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ABSTRACT
Turbulence phenomena caused by the interaction between

superfluid and normal-fluid in superfluid helium are investi-
gated by using two-way coupled numerical simulation via mu-
tual friction. In homogeneous isotropic turbulence, quantized
vortices winded by the normal-fluid vortex tubes are accumu-
lated inside and around the vortex tubes, which corresponds to
quasi-classical turbulence. In contrast, in a thermal counter-
flow, two large normal-fluid tornadoes with dense quantized
vortices are induced in the streamwise direction, which cor-
responds to ultra-quantum turbulence. Those interactions be-
tween quantum turbulence and normal-fluid turbulence are re-
vealed.

INTRODUCTION
Superfluid helium below 2.17 K is composed of inviscid

superfluid and viscous normal-fluid. The two fluids interact
via mutual friction. As decreasing the temperature, the ratio of
the superfluid increases whereas the ratio of the normal-fluid
decreases. This concept is the so-called two-fluid model.

A quantized vortex, namely, a vortex line where a circu-

lation of velocity is quantized, exists in the superfluid. Super-
fluid exists as quantized vortices and those tangles are called
quantum turbulence. In experiments, homogeneous isotropic
turbulence of superfluid helium is produced downstream be-
hind the fluctuating grid. The energy spectrum of superfluid
velocity is observed as −5/3 power of wave number. his is the
so-called quasi-classical turbulence.

Another experimental setup is the so-called thermal coun-
terflow (Gao et al., 2017). As shown in Fig. 1, two baths filled
with superfluid helium are connected with a duct. When the
left surface of the left bath is heated by the heater, the normal-
fluid moves to the right bath, and the superfluid moves to the
left bath to conserve the mass. As increasing the heat flux
of the left bath, the relative velocity between superfluid and
normal-fluid increases. The quantized vortex is stretched and
becomes tangled so that the superfluid transits to quantum tur-
bulence in more than the critical relative velocity. As increas-
ing the heat flux further, normal-fluid transits to turbulence as
well. The turbulence in less than mean vortex line spacing is
called ultra-quantum turbulence.

In this study, those interactions between quantum turbu-
lence and normal-fluid turbulence are numerically examined
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Figure 1. Schematic of thermal counterflow.

Figure 2. Discretized vortex filament.

to reveal the dynamics.

NUMERICAL METHOD
The quantized vortex is divided into finite vortex fila-

ments (Schwarz, 1985; 1988) as shown in Fig. 2. The induced
velocity is obtained by integrating the induced velocities gen-
erated from all of the other filaments via the Biot-Savart law
(Adachi et al., 2010; Yui et al., 2022). The integration is a
many-body problem of O(N2) where N denotes the number of
filaments. To speed up the calculation of quantum vortices, the
fast multipole method (FMM) (Yokota et al., 2007; Yokota et
al., 2009) is used to be O(N), and about 100 times speed-up is
achieved. The position of the filament is calculated using the
4th-order Runge-Kutta method.

As for the normal-fluid, Navier-Stokes equations with the
mutual friction force which is the interaction force between
two fluids are solved with the 2nd order FDM (Yui et al., 2018;
Yui et al., 2020). A periodic box of D = 1mm cubic is used
and the grid points are set to 1203. In this study, two types of
simulations are performed: one is the flow with the following
external force (Goto et al., 2017) at 1.9 K:

fff = (−0.25sin
2πx
D

cos
2πy
D

,0.25cos
2πx
D

sin
2πy
D

,0). (1)

The other is the thermal counterflow with the normal-fluid
velocity of 9 mm/s and the external force of ABC flow of 1:-
1:5 at 1.9 K for wavenumber k = 1 and 2.

RESULTS
Figure 3 shows the snapshots of quantum vortices (black

line) and vortex tubes (green) in turbulence driven by Eq. (1).
The four large vortex tubes of normal-fluid is generated by the
force of Eq. (1) and the smaller vortex tubes are produced per-
pendicular to the four large vortex tubes periodically. The large
four vortex tubes wind up and stretch the quantized vortices so

-100.0 0 100.0
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

ui / i

Pr
(u

i) 
 i

GY Schwarz
two fluids  x  y

-3.0 -2.0 -1.0 0 1.0 2.0 3.0
10-1

ui / i

Pr
(u

i) 
 i

GY Schwarz
two fluids  x  y
only normal  x  y

Figure 4. Pdfs of velocity of superfluid (top) and normal-
fluid (bottom) in turbulence driven by Eq. (1).

that the superfluid transits to quantum turbulence. The quan-
tized vortices concentrate inside and around the vortex tubes.
In experiments (Gao et al., 2017), it is known that quantum
turbulence has an energy spectrum with a −5/3 power law.
These bundles of quantized vortices generated by the normal-
fluid turbulence may contribute to the power law.

The pdfs of superfluid and normal-fluid velocities for Fig.
3 are shown in Fig. 4. The pdfs of superfluid velocity have a
−3 power tail distribution (Paoletti et al., 2008). The velocity
pdfs of only the normal-fluid yield the Gaussian distribution.
However, the normal-fluid velocity pdfs in two fluids give the
Gaussian distribution around the center and −3 power tail dis-
tribution owing to the interaction. All pdfs are symmetrical in
the x and y directions.

Figure 5 shows the snapshots of quantum vortices (black
line) and vortex tubes (green) of normal-fluid in the flow di-
rection of a counterflow. The vortex tubes become fine when
compared with the case of no quantized vortices because the
fine vortex tubes are produced as the wake generated from
the quantized vortex. Interestingly, two large tornado vortex
cells are generated around the upper-left and lower-right in the
streamwise direction. These large vortex cell structures are
never seen without the quantized vortices.

The pdfs of superfluid and normal-fluid velocities for Fig.
5 are shown in Fig. 6. The pdfs of superfluid velocity have
−3 power tail distribution and are symmetrical in the x and
y directions. The normal-fluid velocity pdf in the x direction
shows the Gaussian distribution around the center and nega-
tively skewed −3 power tail owing to the interaction with the
superfluid. The double-peak pdf emerges in the y direction
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Figure 3. Snapshots of quantum vortices (black line) and vortex tubes (green) in turbulence driven by Eq. (1) (left: side view, right:
top view).

Figure 5. Snapshots of quantum vortices (black line) and vortex tubes (green) in thermal counterflow (left: side view, right: front
view).

owing to the two large tornadoes.

SUMMARY

Turbulence phenomena in superfluid helium were inves-
tigated by considering the interaction between superfluid and
normal-fluid. Two-way coupled numerical simulation was car-
ried out via mutual friction. The major conclusions are as fol-
lows.

In the quasi-classical turbulence obtained by forced ho-
mogeneous isotropic turbulence, quantized vortices winded
by the normal-fluid vortex tubes are accumulated inside and
around the vortex tubes. The pdf of normal-fluid velocity is
affected by the superfluid velocity whose pdf has a −3 power
tail. In ultra-quantum turbulence produced in a thermal coun-
terflow, two large normal-fluid tornadoes with dense quantized
vortices are induced in the streamwise direction, and small-
scale vortex tubes are generated by the quantized vortices. The
pdf of normal-fluid velocity depends on the flow direction and
transverse direction.

REFERENCES
Adachi, H., Fujiyama, S., & Tsubota, M. 2010 Steady-state

counterflow quantum turbulence: Simulation of vortex fila-
ments using the full Biot-Savart law. Physical Review B 81,
104511.

Gao, J., Varga, E., Guo, W., & Vinen, W. F. 2017 Energy spec-
trum of thermal counterflow turbulence superfluid helium-
4. Physical Review B 96, 094511.

Goto, S., Saito, Y., & Kawahara, G. 2017 Hierarchy of antipar-
allel vortex tubes in spatially periodic turbulence at high
Reynolds numbers. Physical Review Fluids 2, 064603.

Paoletti, M. S., Fisher, M. E., Sreenivasan, K. R., & Lath-
rop, D. P. 2008 Velocity statistics distinguish quantum tur-
bulence from classical turbulence, Physical Review Letters
101, 154501.

Schwarz, K. W. 1985 Three-dimensional vortex dynamics in
superfluid He: Line-line and line-boundary interactions.
Physical Review B 31, pp. 5782-5804.

Schwarz, K. W. 1988 Three-dimensional vortex dynamics in
superfluid He: Homogeneous superfluid turbulence. Physi-
cal Review B 38, pp. 2398-2417.

Yokota, R., Sheel, T., & Obi, S. 2007 Calculation of isotropic

3



13th International Symposium on Turbulence and Shear Flow Phenomena (TSFP13)
Montreal, Canada, June 25–28, 2024

-100.0 0 100.0
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

ui / i

Pr
(u

i) 
 i

ABC 9mm/s Schwarz
two fluids  x  y

-3.0 -2.0 -1.0 0 1.0 2.0 3.0
10-2

10-1

100

ui / i

Pr
(u

i) 
 i

ABC 9mm/s Schwarz
two fluids  x  y

Figure 6. Pdfs of velocity of superfluid (top) and normal-
fluid (bottom) in thermal counterflow.
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