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ABSTRACT

We propose a method to accurately evaluate the inter-
mittency of developed turbulence and report its application
to direct numerical simulation data of high-Reynolds-number
(Taylor-length Reynolds number is up to about 1700) turbu-
lence in a periodic cube. Scale-decomposition by a Fourier
band-pass filter and objective vortex identification by the low-
pressure method are employed to obtain the set of vortex axes
at each scale in the inertial range. The set of vortex axes thus
obtained is space-filling, with the capacity dimension of 3.
However, following the multifractal theory, identifying the set
of vortex axes for a given Holder exponent allows the eval-
uation of its fractal dimension D(h). The obtained result of
D(h) is in good agreement with the one previously estimated
in experiments. Thus, the present study establishes a direct
estimation method of the multifractal dimension D(h).

Introduction

Kolmogorov (1941)’s similarity hypothesis states that the
small-scale statistics of turbulence are determined by the mean
energy dissipation rate € and the fluid’s kinematic viscosity
v. This simple similarity hypothesis is powerful enough to
predict the statistics of turbulence. For example, the —5/3
power law of the energy spectrum derived from the hypothesis
is supported by experiments, and there is also the evidence that
its coefficient is universal Sreenivasan (1995).

However, since turbulence strongly fluctuates in space
and time, the mean energy dissipation rate cannot accurately
describe the statistics and we need to consider fluctuations of
the dissipation rate €. It is well known that Landau & Lif-
shitz (1987) pointed out the non-universality of the temporal
fluctuations of € might lead to the violation of Kolmogorov’s
similarity hypothesis. Furthermore, there is criticism that en-
ergy cascade strongly localizes the energy dissipation rate in
space, and thus their spatial fluctuations must be taken into ac-
count (Kraichnan, 1974; Frisch, 1995). We sometimes use the
p-th order velocity structure functions, S, = (Au(r))P, where
Au(r) denotes the longitudinal velocity difference at distance

r, to evaluate the spatial intermittency. Then, assuming the
scaling law,

Sp ~ o (in the inertial range) , (D)

we define the scaling exponent {, for the p-th order veloc-
ity structure function. If Kolmogorov’s similarity hypothesis
holds, the dimensional analysis leads to S, ~ £5 5 , that is,
{p = p/3. However, many experiments showed that {, # p/3,
especially for large p (Anselmet et al., 1984; Dubrulle, 2019).
This means that the Kolmogorov similarity hypothesis requires
a correction. This issue of the spatial intermittency (Frisch,
1995) has been extensively studied by meany authors includ-
ing Kolmogorov (1962) himself.

The present study addresses this classical problem of tur-
bulence with the aid of direct numerical simulations (DNS).
Specifically, we aim at proposing a method to accurately eval-
uate the intermittency of fully developed turbulence by using
DNS data at high Reynolds numbers.

To this end, we use datasets of DNS of turbulence of an in-
compressible fluid in a periodic cube. These datasets were ob-
tained by our DNS (Tsuruhashi et al., 2022), where the Taylor-
length based Reynolds number R;, is moderate (< 500). In ad-
dition to these datasets, we also analyze DNS data, which was
provided by Ishihara et al. (2016), of turbulence at R ~ 1700.

Methods

We investigate the origin of the spatial intermittency
in turbulence through detailed analysis of the DNS data of
high-Reynolds-number turbulence. The analysis proceeds in
two stages. The first is scale-decomposition. Since devel-
oped turbulence consists of vortices of various sizes, its hi-
erarchical structure cannot be captured without proper scale-
decomposition. The second is the objective identification of
vortices. Visualization using isosurfaces of some quantity is
often employed, but the arbitrariness of the threshold makes
objective quantification difficult.
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Figure 1. Vortex axes, which are identified by the scale-decomposition and the low-pressure method, in turbulence at R) ~ 1700. The
characteristic length scale /; is (a) 58007, (b) 28007, (c) 14007, (d) 6507. Here, 1 denotes the Kolmogorov length.

(i) Scale decomposition. As emphasized in our previous
studies (Goto, 2008, 2012; Goto et al., 2017; Goto & Motoori,
2024), the enstrophy in developed turbulence always high-
lights the smallest-scale vortices. This is because when the
energy spectrum E (k) is proportional to k573, the enstrophy
spectrum k2E (k) scales as k'/3, and thus highest-wavenumber
(i.e., smallest-scale) structures determine the velocity gradi-
ents, and therefore the enstrophy.

Therefore, we use the scale-decomposition to capture the
hierarchy of vortices. Since we are dealing with turbulence un-
der periodic boundary conditions, we employ a Fourier band-
pass filter on the velocity field for the scale-decomposition.
First, we define the representative wavenumber k; as ko b,
where b is the interval between the bands to be analyzed and
can be chosen arbitrarily. Then, the i-th band is defined as
k € [ki/+/a,ki\/a). Here, a is a constant determining the band
width, and we set a = 2 in the present study.

The concrete procedure of the scale-decomposition is as
follows. We first Fourier transform u(x) obtained by DNS to
u(k). We set all modes outside the i-th band k € [k;/\/a, ki\/a)
as 0, then perform the inverse Fourier transform to obtain
u}(lk")(x)‘ This can be regarded as the flow field at scale ¢; =
21 / k,’.

(ii) Low-pressure method. We objectively identify vor-
tices using the so-called low-pressure method (Miura & Kida,
1997; Kida & Miura, 1998). This method was proposed
to identify the axes of the smallest vortices in turbulence.
Here, we apply this method to vortices on each scale. More
concretely, we solve the Poisson equation using the scale-
decomposed velocity field uém (x) to obtain the pressure field
péki >(x) on this scale. We then compute the Hessian of
this scale-decomposed pressure field and identify vortex axes
based on the condition that pék’) takes a local minimum on the
plane spanned by the eigenvectors of the Hessian. A more de-

tailed procedure is described by Tsuruhashi ef al. (2022).

Results

Figure 1 shows the vortex axes identified for different
length scales in the inertial range of turbulence at Rj ~ 1700.
It presents results for the scales ¢; = 5800n, (b) 28007, (c)
1400n and (d) 650m, where 1 denotes the Kolmogorov length.
The impression from these figures is different from visualiza-
tions of the enstrophy in turbulence (or visualizations of scale-
decomposed enstrophy). That is, the vortex axes are observed
to be space-filling irrespective of ¢;.

To evaluate the fractal dimension of these vortex axes,
we calculate the total length of the vortex axes for each scale.
Results are shown in figure 2(a) for moderate R) and (b) for
R) = 1700. These figures show that the total length L is al-
ways proportional to ki2 independently of R . Since the char-
acteristic length ¢; is k;- LD~ oy 2. Therefore, the number of
spheres of size ¢; required to cover the set of the vortex axes
L/t~ 6;3 . This means that the capacity dimension of the set
of the vortex axes is always 3.

These results [figures 1 and 2(a, b)] mean that the vor-
tices identified by the low-pressure method are space-filling
and they do not exhibit intermittency. This may be because
the low-pressure method identifies vortices regardless of their
strength.

Therefore, we focus on the multifractal theory (Parisi &
Frisch, 1985) to capture the intermittency. In the theory, the
scaling of the velocity field is expressed as Au ~ r/* with the
exponent & (the Holder exponent), and we assume that the set
of a given h is fractal with dimension D(h).

On the basis of this idea, we consider the set of vortex
axes identified above for a given /& and evaluate their total
length. As examples, results for # = 0.32 and 0.065 are shown
in figure 2(c). For h = 0.32, the slope is approximately 2,
which is similar to the case for the entire vortex axes. How-
ever, for 1 = 0.065, the slope is significantly shallower than 2.
Therefore, D(h) is approximately 3 for 4 = 0.32, but it is much
smaller than 3 for 4 = 0.065.
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Figure 2. (a, b) The total length L of the vortex axes as functions of the wavenumber k; of the band. It is seen that L ~ kl-2 irrespective
of the Reynolds number. (c) The total length of the vortex axes conditioned by the Holder exponent: open circles, & = 0.32; closed

circles, h = 0.065. R) = 1700.

Thus, we can precisely determine the fractal dimen-
sion D(h) for each h. The results are shown in figure
3(a). The result is consistent with previous findings (Mene-
veau & Sreenivasan, 1987, 1991; Sreenivasan, 1991; Dubrulle,
2019; Nguyen et al., 2019), and the result for {, [figure
3(b)], which is obtained using the Legendre transform §, =
miny, (3 — D(h) + ph), also agrees well with the existing ex-
perimental data.

Conclusions

We have proposed a method to accurately quantify the
spatial intermittency of turbulence on the basis of vortical
structures. By combining the Fourier band-pass filter with the
low-pressure method, we have objectively identified the hier-
archy of vortex axes in turbulence at high Reynolds numbers
up to Ry = 1700 (figure 1). The total length of the identified
vortex axes is proportional to the square inverse of the charac-
teristic length ¢; [figures 2(a, b)]. This implies that the vortex
axes are space-filling. In contrast, the total length of the vortex
axes conditioned by the Holder exponent & varies with / [fig-
ure 2(c)]. Furthermore, the dimension D(h) evaluated from
the conditioned total length of vortex axes is consistent with
the multifractal picture (figure 3). The proposed method for
the direct estimation of D(h) enables us to discuss the origin
of the spatial intermittency in terms of coherent structures in
turbulence. Details will be discussed in the symposium.
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Figure 3. (a) The multifractal dimension D(h) directly estimated by the proposed method. (b) The scaling exponent §,, evaluated by
the Legendre transform of D(h). Solid line indicates {, = p/3.
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