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ABSTRACT
High-fidelity simulations were conducted to investigate

the turbulent boundary layers around a finite-span NACA0012
wing with rounded wing-tip geometry at a chord-based
Reynolds number of 𝑅𝑒𝑐 = 200000 and various angles of at-
tack up to 10◦. This study aims at discerning the differences
between the boundary layers on the finite-span wing and those
on infinite-span wings at equivalent angles of attack. After ex-
cluding effects from the reduced effective angle of attack due
to the induced velocity by the wing-tip vortex and other more
localized three-dimensional effects (such as skewed velocity
profiles), it was observed that the finite-span boundary layers
exhibit a lower near-wall peak in their streamwise Reynolds
stress profiles and a higher turbulence level near the boundary
layer edge, particularly in regions closer to the wing tip. These
discrepancies are explained by variations in adverse pressure
gradient levels across the span, differences in flow history in
the wall-normal direction caused by the skewed velocity pro-
files, and the variable boundary layer thickness caused by vor-
tex formation and other finite-span effects. The primary focus
of this study is on the turbulent boundary layers, with other
aspects of the flow reserved for future investigations.

INTRODUCTION
The pressure difference between the suction and pressure

sides of a finite-span wing results in the formation of wing-
tip vortices. These vortices significantly influence the flow
by inducing a downwash on the wing (i.e., an induced invis-
cid velocity oriented downwards relative to the free-stream;
cf. Houghton et al., 2013, and references therein). This phe-
nomenon alters the free-stream direction by inducing a down-
ward velocity component proportional to the vortex strength
and inversely proportional to the distance from its core (gov-
erned by the Biot-Savart law), thereby reducing the wing effec-
tive angle of attack over the entire span. Since the magnitude
of this induced downwash diminishes with increasing distance
from the vortex core, different spanwise locations on the wing
experience varied free-stream directions, resulting in a non-
uniform spanwise pressure distribution. This causes a span-

wise pressure gradient, varying across both chord and span,
and induces skewness in the velocity profile (cf. the review by
Devenport & Lowe, 2022, and references therein). These have
secondary implications on the turbulent boundary layers.

The primary objective of this study is to explore the flow
near the wing, focusing on how the turbulent boundary lay-
ers are influenced by the presence of the wing-tip vortex and
its induced three-dimensionality. The focus is on the differ-
ences between the finite- and infinite-span wings; thus, com-
mon behaviors such as the response to favorable and adverse
pressure gradients are excluded from this study. More details
about such effects can be found in works such as Spalart &
Watmuff (1993); Perry et al. (2002); Bobke et al. (2017); Vin-
uesa et al. (2018); Gibis et al. (2019); Pozuelo et al. (2022).
Furthermore, we limit our scope to the regions of the wing that
are not dominated by wing-tip vortices or trailing edge effects.

High-fidelity simulations are employed to distinguish be-
haviors in finite-span wings that are absent in their infinite-
span counterparts under similar configurations and effective
angles of attack. The simulated wings have a symmetric
NACA0012 profile and rounded wing-tip geometry. We study
free-flight conditions at several angles of attack with a chord-
based Reynolds number of 𝑅𝑒𝑐 =𝑈∞𝑐/𝜈 = 200000, where𝑈∞
denotes the free-stream velocity, 𝑐 the chord length, and 𝜈 the
kinematic viscosity.

NUMERICAL SETUP
The incompressible Navier–Stokes equations are spa-

tially discretized and integrated over time using the high-
order solver Nek5000 (Fischer et al., 2010), which features
adaptive mesh refinement (AMR) capabilities developed at
KTH (Peplinski et al., 2018; Offermans et al., 2020; Tanarro
et al., 2020). The velocity field is approximated using poly-
nomials of order 𝑝 = 7, with dealiasing of the nonlinear con-
vective term. The velocity-pressure coupling follows the
𝑃𝑁 −𝑃𝑁−2 formulation. Time integration is achieved through
an implicit third-order backward differentiation scheme for
viscous terms and an explicit third-order extrapolation for the
nonlinear terms.
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Table 1. Grids used in the study. P-𝛼 denotes periodic wings
and RWT-𝛼 refers to finite-span wings. 𝑁GLL is the total num-
ber of Gauss–Lobatto–Legendre (GLL) points. Δ values rep-
resent mean resolution calculated as element size over poly-
nomial order, and 𝛿1𝑦BL is the distance from the wall of the
first off-wall GLL point. Boundary layer resolutions, Δ∗BL,
are scaled by the viscous length 𝛿𝜈 , while wake resolutions
are normalized using the Kolmogorov scale, 𝜂.

Case 𝛼 𝑁GLL (Δ𝑥+BL , 𝛿1𝑦
+
BL ,Δ𝑧

+
BL ) (Δ𝑥,Δ𝑦,Δ𝑧)/𝜂

P-0 0◦ 376× 106 (10.3,0.72,8.7) (5.8,3.6,3.7)
P-2 2◦ 383× 106 (10.3,0.71,8.7) (5.8,3.5,3.8)
P-5 5◦ 376× 106 (10.5,0.73,8.5) (5.2,3.2,3.3)
P-10 10◦ 438× 106 (12.0,0.80,9.0) (6.1,3.8,4.0)
RWT-0 0◦ 952× 106 (11.4,0.70,6.9) (5.5,2.6,1.7)
RWT-5 5◦ 1.56× 109 (10.6,0.75,6.0) (5.7,2.8,1.7)
RWT-10 10◦ 2.16× 109 (10.6,0.80,5.4) (5.6,3.0,1.8)

Figure 1. The grid used in RWT-10 as an example of the
grids used in this study with instantaneous vortical structures
represented by isosurfaces of 𝜆2𝑐

2/𝑈2
∞ = −100 and colored by

streamwise velocity, ranging from low (blue) to high (red), for
visual reference.

This study encompasses seven configurations: four peri-
odic (infinite-span) wing sections at angles 𝛼 = 0◦, 2◦, 5◦, and
10◦, and three finite-span wings at angles 𝛼 = 0◦, 5◦, and 10◦.
Each wing maintains a non-tapered, non-swept planform with-
out dihedral angles or twists. The three-dimensional wings
feature an aspect ratio of 1.5 with rounded wing-tip geometry.
Turbulence is induced via tripping of the boundary layers on
both the suction and pressure sides in every case, and a sym-
metry boundary condition is enforced at the wing root.

The production grids are derived from an initial grid, re-
fined iteratively using the solution-based spectral error indica-
tor for turbulent flows, as outlined by Mavriplis (1990). Re-
finement is facilitated by manual interventions, such as desig-
nating wall elements for refinement. Table 1 presents a sum-
mary of the characteristics for the production grids used, in-
dicating that their resolutions are close to those required for
direct numerical simulation (DNS). An illustration of the grids
used in this study is provided in Figure 1 using the example of
RWT-10 with 4.23 million spectral elements.

Flow transients are removed both during the grid-
adaptation stage and after reaching the production grid. Fol-
lowing the removal of these transients, solution statistics are
collected over extended periods to ensure robustness: 5𝑐/𝑈∞
for the periodic configurations (P-0, P-2, P-5, P-10), approxi-
mately 8𝑐/𝑈∞ for RWT-0 and RWT-10, and an extended pe-
riod of 23.2𝑐/𝑈∞ for RWT-5. The averaging times for RWT-0
(which allows for averaging along the symmetric 𝑦-direction)
and RWT-5 are similar in terms of the eddy turnover time—

Figure 2. The instantaneous flow around the finite-span
wing RWT-10. Plots show the instantaneous vortical struc-
tures, visualized by iso-surfaces of 𝜆2𝑐

2/𝑈2
∞ = −100 colored

by streamwise velocity from −0.3𝑈∞ (blue) to 1.3𝑈∞ (red).
The wing surface is shown in light grey.

defined based on the boundary layer thickness and friction ve-
locity, 𝛿99/𝑢𝜏 (Kim et al., 1987)—which represents the most
relevant timescale for the studied quantities. However, RWT-
10 has a shorter integration period due to constraints on com-
putational resources.

Statistics are collected on the fly at a sampling rate higher
than the flow’s highest frequency, determined by the viscous
timescale 𝜈/𝑢2

𝜏 . For the periodic cases, which exhibit homo-
geneity in the spanwise direction, an ensemble average is also
performed across this direction. Similarly, the RWT configura-
tions (RWT-0, RWT-5, and RWT-10) benefit from the applica-
tion of a wide Gaussian filter with an adjustable width tailored
to the specific flow physics, facilitating a smoother and more
accurate convergence of solution statistics. More details about
the filtering procedure can be found in Toosi et al. (2024).

To ascertain the reliability of the statistical data, the com-
plete record for each configuration is segmented into four
equal batches. These batches are then used to compute the
confidence intervals for each quantity of interest using the non-
overlapping batch method (cf. Conway, 1963). The calculated
confidence intervals are small compared to the observed differ-
ences between the finite- and infinite-span wings for all quan-
tities of interest here, and are thus not plotted.

RESULTS AND DISCUSSIONS
The instantaneous flow field

The flow around the RWT-10 configuration is depicted
in Figure 2, which illustrates the instantaneous vortical struc-
tures of the flow using the 𝜆2 visualization method proposed
by Jeong & Hussain (1995). This visualization captures the
turbulent boundary layer along the wing, the turbulent wake,
and the prominent wing-tip vortex. This vortex appears as a
cylindrical shape embedded within turbulent structures, initi-
ating near the wing tip and maintaining coherence well down-
stream, covering the entire field of view in Figure 2. No-
tably, such a wing-tip vortex is only observable in configu-
rations that generate lift, such as RWT-5 and RWT-10, and is
absent in the RWT-0 configuration. The relatively low friction
Reynolds number of the flow (200 ≲ 𝑅𝑒𝜏 ≲ 300) is apparent
from the hairpin-dominated structure of the turbulent boundary
layers (cf. Eitel-Amor et al., 2015). Additionally, the tripping
line spans the entire wing from root to tip, excluding the tip it-
self, resulting in laminar flow characteristics near the wing tip
and a distinct laminar-turbulent interface at the spanwise end
of the tripping line.
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The impact of change in the effective angle of
attack

The primary influence of wing-tip vortices is the induced
downwash over the wing, altering the effective angle of at-
tack, denoted as 𝛼eff . Changes in 𝛼eff lead to variations in
the pressure distribution across the wing surface, thereby in-
fluencing the streamwise pressure gradients that the boundary
layer encounters. Figure 3 offers a comparative analysis of
the boundary layer thickness, 𝛿99, and the streamwise Clauser
pressure gradient parameter 𝛽𝑥BL (Clauser, 1954, 1956) across
all wings involved in this study. It is noteworthy that the
boundary layers on finite-span wings exhibit similarities with
those on periodic wings when compared at the same effective,
rather than geometric, angle of attack. In order to eliminate
these inviscid effects from our analysis, in the rest of this study,
we compare finite- and infinite-span wings at similar 𝛼eff .

The skewed velocity profiles, the collateral re-
gion near the wall, and rotation into wall-shear
coordinates

The non-uniform pressure distribution along the span cre-
ates a spanwise pressure gradient on the wings. The combina-
tion of the nearly constant pressure gradient across the bound-
ary layer thickness 𝛿99 and the variations in flow momentum as
a function of wall normal distance lead to a variable deflection
angle of the flow. This skewness introduces additional shear
components in the wall-normal direction, contributing to non-
zero production terms for Reynolds stresses. As depicted by
the mean streamlines in Figure 4 (a), these variations are more
pronounced near the tip and diminish towards the root. How-
ever, Figure 4 (b) shows that 𝛾stream is relatively constant in
the near-wall region, particularly for 𝑦+ ≤ 30, a region termed
the collateral region (cf. Devenport & Lowe, 2022, and ref-
erences therein). This constancy simplifies subsequent analy-
ses; specifically, in a coordinate system aligned with the wall
shear (i.e., the wall projection of the streamlines), the addi-
tional shear components disappear for 𝑦+ ≤ 30. As Reynolds
stresses are lower above this region, the flow characteristics re-
semble those of two-dimensional boundary layers. The com-
parisons of the next section are based on the Reynolds stress
components in the wall-shear-aligned coordinate system.

Non-local finite-span effects
Two other notable effects are associated with the finite

span of the wing and the three-dimensional flow field. These
are the underlying contributors to the discussed behaviors and
departures from the infinite-span boundary layers observed
here.

Firstly, the formation of wing-tip vortices drives a flow
acceleration from the pressure side towards the suction side,
yielding a wall-normal velocity that varies along both the
chord and the span. Notably, areas closer to the tip and nearer
the leading edge, where the vortex formation initiates, exhibit
increased positive (away from the wall) wall-normal velocities
(and its wall-normal gradient). This variation influences the
boundary layer development, where increased wall-normal ve-
locities correlate with an increased boundary layer growth rate
through the continuity equation. Consequently, 𝛿99 exhibits
a slight increase near the tip on the suction side, while the
boundary layers on the pressure side appear thinner in these
regions. This phenomenon is primarily attributed to inviscid
effects.

Secondly, the variation in the deflection angle in the nor-
mal distance from the wall, as a consequence of a combina-

tion of viscous and inviscid effects, results in streamlines that
converge from different spanwise positions along the wing.
Given that the effective angle of attack and consequently the
streamwise pressure gradients vary across spanwise locations,
fluid particles at different wall-normal distances have been
subjected to different flow histories. This influence intensifies
near the wing tip, where both the deflection angle variation (as
depicted in Figure 4 (b)) and the pressure gradient variations
are more pronounced.

In this analysis, the boundary layers on finite-span wings
are compared with those on infinite-span wings to characterize
these effects. Equivalence between the finite and infinite-span
wings is based on the similarity of local values for 𝑅𝑒𝜏 and
𝛽𝑥𝜏 , as well as the similarity in their development histories
achieved by matching their effective angles of attack.

The first trend observed in Figure ?? (a) is a decrease in
the near-wall peak of 𝑅+

11 in finite-span wings in comparison
to periodic profiles with streamwise distance, which becomes
more pronounced further downstream. This discrepancy pri-
marily stems from a milder adverse pressure gradient encoun-
tered by the boundary layer near the wing tip. This condition
is a direct consequence of the reduced effective angle of attack
in that specific region.

Another trend evident in Figure 5 (a) is the elevated
Reynolds stress levels in the outer region of the boundary layer,
particularly near its edge. This increase is more pronounced in
spanwise locations closer to the tip. Furthermore, this effect
shows a growing spanwise influence downstream. This phe-
nomenon is linked to the increased wall-normal velocity and
its gradient near the wing tip. The augmented wall-normal
velocity causes greater boundary layer growth and thickness,
which manifests as increased Reynolds stress levels observ-
able at farther distances from the wall. The spanwise variation
in wall-normal velocity tends to diminish downstream. These
observations indicate that the expanding spanwise influence of
this effect is likely initiated by the upstream conditions of the
boundary layer, its subsequent flow development towards the
root, and the spanwise propagation of non-zero fluctuations
due to mixing and transport processes.

At these low Reynolds numbers, the available develop-
ment length for the boundary layers, proportional to 𝑐/𝛿99, is
considerably lower than what is required to achieve equilib-
rium. This results in a transient response from the boundary
layers to variations in their thickness, primarily manifesting as
a displacement of the outer structures away from the wall. This
shift propagates across the boundary layer thickness as it de-
velops. This hypothesis is explored in Figure 5 (b), where the
profiles from Figure 5 (a) are displayed in outer units. These
profiles are juxtaposed with those from infinite-span wings at
matched (𝑅𝑒𝜏 , 𝛽𝑥𝜏 ) and matched 𝛿99 conditions. A shift in the
location of the outer structures away from the wall would be
evidenced by a corresponding Reynolds stress profile near the
boundary layer edge, which is the behavior indeed observed in
Figure 5 (b). The extent of agreement in the wall-normal pro-
files around the boundary layer edge diminishes downstream,
suggesting that this phenomenon is linked to the ongoing de-
velopment of the boundary layers and their gradual response
to the changes induced by increased thickness. Further explo-
ration of the implications of this behavior is discussed subse-
quently.

The spanwise variation of 𝑅+
11 is depicted in Figure 6 (a)

and (b), revealing a noticeable reduction in the magnitude of
the near-wall peak of the Reynolds stress, especially approach-
ing the tip. This attenuation is influenced primarily by two
mechanisms:
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(a) (b)

Figure 3. The impact of the effective angle of attack 𝛼eff on boundary layers. Panels (a) and (b) show the change in boundary layer
thickness 𝛿99 and the streamwise Clauser pressure gradient parameter 𝛽𝑥BL on the suction side of wings due to the change in 𝛼eff .
Different colors show different angles of attack from lightest to darkest corresponding to 𝛼 = 0◦, 2◦, 5◦, and 10◦, respectively. Solid
lines correspond to finite-span wings, while dotted lines show the periodic cases.

XXXXXy
®𝑼∞

(a) (b)

Figure 4. Deflection of the streamlines in RWT-5: (a) evolution of streamlines released downstream of the tripping line from
equidistance locations in the spanwise location, (b) the deflection angle at a single streamwise location on the wing, with colors from
light to dark showing different spanwise locations from the root to the tip. The contour plot on the wing surface in panel (a) shows the
pressure coefficient 𝑐𝑝 from −1 (dark blue) to +1 (dark red) in increments of 0.1.

(a) (b)

Figure 5. Variation of the (a) inner-scaled and (b) outer-scaled streamwise Reynolds stress with streamwise distance from the leading
edge. Plotted profiles correspond to the evolution along streamlines released close to the tip. Profiles further downstream are shifted
vertically by 2 units in panel (a) and by 0.005 units in panel (b) for visual clarity. The profiles are from RWT-5 (solid lines) and P-2
(dashed lines). All streamlines are released in the near-wall (approximately collateral) region.

Firstly, the effective angle of attack, which diminishes
closer to the tip due to spanwise variation, results in milder
adverse pressure gradients (characterized by lower 𝛽𝑥𝜏 val-
ues). Consequently, there is a less pronounced increase in the
inner-scaled Reynolds stress profiles and the turbulent kinetic
energy that typically result from adverse pressure gradients.

This reduction in adverse effects leads to overall decreased
inner-scaled Reynolds stress levels, manifesting as a reduced
near-wall peak.

Secondly, the attenuation of the near-wall peak of 𝑅+
11 is

also attributed to the increased growth rate of the boundary lay-
ers near the tip. This growth leads to reduced production terms
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(a) (b)

Figure 6. Variation of the inner-scaled Reynolds stress 𝑅+
11 with spanwise distance from the root. Panels (a) and (b) correspond to

distances of 70% and 90% form the leading edge, respectively. Profiles closer to the wing tip are shifted vertically by 2 units for visual
clarity. The profiles are from RWT-5 (solid lines) and P-2 (dashed lines). All streamlines are released in the near-wall (approximately
collateral) region.

near the wall due to decreased velocity gradients in the wall-
normal direction as well as additional transport away from the
wall. These dynamics collectively contribute to the reduction
in the peak of 𝑅+

11 profiles, thereby diminishing turbulence lev-
els near the wall.

It is important to emphasize that the reference profiles
used for comparisons in this section were selected to mini-
mize potential discrepancies between the finite- and infinite-
span wing profiles as much as possible. This approach en-
sures that the observed differences are primarily attributable
to a few key mechanisms. However, this method also tends
to mask some of the more significant discrepancies, poten-
tially understating the real differences between the profiles.
This is partially demonstrated in Figure 5 (b), which exhibits
a larger variation in 𝑅11 profiles when only matching stream-
wise locations. Notably, at the spanwise location chosen for
this figure, RWT-5 shows a reduced effective angle of attack
of approximately 1◦. A lower effective angle of attack gener-
ally results in thinner boundary layers and a more pronounced
outer-scaled near-wall peak in 𝑅11, suggesting that the actual
difference between the finite- and infinite-span wings might be
more substantial than what is portrayed in the figure.

SUMMARY AND CONCLUSIONS
High-fidelity simulations were conducted to investigate

the turbulent boundary layers around a finite-span NACA0012
wing and to discern the differences between the boundary lay-
ers on the finite-span wing and those on infinite-span wings
at equivalent angles of attack. A spanwise pressure gradient, a
well-known inviscid effect, was present in all finite-span cases,
including RWT-0, which does not generate lift. This pressure
gradient caused the boundary layers to deflect towards the root
on the suction side and towards the tip on the pressure side.
The deflection angle varied across the span, chord, and in the
wall-normal direction, reflecting a faster response from the low
momentum fluid near the wall (see Devenport & Lowe, 2022,
and references therein).

The variable deflection angle across the boundary-layer
thickness means that fluid particles across a wall-normal line
have converged from different spanwise locations and, due
to the variable pressure gradient across the span, have differ-
ent histories. Additionally, the increased wall-normal velocity
along the span near the tip led to accelerated growth rates for
the boundary layer farther from the root, each affecting the
boundary layer in ways discussed. More details about the flow

and its physics is included in Toosi et al. (2024). Aspects of
the flow other than those related to turbulent boundary layers
are reserved for future investigations.

Interestingly, many attributes typically associated with
three-dimensional turbulent boundary layers (summarized in
Devenport & Lowe, 2022), such as a depressed wake in the
mean velocity profile (cf. Spalart et al., 2008), a reduction in
Townsend’s structure parameter (cf. Littell & Eaton, 1994), or
significant changes in the pressure-strain term (cf. Lozano-
Durán et al., 2020), were not observed in this study. This
absence is likely due to the relatively weak variation of the
deflection angle in the wall-normal direction and the grad-
ual variation of this and other parameters along the stream-
lines, which allowed the boundary layers to approach their
two-dimensional state.

In terms of modeling, the observed weak three-
dimensionality in these boundary layers suggests that exist-
ing turbulence models may only require minor adaptations to
account for these effects. Further research could explore the
boundary layer behaviors in different wing configurations to
better understand the scaling of these effects and refine predic-
tive models accordingly.
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