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ABSTRACT

This paper presents a combined numerical and stability
analysis of transition in laminar boundary layers over surface
gaps. High-order spectral/hp simulations are used to map
the response to gap width and depth in both the incompress-
ible and compressible regime, while linearised analyses quan-
tify Tollmien—Schlichting (TS) wave amplification within the
classical e" framework. The results show a depth-dependent
Hopf onset, followed by periodic and, at larger widths, chaotic
two-dimensional dynamics. Predicted An levels agree closely
with available experiments and recover the known shallow- and
deep-gap asymptotic trends. Three-dimensional computations
further reveal distinct transition routes: for deep gaps, weak
low-frequency spanwise modes precede rapid breakdown once
the two-dimensional oscillatory mode destabilizes; for shallow
gaps, transition continues to be governed by TS-wave down-
stream of the gap. Compressible flow simulations demonstrate
a clear free-stream Mach-number (Ma) influence on the bi-
furcation boundary, with increasing Mach-number generally
reducing the critical width but with non-monotonic behavior
for shallow geometries at Ma = 0.8. These results provide a
unified view of gap-induced transition across two- and three-
dimensional, incompressible and compressible conditions.

INTRODUCTION

Aircraft aerodynamic surfaces are not perfectly smooth
and often contain small geometric discontinuities, commonly
referred to as gaps. Although these imperfections are typically
small, they can substantially modify boundary-layer develop-
ment and advance laminar—turbulent transition.

Several studies have examined the effect of surface gaps
and cavities on transition. ONERA (Office National d’Etudes
et de Recherches Aérospatiales) has conducted extensive exper-
imental, numerical, and theoretical campaigns on this topic; a
comprehensive summary is given by Beguet e al. (2017). Gap
geometry is characterized by w/§* and d/§*, where w and d
are the gap width and depth, and ¢* is the boundary-layer dis-
placement thickness at the start of the gap. In Beguet er al.
(2017), vortex structures inside the gap are classified as func-

tions of w and d for aspect ratios d/w € [0.2,0.7]. Using
the notation An = n — ng, where n is the gapped-case n-factor
and ng corresponds to a smooth flat plate, two main effects are
reported: amplification of pre-existing TS waves downstream
of the gap, and localized instability generation at the gap itself.
Their results were obtained under incompressible conditions.

Zahn & Rist (2016) investigated deep gaps (d/w > 5)
in compressible boundary layers at Ma = 0.6 and reported
non-monotonic variations of An with gap depth, with values
between 0 and 0.5. More broadly, Rowley & Williams (2006)
reviewed methods for analyzing and controlling cavity flows
in high-Reynolds-number compressible regimes, emphasizing
the coupling among shear-layer instabilities, acoustic feedback,
and cavity recirculation, all of which are relevant to deep-gap
dynamics.

One of the most detailed recent studies is that of Crouch
et al. (2022), which systematically quantified TS-wave ampli-
fication over a broad range of gap widths and depths. For shal-
low gaps (d/w < 0.017), An depends primarily on depth and is
nearly independent of width. For deeper gaps (d/w > 0.028),
An is primarily controlled by width. When both d and w are
sufficiently large, TS-wave-mediated transition is bypassed and
breakdown occurs close to the downstream gap edge. Their re-
sults also indicate that shallow-gap behavior resembles that of
an isolated backward-facing step.

In this work, we perform a systematic study of surface-
gap-induced transition by varying both gap width and depth.
We combine direct numerical simulation (DNS) and linear sta-
bility analysis in the incompressible regime, and benchmark the
results against the experimental trends reported in Crouch et al.
(2022). We then extend the analysis to three dimensions and to
compressible flow in order to examine transition pathways and
Mach-number effects on the instability boundaries.

Transition modeling is based on the classical e frame-
work, in which linear disturbances (typically TS waves) am-
plify downstream according to A(x) = A(xo)e™*). Transition
is assumed once a critical amplification level is reached. To
quantify the gap effect, we use An, defined as the difference
between the n-factors of the gapped and smooth-wall configu-
rations.
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Computationally, the incompressible equations are solved
with a spectral/hp element method that combines finite-
element geometric flexibility with spectral accuracy. All simu-
lations are carried out in the open-source Nektar++ framework
(see Moxey et al. (2020)).

NUMERICAL FRAMEWORK

The incompressible Navier—Stokes equations are solved
with a spectral/hp element formulation. In nondimensional
form, the governing equations are

1
ou+u-Vu=-Vp+ —Au,
t p Re (1
V-u=0,

where u = (u,v) or u = (u,v,w) is the velocity field for
two- or three-dimensional configurations, respectively, p is the
pressure, and Re is the Reynolds number. The nondimension-
alisation uses the free-stream velocity u., and the displacement
thickness 6™ at the upstream gap location of the smooth-wall
reference flow as characteristic velocity and length scales. With
this choice, Re = u6*/v, where v is the kinematic viscosity.
Throughout the incompressible study, Re = 1000.

For the incompressible simulations, the Nektar++ solver
is configured with a velocity-correction scheme and contin-
uous Galerkin projection. Time integration is second-order
IMEX, with explicit treatment of nonlinear advection and im-
plicit treatment of viscous terms. A polynomial order of p = 5
and p = 4 is used for the velocity and pressure fields, respec-
tively. The resulting spatial resolution is sufficient to resolve all
relevant flow features, as verified by grid-convergence studies.

The computational domain is rectangular, with a cavity
attached to the lower wall to model the surface gap (Figure 1).
The dimensions & = 1506*, ¢ = 1006*, and £, = 10006*
are selected to ensure a fully developed upstream boundary
layer and negligible influence of the downstream boundary
on the region of interest. Boundary conditions are a Blasius
profile at the inlet, no-slip on solid walls (u = 0), and far-field
conditions at the upper boundary (u = u(x)). Dong et al.
(2014) outflow boundary condition is applied at the outlet to
minimize numerical instabilities when energetic vortices pass
through the outflow region.
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Figure 1. Computational domain and boundary conditions
for two-dimensional nonlinear simulations. Dimensions are
anisotropically rescaled for clearer visualization of the gap ge-
ometry.

NONLINEAR DYNAMICS AND BIFURCATIONS

We consider two-dimensional configurations spanning
10 < w/8* < 130 and 0.25 < d/§* < 4. For each geome-
try, simulations are initialized from smooth fields, integrated
to their limit set, and classified as shown in Figure 2.
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Figure 2. Limit set classification over the parameter space
10 < w/é* <130 and 0.25 < d/6* < 4. Blue circles denote
equilibrium states, orange triangles denote limit cycles, and
green diamonds denote chaotic attractors.

As expected, sufficiently small gaps (in either width or
depth) yield stable dynamics close to the flat-plate limit (d — 0
orw — 0).

The internal cavity topology varies strongly with geome-
try. Outside the gap, the boundary layer remains Blasius-like,
whereas inside the gap the streamline structure depends on
the available cavity volume. Representative equilibrium states
for (w/6*,d/6*) € {(15,4),(30,1.5),(60,1)} are shown in
Figure 3, using wall-normal-velocity contours and streamlines.

For deep gaps, a pronounced recirculation region forms
near the downstream cavity edge. For shallow gaps, this
structure is absent; the flow enters and exits the cavity more
smoothly, with only a weak upstream recirculation zone, re-
sembling the flow over a backward-facing step.

At fixed depth, increasing width produces a sequence of
bifurcations. Once w exceeds a depth-dependent critical value
we, the flow destabilizes. The first boundary in Figure 2 has
been verified as a Hopf bifurcation for d = 36*, and the same
bifurcation type is expected across the depths considered. The
resulting stable limit cycle appears as a periodic oscillation lo-
calized near the downstream edge, acting as a blowing/suction-
type source for the outer boundary layer. Its frequency wsp
depends on depth: deep cavities exhibit relatively high fre-
quency (wyp =~ 0.24) with rapid downstream decay, whereas
shallow cavities (d/6* ~ 1.5-1.75) exhibit lower frequency
(wap = 0.10), closer to TS-wave frequencies, and therefore
generate longer convective structures. A representative state
on this branch is shown in Figure 4.

For larger widths, attractors without a clear periodic signa-
ture emerge and are classified as chaotic. In the transition from
limit-cycle to chaotic behavior, several intermediate scenar-
ios are observed, including modal interaction across distinct
frequencies, transient chaotic episodes that relaminarise to a
different limit cycle, and period-doubling. The detailed route
to chaos remains under investigation.

TS-WAVE AMPLIFICATION

To corroborate the TS-wave amplification trends reported
by Crouch et al. (2022), we perform linearised simulations
around equilibrium base states U extracted from DNS. Because
each base flow already satisfies the inhomogeneous bound-
ary conditions, homogeneous conditions of the same type are
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Figure 3. Equilibrium solutions for three representative ge-
ometries. Wall-normal-velocity contours and streamlines are
shown. All geometries are rescaled to match the first case
(w/d = 15/4) for visual comparison; original unscaled ge-
ometries are shown above the last two panels.

imposed for the perturbation problem. TS waves are forced
through a localized divergence-free body force in the upstream
boundary layer, applied to both streamwise and wall-normal
momentum components. The forcing is driven by white Gaus-
sian noise, and the body force is

fulx,1) = =(y = yoJexp(~al(x = x)? + (v = 1) Xi, @)
Fox0) = (x = xoexp(=al(x =20 + (v =yl Xe (3)
where @ = 100, x, = -956%, y. = 0.56%, and X, is unit-

variance white Gaussian noise. The Gaussian envelope lo-
calizes excitation to an approximately circular region of radius
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Figure 4. Stable limit cycle for w = 356* and d = 2.256",
visualized using wall-normal-velocity contours. The geometry
isrescaled to w/d = 15/4, with the original shape shown above
for reference.

0.56* centered at (x, y.). Although experimental disturbances
are neither white nor Gaussian, this idealized forcing is com-
monly used as a broadband and reproducible excitation model.
The corresponding stability-analysis setup is shown in Figure 5.
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Figure 5. Domain used for stability analysis. White Gaussian
forcing is applied in a localized upstream region (orange) to
excite TS waves.

After forcing is introduced, the system is advanced through
an initial transient until a statistically stationary response is
reached. Temporal averaging is then performed to reduce
stochastic variability in the measured wave amplitudes. TS-
wave amplification is quantified using the ¢” method, which
assumes that a disturbance with amplitude A(xo) at a reference
location x( evolves as

A(x) = Axg)e™0 ™), )

where 1, (x) is the n-factor, obtained from

&)

Ty, (X) = log( AW )

A(xo)

Hereafter, the subscript xg is omitted for clarity. The distur-
bance amplitude is defined as the wall-normal L? norm of the
perturbation velocity:

1/2
A(.X) = |||U’|||L2(M(X)) = ([y( )u’2 + V/2 dy) . (6)
X
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where Y (x) denotes the wall-normal section at streamwise
location x and ' = (u’,v’) is the perturbation velocity field.
Because the forcing is stochastic, the working amplitude in
practice is the time-averaged RMS quantity

1/2
A(x) = (/ (u* + v;2>dy) . ©)
Y(x)

where (uf,v!) are perturbation components at different time
instances and (-) denotes temporal averaging. The minimum
perturbation amplitude upstream of the gap is used as refer-
ence to compute the n-factor curve through Equation 5. For
simplicity, this curve is denoted by n(x).

For comparison with Crouch er al. (2022), we evaluate
the difference between the n-factor of each gapped case and
that of the flat-plate reference. Because this difference ex-
hibits mild streamwise variation, and because the objective is
to isolate gap-induced TS-wave amplification rather than down-
stream evolution, we average over a 2006 *-long interval starting
shortly downstream of the gap, at the onset of the slowly vary-
ing monotonic region of the n-factor curves, where the direct
influence of the gap on amplification has effectively decayed.
This metric is denoted An (rather than AN, as per Crouch
et al. (2022)) to emphasize that specific growth histories are
compared rather than envelope maxima. Figure 6

The An values are computed for all configurations that
admit a stable equilibrium (i.e. laminar base flow). Interpo-
lation within the convex hull is performed using a Gaussian-
process regressor with a Matern kernel. In Figure 6, dark
blue solid lines denote the corresponding numerical predic-
tions, and orange dashed lines denote experimental level curves
from Crouch er al. (2022) (An =1,2,3,4,5).

w/8*

— Computed An levels
-==- Experimental An levels
------ 2D instability boundary

Figure 6. Contour map of An on the stable side of the pa-
rameter grid (w/6*,d/8*) € [0,90] x [0, 4]. Dark blue solid
contours indicate the corresponding numerical predictions. Or-
ange dashed contours indicate experimental levels from Crouch
etal. (2022) for An = 1,2,3,4,5.

Opverall, the agreement with experiment is strong. In par-
ticular, both asymptotic trends are recovered: a predominantly
vertical trend for narrow gaps and a predominantly horizontal
trend for shallow gaps.

3D EFFECTS AND TRANSITION MECHANISMS

Although the two-dimensional analysis captures the pri-
mary bifurcation structure, transition is inherently three-
dimensional. We therefore extend the stability analysis to three
dimensions by extruding the two-dimensional domain in the
spanwise direction over a length L,. Periodic boundary condi-
tions are imposed in the span, and the solution is expanded in
Fourier modes. The choice of L, (and thus spectral resolution
in z) is discussed below.

To identify candidate three-dimensional instabilities, we
first perform a single-mode linear stability analysis over a
discrete set of spanwise wavenumbers, k, = 2x/L,, with
L./d € [0.5,4]. This provides an estimate of the most un-
stable spanwise wavenumber for each geometry. The resulting
stability map is shown in Figure 7.
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Figure 7. Bifurcation boundaries for the 2D instability (Hopf
bifurcation) and 3D instability.

For deep gaps, the three-dimensional instability appears
at smaller widths than the two-dimensional instability. For
very shallow gaps, by contrast, the dominant dynamics re-
main effectively two-dimensional. To assess the implications
for fully nonlinear transition, we ran three-dimensional sim-
ulations across representative cases using L, = 4d and 32
complex Fourier modes. This spanwise extent is sufficient for
the relevant instability range: the most unstable wavenumber
is consistently close to k, = 2x/(1.25d), while modes with
k; < 2n/(3d) are damped. Figure 8 shows the most unstable
mode for w = 146*, d = 40%, and L, = 1.25d. Relative to
the two-dimensional limit cycle, this mode exhibits long but
weak downstream streaks compared with the much stronger
cavity-core response. Its frequency, wsp =~ 0.025, is about one
order of magnitude lower than the two-dimensional frequencies
wop ~ 0.10-0.24.

The  full three-dimensional  study  considers
(w/6*,d/6") € {(14,4),(19,4),(24,2),(40,2),(80,1.5)}.
For d = 46" and d = 26%, two widths are simulated: one
below and one above the two-dimensional critical width we.
For d = 1.56", only a case with w > w, is considered because
no separate three-dimensional bifurcation is detected.

Two distinct transition mechanisms are identified. For
deep gaps (d > 26%) with w < w, the three-dimensional
instability perturbs the cavity dynamics but does not trigger
rapid breakdown in the boundary layer: no persistent coher-
ent pattern forms in the cavity, and downstream streaks remain
too weak to induce near-field boundary-layer transition. For
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Figure 8. Most unstable three-dimensional mode for w =
146*,d = 46*,and L, = 1.25d.

w > we, a two-dimensional oscillatory mode destabilizes first;
the downstream boundary layer quickly organizes around this
mode, after which secondary three-dimensionality grows and
breakdown occurs close to the downstream edge. A represen-
tative deep-gap transition sequence is shown in Figure 9. For
shallow gaps (d ~ 1.56"), no distinct three-dimensional insta-
bility is observed. Instead, the dominant response resembles a
TS-wave mode, consistent with strong TS overamplification in
this region of parameter space (Figure 6), leading to a classical
downstream TS-wave transition scenario.

MACH NUMBER INFLUENCE

A set of compressible simulations is conducted to quantify
the influence of Mach number on the two-dimensional Hopf
bifurcation boundary.

Relative to the incompressible configuration, the princi-
pal change is the governing model: the compressible Navier—
Stokes equations for an ideal gas. In nondimensional conser-
vative form, these equations are

dp+V-(pu)=0, 10 10> 107* 1073 1072
8(pu) +V-(pu®u+pl)=V-1, -2
KE+V-(E+pu)=V-|t-u+ %VT , Figure 9. Transition sequence for w = 196" and d = 46*.
Ma’Pr(y - 1) Vortical structures are visualized using A,-criterion isosurface.
= i, The simulation time corresponding to each state is indicated
yMa® ® next to each visualization.

where p is density, u = (u,v) or (u,v,w) is velocity, p is

pressure, ® denotes the outer product, Lis the identity tensor, The nondimensional control parameters are defined from free-

and stream reference quantities as
T 2
7= u(Re) (Vu+ (V)" - Z(V - wl © Peolles” o HeaCp
Re = £2U=0 M = . Pr=2

is the viscous stress tensor under Stokes’ hypothesis. Dynamic

viscosity  is evaluated using Sutherland’s law: where the subscript co denotes free-stream values. Here, R,

¢p, and k denote the specific gas constant, the specific heat at

_ 732 1+ 8/Ts constant pressure, and the thermal conductivity, respectively.

(10)

Re T+S /T’ In the compressible simulations, Re = 1000 (matching the
incompressible study), Pr = 0.72, and y = 1.4 are held fixed,

where T is temperature, S = 110K is Sutherland’s constant, while Ma is varied over {0.05,0.2,0.4,0.6,0.8}.
and T, is the reference temperature. Total energy is A discontinuous Galerkin (DG) formulation is used, with
weak DG advection, Roe upwinding for inter-element fluxes,
P 1 ) and interior penalty treatment of diffusion. Polynomial order
E= y-1 3P Jul”. an p = 3 is used in each element, and time advancement uses a
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second-order diagonally implicit Runge—Kutta (DIRK) scheme
(see Kennedy & Carpenter (2019)).

The same geometric parameter space as in the incom-
pressible analysis is considered: w/§* € [0, 130] and d/6* €
[0.25,4].

The instability structure remains qualitatively similar to
the incompressible case: a depth-dependent critical width
marks a Hopf onset. The resulting boundaries for different
Mach numbers are shown in Figure 10.
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Figure 10. Linear stability boundaries for the two-
dimensional configuration at different Mach numbers.

Agreement between the Ma = 0.05 and incompressible
boundaries is strong, supporting consistency between the in-
compressible and compressible solvers. As Ma increases, the
bifurcation boundary generally shifts toward smaller widths,
indicating a destabilizing compressibility effect, particularly
for deep gaps. For shallow gaps (d/6* < 2), however, this
trend is non-monotonic: at Ma = 0.8, the flow appears more
stable than at intermediate Mach numbers (Ma = 0.4-0.6).
The underlying mechanism for this partial restabilisation is not
yet clear, and is the subject of ongoing investigation.

CONCLUSIONS

This study presents a unified investigation of transition in
laminar boundary layers over surface gaps using high-fidelity
incompressible and compressible simulations, supported by
linear stability analysis.

A systematic two-dimensional parameter study reveals a
rich bifurcation structure. At fixed depth, increasing width
beyond a critical threshold w. triggers a Hopf bifurcation and a
stable limit cycle localized near the downstream edge. Further
width increase leads to more complex dynamics, including
period-doubling and chaotic attractors.

TS-wave amplification, quantified through An within the
e" framework, agrees closely with the measurements of Crouch
et al. (2022). Both asymptotic regimes are recovered: depth-
dominated behavior for shallow gaps and width-dominated be-
havior for narrow deep gaps.

Three-dimensional analysis shows that deep gaps admit
a distinct low-frequency spanwise instability that can precede
two-dimensional Hopf onset. Fully three-dimensional simula-
tions indicate two transition routes: for deep gaps with w > we,
rapid breakdown follows growth of the two-dimensional os-
cillatory mode and subsequent secondary three-dimensional
instability; for shallow gaps, transition is governed by down-
stream TS-wave overamplification.

Compressible simulations show a clear Mach-number in-
fluence: increasing Ma generally shifts the bifurcation bound-
ary toward smaller widths, i.e., destabilization. For shal-
low gaps, however, the highest Mach number considered
(Ma = 0.8) produces partial restabilisation relative to inter-
mediate Ma, indicating a non-trivial compressibility—geometry
interaction.

Overall, the results provide a coherent physical picture
of gap-induced transition across two- and three-dimensional
settings and clarify how compressibility modifies instability
thresholds relevant to practical aerodynamic surfaces with
manufacturing discontinuities.
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