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ABSTRACT
Ocean submersibles and aerial vehicles often encounter

a density-stratified environment whose effect on flow features
is of interest. A 6:1 prolate spheroid of diameter D with ve-
locity U and at a moderate angle of attack (AOA) of 10◦

is taken as a canonical example of a submersible. Buoy-
ancy effects are examined in a parametric LES study of the
spheroid wake at Re = UD/ν = 5000 where stratification is
changed to cover a wide range of values of body Froude num-
ber (Fr = U/ND). The Froude number measures buoyancy
time scale (1/N where N is the buoyancy frequency) relative
to flow time scale (D/U). The simulated cases range from a
baseline case without stratification, i.e. Fr = ∞, to the substan-
tial stratification level of Fr = 1. The very near wake, just two
body diameters aft of the trailing edge, is found to be substan-
tially altered at even the relatively weak stratification of Fr = 6.
Specifically, the coherence of the streamwise vortex pair shed
from the body is weakened, the downward trajectory of the
wake center is suppressed, and the mean/turbulence structure
changes in the near wake. Diagnosis of the vorticity transport
equation reveals that the baroclinic torque becomes an impor-
tant contributor to the balance of mean streamwise vorticity in
the very near wake at Fr = 6. With increasing stratification,
the wake topology changes significantly, e.g. the Fr = 1 case
exhibits a secondary wake above the primary wake.

INTRODUCTION
Despite its relevance to applications, the wake of a slender

body has not received much attention compared to that of a
bluff body. Aspects such as the length of the body and its
wake, peculiarities of flow separation on a mildly curved body
and the disparate scales between the boundary layer on the
body and its far wake present challenges. For a body with
uniform speed U with respect to the ambient, the governing
parameters in a homogeneous fluid are as follows: the angle
of attack (AOA or α), aspect ratio (L/D which is larger than
O(1)) and Reynolds number (Re = UD/ν or ReL = UL/ν).
In a density-stratified background with buoyancy frequency N
defined by N2 = −(g/ρ0)∂ρb/∂ z, the body Froude number

(Fr =U/ND) is an important determinant of wake properties.
The first experimental study of flow past a slender body

at zero AOA dates back to Chevray (1968) who investigated
the wake of a 6:1 prolate spheroid at Re = 4.5× 105. This
work and more recent studies of axisymmetric slender bod-
ies (Jiménez et al., 2010; Posa & Balaras, 2016; Kumar &
Mahesh, 2018; Ortiz-Tarin et al., 2021) at Re = O(105) have
studied the flow into the near wake, x/D < 20. The first study
(Ortiz-Tarin et al., 2021) that probed slender-body far wake
statistics was a LES that extended to x/D = 80. These simula-
tions at ReL = 6×105 were performed with a trip to facilitate
transition to turbulence in the boundary layer.

Underwater bodies operate in an environment whose den-
sity is stratified owing to temperature or salinity. Bluff-body
wakes, particularly the sphere wake, have received much atten-
tion, first through laboratory studies and then through simula-
tions. Slender-body wakes in a stratified fluid have received
scant attention, except for Meunier & Spedding (2004) who
compared the evolution in the very far wake among several
body shapes that also included a 6:1 prolate spheroid (data
shown after x = 100D). The scale-resolving study (Ortiz-Tarin
et al., 2019) was the first simulation to account for background
stratification in slender-body flows. Their LES was conducted
for a 4:1 spheroid at zero angle of attack, Re = 104, and
Fr = ∞,3,1 and 0.5. They analyzed the laminar BL evolution,
force distribution, and the near- and far-field characteristics of
the steady lee waves. In a followup study (Ortiz-Tarin et al.,
2023) of a more slender body - a 6:1 spheroid - at a higher
ReL = 6× 105 with turbulent boundary layer separation, sev-
eral differences were found between the spheroid wake and
the bluff-body wake of a disk at similar Reynolds and Froude
number. The streamwise locations of the transition points in
the multi-stage wake evolution (Spedding, 1997) were found
to be very different than those for a bluff body.

As noted above, slender-body wakes have been shown re-
cently to exhibit buoyancy effects that are substantially differ-
ent than bluff-body wakes when the flow is straight on. Little
is known about slender body wakes at an angle of attack in a
stratified enviroment. We are thus motivated to examine the
wake of a slender body - a prolate 6:1 spheroid - at an angle
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Figure 1. Schematic of a spheroid at an angle of attack in
the cylindrical computational domain. L−x , L+

x and Lr refer
to the upstream, downstream and radial domain distance, re-
spectively. Re, Fr and α correspond to the diameter-based
Reynolds number, diameter-based Froude number and angle
of attack, respectively.

of attack (see schematic, Figure 1). Re = 5000 is smaller than
in our previous work so that the resolution is high, close to but
not quite a DNS.

NUMERICAL METHODOLOGY
The numerical solver used for these simulations have been

extensively validated in the past for body-inclusive simulations
of stratified wakes (Ortiz-Tarin et al. (2019); Chongsiripinyo
& Sarkar (2019)). The three-dimensional Navier-Stokes equa-
tions with the Boussinesq approximation in cylindrical co-
ordinates is numerically solved. A third-order Runge-Kutta
method combined with second-order Crank-Nicolson is em-
ployed to advance the equations in time. Second-order-
accurate central differences are used for the spatial derivatives
in a staggered grid. The dynamic Smagorinsky model is used
to account for subgrid fluctuations. The boundary conditions
are Dirichlet at the inflow, convective outflow and Neumann at
the radial boundary. A sponge layer is added to the boundaries
to avoid the spurious reflection of gravity waves. An immersed
boundary method is used to represent the body. A synopsis of
the flow solver in cylindrical coordinates, boundary conditions
and immersed boundary method (IBM) approach is available
in Chongsiripinyo & Sarkar (2019).

The present work reports results at Re = 5×103 and four
stratification levels - Fr = ∞,6,1.9, and 1 - at an angle of inci-
dence α = 10◦. For the stratified cases at α = 10◦, radial and
streamwise domains span 0≤ r/D≤ 53 and−30≤ x/D≤ 50,
respectively. A large radial extent together with a sponge layer
on the boundaries weaken the internal waves before they hit
the end of the computational domain and hence control the
amplitude of spurious reflected waves. The grid point distribu-
tion is as follows: Nr = 1000 in the radial direction, Nθ = 128
in the azimuthal direction, and Nx = 3584 in the streamwise
direction. For the unstratified wake at α = 10◦, radial and
streamwise domains span 0≤ r/D≤ 21 and −11≤ x/D≤ 47
while Nr = 718,Nθ = 256, and Nx = 2560.

The boundary layer is laminar and is very well resolved
with about 40 points across it. To assess grid quality in the
wake, the ratio of grid spacing to the Kolmogorov length, de-
noted as η = (ν3/ε)1/4, is computed in all three directions.
The ratios of streamwise (∆x), radial (∆r), and azimuthal (r∆θ )
grid spacing to η stay below 6, 1 and 5, respectively, for all
wakes, establishing that the current large eddy simulations are
at high resolution.

Results
The results are presented using a fixed orthogonal coor-

dinate system that is aligned with the uniform freestream in
the horizontal x direction. The origin is placed at the center
of the 6:1 spheroid so that, at zero AOA, the trailing edge is
at x/D = 3cos(10◦) = 2.95. For statistics, a time averaging
window of approximately 100D/U is used.

Flow separation (laminar at Re = 5000) from the inclined
spheroid leads to a counter-rotating vortex pair at the body and
in the near wake.The wake is turbulent. Buoyancy modifies the
vortex structures, the wake and turbulence levels/anisotropy
(not shown).

Figure 2 presents mean defect velocity (Ud) contours at
various streamwise locations. In the stratified scenarios, mean
isopycnals are superimposed on the Ud contours. In the un-
stratified wake (Fr = ∞), two distinct lobes are evident (Fig-
ure 2a) at the trailing edge. The asymmetry in the Ud profile
between the left and right lobes arises from asymmetric flow
separation over the body. Asymmetric flow separation also oc-
curs for Fr = 6, but with the direction of asymmetry reversed.
There is no preferred direction for lateral asymmetry in the
flow configuration by design. The flow locks in to one of two
distinct reflectional-symmetry-breaking states, with each state
being equally probable. The asymmetric lobes of the Fr = ∞

wake persist until at least x/D = 10 (figure 2e). However, by
x/D = 20, these near-wake lobes disappear. Another notewor-
thy observation is the continuous drift of the entire wake verti-
cally downward.

The lateral asymmetry that is found here in the wake is
worth discussion. Previous studies on flow past slender ax-
isymmetric bodies at both high (Jiang et al., 2015) and low-to-
moderate (Ashok et al., 2015) angles of attack have observed
the emergence of lateral asymmetry in the wake. A three-
dimensional linear stability analysis (Tezuka & Suzuki, 2006)
of the flow past a 4:1 spheroid provided a theoretical basis for
the observed non-intuitive lateral asymmetry of flow separa-
tion. As Re was increased in the O(104) range, the authors
found transition from a symmetric steady to an asymmetric
steady configuration at Re = Rec1 and to an asymmetric oscil-
latory configuration at a larger Re=Rec2. For a 4:1 spheroid at
AOA = 10◦, theory shows transition to an asymmetric steady
wake at Rec1 ≈ 4000 and, notably, the laboratory experiment
by the same authors show an asymmetric pattern of surface
streamlines at Re = 5500 along with a sideways mean force.

The mean wake topology for the Fr = 6 case is shown
in figure 2 (second column). Although the Fr = 6 wake is
weakly stratified, differences with the unstratified case occur
quite early. While the unstratified wake continues to drift
downward in the negative z direction, the Fr = 6 wake remains
closer to the centerline due to the inhibiting effects of buoy-
ancy – compare figure 2(i,m) with figure 2( j,n). The isopyc-
nals (constant-density lines) are strongly distorted by the wake
at x/D = 3. As the wake progresses downstream, the isopyc-
nals tend to return to their neutral position in the Fr = 6 wake.

In strongly stratified cases of Fr = 1.9 and 1, the mean
flow leaving the body is no longer laterally asymmetric, as
seen in figure 2(c,d). The Fr = 1.9 wake and its correspond-
ing isopycnals exhibit strong lee-wave-induced oscillations as
it progresses downstream. The Fr = 1 wake is qualitatively
distinct for the other cases in that a secondary wake above the
primary wake emerges near the body and persists downstream
as shown in the rightmost column.

Figure 2 shows that, in response to density stratification,
the wake of the prolate spheroid at an angle of attack evolves
in a complex fashion, both in terms of its lengthscales and the
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Figure 2. Mean defect velocity (Ud) contours and isopycnals at x/D = 3,10,20 and 40 (row-wise) for Fr = ∞,6,1.9 and 1 (column-
wise). The radial domain is shown adjacent to each contour plot. For the stratified cases, body-generated steady lee waves in the domain
are not visible due to our choice of contour ranges that allow us to focus specifically on the wake defect.
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Figure 3. Evolution of overall wake geometry: (a) the vertical location of wake center(Zc), and (b) vertical (Lz) lengthscale.

coordinates of its center. Figure 3 presents the evolution of
the vertical coordinate of the wake center and it vertical length
scale as a function of x/D. Following Brucker & Sarkar (2010)
and de Stadler & Sarkar (2012), these quantities are calculated

as follows:

YC =

∫
yU2

d dA∫
U2

d dA
, ZC =

∫
zU2

d dA∫
U2

d dA
, (1)
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Figure 4. Mean streamwise vorticity 〈ωx〉 contours at x/D= 3,10,20 and 30 for Fr =∞. r/D denotes the radial extent of the contour at
the respective x/D locations. The black dot and cross represent the center of the negative and the positive vortex filament, respectively.

L2
y =

∫
(y−YC)2U2

d dA∫
U2

d dA
, L2

z =

∫
(z−ZC)2U2

d dA∫
U2

d dA
, (2)

where YC and ZC are the wake centers in the spanwise and
vertical direction while Ly and Lz are the wake lengthscales in
the spanwise and vertical direction.

Buoyancy strongly inhibits the vertical drift of the wake
center, shown by Figure 3 (a), so that the wake is approxi-
mately centered for all cases, including the weaker stratifica-
tion of Fr = 6. Although the near-wake development of the
wake center at Fr = 6 wake is similar to the unstratified case,
its further development is quite different: ZC stays very close
to the centerline, i.e., ZC ≈ 0. There is a lee-wave-induced os-
cillation with wavelength of λ/D = 2πFr in the evolution of
the wake center and its vertical size. At Fr = 6, the domain
size is not sufficient to show an entire wavelength, Figure 3
(a). Interestingly, ZC of the Fr = 1 wake also stays close to
zero, although the mean wake contours show two distinct re-
gions - a primary and a secondary wake - in the left column of
2(d,h,l,p).

For the present 6:1 spheroid, a pair of counter-rotating
vortices with vorticity Reynolds number about 15,000 is shed
in the unstratified case. They maintain their identify as two
distinct patches of opposite-signed ωx even as their strength
decreases with increasing streamwise distance owing to turbu-
lent diffusion and interaction with the wake. Figure 4 presents
the time-averaged streamwise vorticity 〈ωx〉 contours at four
locations in the wake, x/D = 3,10,20 and 30. The black circle
and cross show the centroid of the positive and negative vortex
filaments, given as follows:

YC(+,−) =

∫
y〈ωx〉(+,−)dA∫
〈ωx〉(+,−)dA

, ZC(+,−) =

∫
z〈ωx〉(+,−)dA∫
〈ωx〉(+,−)dA

,

(3)
where + and − denote the positive and the negative vortex
filament respectively.

As the vortex pair departs from the body at x/D = 3, its
distribution exhibits asymmetry, as previously mentioned. The
negative and positive filaments are intricately intertwined due
to the initial lateral asymmetry. Consequently, we observe lat-
eral shifts in their centroids as well as a downward descent
as the pair evolves. It is worth noting that despite the spa-
tial asymmetry in the organization of the negative and posi-
tive filaments, the magnitudes of their time-averaged circula-
tion remain equal throughout the computational domain, i.e.,
〈Γ+〉 = −〈Γ−〉. By x/D = 10 (figure 4b), these initially in-
tertwined filaments separate into two distinct blobs of negative

and positive vorticity, and remain distinct until the end of the
computational domain.

Stratification qualitatively alters the topology of stream-
wise vorticity as shown in figure 5. At Fr = 6, although there
are two distinct vortices at the trailing edge (x/D = 3) of the
spheroid, these vortices rapidly disintegrate by x/D = 10 in
contrast to the unstratified case. Note that the shed vortices at
x/D = 3 have lateral asymmetry that is consistent with the cor-
responding mean velocity shown in figure 2 (b). At Fr = 1.9
and 1, flow separation is affected, the cross flow (with ver-
tical component) is intensified and ωx takes the form of two
thin counter-rotating strips at x/D = 3. Each strip also has an
oppositely-signed strip adjacent to it. The Fr = 1 case has a
pronounced patch of vorticity above the spheroid correspond-
ing to the secondary wake shown in figure 2 (c). Notably, by
x/D = 30 all stratified cases have ωx that is distributed across
the wake and in internal gravity waves instead of the two dis-
tinct patches in the unstratified case.

Diagnosis of the vorticity balance shows that the baro-
clinic torque term plays an important role in evolution of the
streamwise vorticity. Figure 6 shows the variation of cross-
section area-integrated absolute baroclinic term in the mean
streamwise enstrophy equation, normalized by the Lagrangian
rate of change of mean streamwise enstrophy. Normalization
by the Lagrangian change allows us to quantify the importance
of the baroclinic term to the change of streamwise vorticity.
Figure 6 shows that the baroclinic torque has an O(1) effect on
the evolution of streamwise enstrophy at x/D = 8 and onward
in the Fr = 6 wake. Consequently, the the mean vorticity at
Fr = 6 (figure 5, left column) is qualitatively altered relative to
the unstratified case by x/D = 10 (figure 4 b)
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Figure 5. Mean streamwise vorticity 〈ωx〉 at different streamwise locations is compared across three levels of stratification.
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