to the
overlap region between inner- and outer flow, with the latter
having y/h instead of y* as the characterizing coordinate and
being generally defined by y™ > 50. Therefore, the limit of
yT — oo in the inner region should yield a function indepen-
dent of both y™ and y/h, leaving y™ /L™ as the only argument
(Monin & Obukhov, 1954). Further imposing the case of mod-
erate stratification y™ /LT < 1 then leads to the equation

du™ 1 yt
G = (105): @

Integrating, one obtains the expression for the mean veloc-
ity profile in the overlap layer as given by MOST (Monin &
Obukhov, 1954)

lemﬁ+gﬂ+dﬁ) )
K KLt ’

where the integration constant can in principle depend on L™,
but is classically considered constant.

As a modification to this procedure, we propose an alternate
approach by incorporating an argument employed by Jiménez
& Moser (2007) for unstratified cases, according to which the
variable 1/y* is considered instead of y©. An expansion in-
cluding higher order terms beyond the classical zeroth-order
constant 1/k is then performed around 1/y" ~ 0, i.e. y* — oo,
We extend this argument to the stratified case by considering
an expansion in both arguments at 1/y* ~ 0 and y* /LT ~ 0
simultaneously. Here, we choose to take into account terms up
to second order including the cross-term of both arguments
to capture effects of stronger stratification. Approximating
f = fo+ fi+ f2, the corresponding zeroth-, first- and second-
order terms are written as

1
f():;? (6)
+
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Here, the zeroth-order term is fixed as 1/x so that we retain the
classical log-law in the absence of stratification and second-
order terms, and the coefficient f3 is classically scaled with the
Karman constant. The expansion of o+ u™ up to second order
thus reads

ou™ 1 1 + N2
o <+“+ﬁy+7+0‘2+ﬁ2(y ))

oyt yF\lx  yt kLt LT yt2 K
€)

This equation represents a second-order extension of the clas-
sical MO model with four additional terms. While such a more
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complex model by itself might yield better results on a given
dataset, it remains unclear whether the newly introduced terms
are representative of physical processes or an improvement for
the model’s data-fitting capability from a purely mathematical
standpoint. Therefore, we choose here to consider additional
simplifications based on physical arguments to derive a set
of equations with enhanced interpreteability. Firstly, both a-
terms containing the reciprocal wall-distance can be discarded
by assuming that their contribution will only be dominant for
very small wall-distances, where the overall assumption of be-
ing close to the overlap region is not valid anymore.
Additionally, the f-terms may be addressed by limiting the
model to cases where |yt /LT| < 1. In classical MOST this is
done by considering weak stratification, i.e. 1/|LT| < 1 and
y ™ limited to the overlap region, allowing to drop the second-
order f,-term (Monin & Obukhov, 1954). Alternatively, we
can impose a stronger constraint on the validity region of the
model with y* < |L™ | without constraining the degree of strat-
ification, similarly allowing to drop the f3,-contribution. In this
case we can additionally argue to drop the linear 3)-term as
well, since the linear contribution is expected to have a lesser
impact on the prediction at small enough wall distances com-
pared to the logarithmic contributions that emerge from the
remaining terms. An evaluation of the first, weakly stratified
approach reveals only a negligible improvement over the clas-
sical MO model and is therefore not considered further. Con-
sidering these results and the major advantage of being able to
address strong stratification, we focus on the second option in
the following. The corresponding, simplified equation reads

out 1 /1 vy
et s) (o

where integration leads to the equation for the mean velocity
profile as

Ly
+ + +

—_——
1/ Kett

The derived model describes a log-law with an additional
stratification-dependent term in the logarithmic contribution,
resulting in an effective Kdrman constant given by

Kk Lt

1 -1
Ketr = (—+l) . (12)

While classical MOST neglects additional possible dependen-
cies of the integration constant as C(L"), we choose to re-
tain it here for generality and resolve it in alignment with the
changes to the logarithmic term by using a first order expan-
sionin 1/L7 as

C

C(LY) =Conr = 75 +C, (13)

with the final model equation reading

1 b4 Cy
+ +
u = (E'FLT) logy +LT+C. (14)

As expected given the underlying assumptions, the model
shows a close resemblance to that of Jiménez & Moser (2007),
but ultimately differs by employing the stratification measure
L7 instead of the turbulent Reynolds number Re:.

Analogously to the derivation presented above, a model
for the temperature profile can be constructed by following
the argumentation of Monin & Obukhov (1954), resulting in
the additional model equation

1 ,}/(T) C("') o
T+:<F+L—+>logT++L%+C ;o (15)

with temperature in viscous units 77 = Tu; /qw, & separate
set of coefficients denoted by ™ and the Kdrman constant for
temperature " =0.48 (Von Karman, 1931).

Both models can be interpreted as an effective extension
to the classical log-law with added first order dependencies on
stratification for both the logarithmic term and the integration
constant and thus an effective, stratification dependent Karmén
constant as defined in (12). These results are in agreement
with the findings of Cheng ef al. (2023), who also propose the
existence of an effective Kdrmdn constant based on empirical
observations from DNS of the atmospheric boundary layer and
atmospheric measurements. However, unlike our approach,
they did not derive an analytical expression for the effective
constant and instead determined its value empirically.

MODEL EVALUATION USING DNS-DATA

To evaluate the derived extended log-law for the stream-
wise mean velocity and temperature from equations (14) and
(15), data from DNS of a thermally stratified Couette flow is
used. Focusing on the fundamental effects of stratification on
such a shear flow, a series of fully turbulent simulations with
fixed turbulent Reynolds and Prandtl numbers and varying
degrees of stable stratification are used as a basis for the
analysis.
The DNS code has been employed in different works for
varying boundary conditions, (Hoyas & Jiménez, 20064,
2008; Avsarkisov et al., 2014a,b; Kraheberger et al., 2018;
Lluesma-Rodriguez et al., 2018). The governing equations
of the system are the Navier Stokes equations under the
Boussinesq approximation.  These are transformed into
an equation for the wall-normal vorticity @, and for the
Laplacian of the wall-normal velocity ¢ = V?v. The spatial
discretization uses dealiased Fourier expansions in x and
z, and seven-point compact finite differences in y with
fourth-order consistency and extended spectral-like resolution
(Lele, 1992). The temporal discretization is a third-order
semi-implicit Runge-Kutta scheme (Spalart ez al., 1991).
Finally, the domain chosen is (87h,2h,37h). The mesh has
a size of (1536,251,1152) points which gives a resolution
of 8.2 and 4.1 wall units in x and z in physical space. The
wall-normal grid spacing is adjusted to keep the resolution
at Ay = 1.5m, i.e. approximately constant in terms of the
local isotropic Kolmogorov scale 1. Four different cases
with increasing degrees of stratification are considered here
with their key properties listed in table 1. A comprehensive
analysis of these DNS results, including low-order statistics
and turbulent budget analysis, is currently in preparation in a
separate manuscript (Avsarkisov et al., 2025).
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Table 1. Key properties of the presented DNS simulations
with a fixed Prandtl number of Pr = 0.7 for all cases.

Case Re Re: Ri Ri; h/L Lt

Rip 25500 1047 000 0 000 oo
Rigp 43500 992 006 96 097 1023
Rispy 74000 1011  0.11 472 265 381
Ritgoop 95000 988  0.13 953 391 252

The bulk Reynolds number Re, bulk Richardson number
Ri and Prandtl number Pr are defined as

o Uyh 1% Th

. \%
Re . Ri==— -
\Y Us;

Pr= 16
r k7 ( )

with channel height 2, reference velocity of the walls mov-
ing in opposing directions at U,, and externally imposed wall
temperatures of +7,, at the top and bottom wall via Dirich-
let boundary conditions. The corresponding friction Reynolds
number Re; and friction Richardson number Ri; are given as

h oy T,h
Rez = "2, Rip = 8202 a7
\% ur

Notably, all cases in table 1 remain outside of the critical range
of stratification-strengths at which intermittent dynamics can
arise and fundamentally change the mean velocity profile, re-
ported as Ri > 0.15 by Ansorge & Mellado (2014) or L+ < 200
by Deusebio et al. (2015). The Prandtl number is kept fixed
at Pr = 0.7 in reference to conditions from the atmospheric
boundary layer. Using these DNS simulations as the empirical
basis, we evaluate the derived extended log-laws from equa-
tions (14) and (15) quantitatively. Notably, a direct comparison
between the extended log-law and classical MOST is deemed
not productive and thus not considered in this section since
the two models target different regions of the flow with the
early overlap region (10 < y* < 100) and overlap/core region
(100 < y* < 1000) respectively.

Mean Velocity Profiles

Velocity profiles for the DNS data and the extended
log-law are displayed in Figure 1. The optimization interval
for the model coefficients is chosen as 20 < y* < 100 in
accordance with the assumption of y*© < |LT| made during
the model derivation and the range Lt > 252 contained in our
datasets. A single set of coefficients is determined for all four
cases since the fitted functions are considered universal for
fully turbulent flows according to the theoretical derivation
(Monin & Obukhov, 1954; Foken, 2006). Additional testing
when determining the constants for each case individually
reveals nearly identical values, confirming this theoretical
assumption. The found coefficients are y = 994, C; = —2820
and C = 4.82, as well as y{7) = 1009, ¢\ = —2919 and
cT) =351. where the large values of y and C; arise
correspondingly to the typical order of magnitude of L™ for
cases of significant stratification. The effective Kdrman and
integration constants for velocity and temperature according
to equation (12) and (13) for each of the four cases are
shown in table 2, indicating a steeper profile for stronger
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Figure 1. Vertical profiles of (a) mean streamwise velocity
and (b) temperature for DNS data and the extended log-law
according to equations (14) and (15) respectively.

stratifications as scaled by Kgffl. Most notably, we find that
the observed decrease of the effective Kdrman constant with
stratification for velocities is in near perfect agreement with
the trend reported by Cheng et al. (2023). Specifically, they
determine a power-law of the form &eg/x ~ (h/L)* with an
exponent of a = —0.4 for their conducted field observations,
whereas performing the same fit for our results from table 2
yields a nearly identical value of a = —0.41. Our analysis
thus provides further evidence for a reduced effective Karman
constant in the early overlap layer following a clearly defined
trend.

Examining the resulting curves in Figure 1, it is apparent that
results for velocity and temperature are near identical except
for the axis-scaling. The extended log-law captures the data
very accurately for both quantities in the beginning of the
overlap layer and even beyond that down to the late buffer
layer y© < 50. While this region of the boundary layer can
generally not be considered universal, the result found here
could be indicative of a transition at strong stratifications
around LT < 200 and an associated fundamental change in
the velocity profiles in this region, which allows the extended
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Table 2. Effective Kdrman and integration constants accord-
ing to (12) and (13) for the extended log-law in (14) and (15)

(T)
Case Keff Kotf Ceff Ceff

Rip 041 048 482 351
Rijgy 029 033 206 0.65
Risgpy 020 021 -2.58 -4.15
Rigeo  0.16 0.16 -6.35 -8.06

log-law model to capture their shape at much smaller wall-
distances than expected. Crucially, the estimated threshold for
L matches the value for which Deusebio et al. (2015) report
the emergence of global intermittency in stratified Couette
flows, thus potentially relating the found behavior to an onset
of intermittent dynamics.

As a last comment, we notice that y ~ y(T), despite K # 7,
which seems to indicate that the influence of stratification
on the logarithmic term can be described universally across
velocity and temperature and potentially other quantities. This
finding could thus be representative of a fundamental change
in flow structure induced by stratification in the early overlap
region, which would correspondingly affect multiple flow
quantities similarly, as is seen for our model and in line with
the findings on compensated gradients presented above.
Moreover, both values of y are remarkably similar to the
friction Reynolds numbers fixed at Re; ~ 1000 for all four
simulations used to derive the results. This could be of
particular interest for further analysis, since previously not
considered connections between physical quantities and
model parameters could provide further physical insight into
the underlying processes. Nevertheless, fully formulating
and confirming such a hypothesis is not possible from the
available simulations with fixed Re; and is therefore left for
future work.

Compensated Gradients

To further investigate the observations from the previous
section, the compensated gradients y+8y+ u™ can be used to
reveal additional information about the structure of the flow.
The curves for the compensated gradients are shown in Figure
2, which confirm that the extended log-law reproduces the data
with good accuracy for 10 < y™ < 100 for both velocity and
temperature. In alignment with the results from the previous
section, a wide plateau emerges under increasing stratification
in this region. This could be an additional indicator for the
previously mentioned transition towards strong stratification
around LT < 200 (Deusebio et al, 2015), allowing this
particular model structure to produce accurate predictions up
to small wall-distances in the buffer layer. Analysis of the
compensated gradients for the analogue temperature model is
not explicitly shown here for brevity, but leads to qualitatively
identical results.

One caveat of the presented analysis is that it is not
possible to conclude from the available cases whether the
plateauing of compensated gradients is indeed a limiting case
that remains intact under further increasing stratification,
which may be addressed in future research with a more
extensive set of simulations.

—— DNS Data
=== Extended Log-Law

Figure 2. Compensated gradient of DNS data and the ex-
tended log-law for streamwise velocities.

CONCLUSION

In summary, this work proposes a new modeling for mean
streamwise velocity and temperature profiles in the stably
stratified early overlap layer with equations (14) and (15). The
derivation is based on a generalization of classical Monin-
Obukhov similarity theory (Monin & Obukhov, 1954) that
does not assume weak stratification and extends the approach
of Jiménez & Moser (2007) of employing an expansion in
1/y* beyond first order to the stratified case. The resulting
model focuses on the early overlap region and resembles the
classical log-law with an effective, stratification-dependent
Kdrmén constant in agreement with the trends observed by
Cheng et al. (2023) for DNS and atmospheric measurements.
Using a set of DNS of a stratified Couette flow with smooth
walls for validation, it is shown that the extended log-law is
suitable to model both velocity and temperature profiles and
compensated gradients accurately in the early overlap layer
across a wide range of stratifications. Moreover, the model
exhibits a unique capability to capture an apparent transition
towards strong stratification inaccessible to classical MOST at
Lt ~ 200, which matches the threshold reported by Deusebio
et al. (2015) beyond which the onset of global intermittency
is observed in a stratified Couette flow.

Ultimately, the emergence of our model for strong strat-
ification for a confined region in the early overlap layer could
suggest a fundamental change in the layer-based organiza-
tion of near-wall turbulence under increasing stratification.
Namely, the viscous wall region and core region remain
well-described by classical turbulence theory and MOST,
whereas increasing stratification leads to the emergence of
a third layer in between the two in the early overlap region.
This newly found layer appears to be driven by a combination
of both near-wall turbulence from the viscous wall region
and stratified, shear-driven turbulence in the core region
and is well captured by our derived log-law. Moreover the
found model structure could suggest that a variable, effective
Karmén constant may be a promising alternative to describe
the effects of strong stratification. Examining how these key
findings apply to other flow regions and scenarios to gain a
better understanding of stratified turbulence as a whole may
be a valuable research question to be addressed in future
works.
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