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ABSTRACT 

A non-local eddy diffusivity model for the turbulent scalar 
flux was recently proposed to improve the local model and was 
validated using direct numerical simulation (DNS) of 
homogeneous isotropic turbulence. Because the energy 
spectrum is used to express the non-local eddy diffusivity, the 
model is not sufficient to extend to inhomogeneous turbulence. 
In this study, to improve the non-local model, we use the scale-
space energy density instead of the energy spectrum. A new 
model was proposed and validated using the DNS data. The 
temporal behaviour of the non-local eddy diffusivity was 
improved compared to the previous model. An attempt to apply 
the model to a turbulent channel flow was also made by 
incorporating an anisotropic effect.  

 
 

INTRODUCTION 
In the eddy diffusivity model, the turbulent scalar flux at a 

point is assumed to be proportional to the mean scalar gradient 
at the same point. However, this local approximation is not 
always valid for actual turbulent flows. A local gradient-
transport model requires that the characteristic scale of the 
transport mechanism is small compared to the distance over 
which the mean gradient of the transported property changes 
appreciably. In turbulent flow, the length scale of turbulence is 
often as large as that of the mean-field variation. 

Non-local expressions for the scalar flux were investigated 
theoretically using the Green's function. Using the direct 
interaction approximation, Kraichnan (1964) showed that the 
non-local eddy diffusivity can be approximated in terms of the 
averaged Green's function and velocity correlation. Moreover, 
using the Green's function for the scalar equation, Kraichnan 
(1987) derived an implicit exact non-local expression for the 
scalar flux. Hamba (1995) modified the Green's function to 
obtain an explicit exact expression for the scalar flux. The non-
local eddy diffusivity was evaluated using the direct numerical 
simulation (DNS) of channel flow (Hamba 2004). 

Non-local models have also been investigated by different 
approaches. For example, Mani and Park (2021) developed the 
macroscopic forcing method to reveal the differential operators 
associated with turbulence closures. Using this method Liu et al. 

(2023) examined the non-local eddy diffusivity systematically 
and proposed reduced-order non-local models. 

Recently, Hamba (2022b) examined the non-local 
expression for the scalar flux in detail using the DNS of 
homogeneous isotropic turbulence with an inhomogeneous 
mean scalar. A systematic model expression was proposed for 
the non-local eddy diffusivity, in which the two-point velocity 
correlation was expressed in terms of the energy spectrum. 
However, because the Fourier transform in homogeneous 
directions was used to define the energy spectrum, it is not clear 
whether the model can be applied to inhomogeneous turbulence. 

In this study, we improve the non-local eddy diffusivity 
model by using the scale-space energy density developed by 
Hamba (2022a). We derive an expression for the two-point 
correlation using the scale-space energy density instead of the 
energy spectrum and propose a new model for the non-local 
eddy diffusivity (Hamba, 2023). The model was examined using 
the DNS data and compared to the previous model. 
 
 
NON-LOCAL EXPRESSION FOR SCALAR FUX 

A non-local expression for the turbulent scalar flux 〈𝑢!𝜃〉 
can be written as 
							〈𝑢!𝜃〉(𝒙, 𝑡) 

= −-𝑑𝒙"- 𝑑𝑡"
#

$%
𝜅&'!((𝒙, 𝑡; 𝒙", 𝑡")

𝜕
𝜕𝑥("

Θ(𝒙", 𝑡")							(1) 

where 𝑢! , 𝜃 , and Θ  are the velocity fluctuation, the scalar 
fluctuation, and the mean scalar, respectively. Here, 
𝜅&'!((𝒙, 𝑡; 𝒙", 𝑡") is the non-local eddy diffusivity, representing 
a non-local effect of the mean scalar gradient at (𝒙", 𝑡") on the 
scalar flux at (𝒙, 𝑡). It is given by 

𝜅&'!((𝒙, 𝑡; 𝒙", 𝑡") = 〈𝑢!(𝒙, 𝑡)𝑔((𝒙, 𝑡; 𝒙", 𝑡")〉									(2) 
where 𝑔((𝒙, 𝑡; 𝒙", 𝑡")  is the Green's function for the scalar 
fluctuation (Hamba 2022b). 

We examined the DNS data of steady homogeneous 
isotropic turbulence with an inhomogeneous mean scalar to 
verify the non-local expression given by (1) (Hamba 2022b). 
Physical quantities were non-dimensionalized by the turbulence 
intensity 〈𝑢!)〉*/) and the length scale 𝐿,/2𝜋 (𝐿, is the domain 
size). In addition to the velocity field, we solved the transport 



13th International Symposium on Turbulence and Shear Flow Phenomena (TSFP13) 
Montreal, Canada, June 25-28, 2024 

 

2 
	

equation for the scalar fluctuation. A fixed one-dimensional 
profile of the mean scalar Θ(𝑦) was used as follows: 

𝜕Θ
𝜕𝑦 = ;

𝑐𝑜𝑠	𝑦, case	1
𝑐𝑜𝑠	2𝑦 + (1 + 𝑐𝑜𝑠	4𝑦)/4, case	2										(3) 

Because the velocity field is statistically steady and 
homogeneous in the 𝑥 and 𝑧 directions, the non-local expression 
given by (1) can be rewritten as  

〈𝑢-𝜃〉&'(𝑦) = −- 𝑑𝑦"
%

$%
𝜅&'--(𝑦; 𝑦")

𝜕Θ
𝜕𝑦′										(4) 

where 

𝜅&'--(𝑦; 𝑦") = - 𝑑𝑥"
%

$%
- 𝑑𝑧"
%

$%
- 𝑑𝑡"
#

$%
𝜅&'--(𝒙, 𝑡; 𝒙", 𝑡")		(5) 

Figure 1 shows the profiles of the scalar fluxes as functions of 𝑦 
for the two cases. The profiles of 〈𝑢-𝜃〉&'  given by (4) agree 
with the DNS values for both cases. This agreement verifies the 
non-local expression for the scalar flux given by (1). In contrast, 
the profiles of 〈𝑢-𝜃〉' for the local model overpredicted the DNS 
values. 
	
	
NON-LOCAL DIFFUSIVITY BASED ON SCALE-SPACE 
ENERGY DENSITY 

We consider an expression for the non-local eddy diffusivity 
for isotropic velocity field 

𝜅&'!((𝒓, 𝜏) = 〈𝑢!(𝒙, 𝑡)𝑔((𝒙, 𝑡; 𝒙", 𝑡")〉	= 𝜅&'(𝑟, 𝜏)𝛿!( 					(6) 
which is a function of 𝒓(= 𝒙 − 𝒙")  and 𝜏(= 𝑡 − 𝑡")  for 
homogeneous and steady turbulence. We investigate the non-
local eddy diffusivity 𝜅&'(𝑟, 𝜏)  and its time integral 𝜅&'(𝑟) 
given by 

𝜅&'(𝑟) = - 𝑑𝜏
%

.
𝜅&'(𝑟, 𝜏)																									(7) 

We model the non-local eddy diffusivity in terms of the two-
point velocity correlation 𝑄!!(𝒓)(= 〈𝑢!(𝒙, 𝑡)𝑢!(𝒙", 𝑡)〉)  as 
follows: 

𝜅&'(𝑟, 𝜏) = 𝐺(𝑟, 𝜏)𝑄(𝑟)																								(8) 
where 𝑄(𝑟) = 𝑄!!(𝒓)/3 . The time-dependent part 𝐺(𝑟, 𝜏) 
appearing in (8), which corresponds to the mean Green's 
function for the scalar fluctuation, was given by 

𝐺(𝑟, 𝜏) =
1

(4𝜋)//)(𝐶01𝑢.𝜏)/
𝑒𝑥𝑝 U−

𝑟)

4(𝐶01𝑢.𝜏))
V				(9) 

where 𝑢. = 〈𝑢!)〉*/) = (2𝐾)*/) and 𝐶01 is a model constant. In 
Hamba (2022b), the two-point correlation 𝑄(𝑟) was expressed 
in terms of the Kolmogorov energy spectrum. In this work, we 
used the scale-space energy density developed by Hamba 
(2022a). 

We introduce two filtered velocities. The first filtered 
velocity 𝑢Y!(𝒙, 𝑠) is based on a Gaussian filter. It is defined as 

𝑢Y!(𝒙, 𝑠) = -𝑑𝒙" 𝐺̅(𝒙 − 𝒙", 𝑠)𝑢!(𝒙")																(10) 

where 𝐺̅(𝒙, 𝑠) is the filter function given by 

𝐺̅(𝒙, 𝑠) =
1

(2𝜋𝑠)//) 𝑒𝑥𝑝 \−
𝒙)

2𝑠]																(11) 

The filtered velocity 𝑢Y!(𝒙, 𝑠) represents the velocity with a scale 
greater than 𝑠. By differentiating 𝑢Y!(𝒙, 𝑠) with respect to 𝑠, we 
can obtain a filtered velocity with a scale equal to 𝑠: 

𝑢̂!(𝒙, 𝑠) ≡ −
𝜕
𝜕𝑠 𝑢Y!(𝒙, 𝑠) = -𝑑𝒙" 𝐺̀(𝒙 − 𝒙", 𝑠)𝑢!(𝒙")			(12) 

The original velocity 𝑢!(𝒙) can be written as 

𝑢!(𝒙) = - 𝑑𝑠
%

.
𝑢̂!(𝒙, 𝑠)																									(13) 

Next, we consider the two-point correlation of filtered 
velocities with the same scale as follows: 

𝑄Y!!(𝒙*, 𝒙), 𝑠) = 〈𝑢Y!(𝒙*, 𝑠)𝑢Y!(𝒙), 𝑠)〉															(14) 
Another correlation can be defined as 

𝑄̀!!(𝒙*, 𝒙), 𝑠) ≡ −
𝜕
𝜕𝑠𝑄

Y!!(𝒙*, 𝒙), 𝑠)																(15) 
Using the second correlation we can decompose the original 
velocity correlation into modes in the scale space as follows: 

𝑄!!(𝒓) = - 𝑑𝑠
%

.
𝑄̀!!(𝒓, 𝑠)																									(16) 

In the case of 𝒓 = 𝟎 , the turbulent kinetic energy can be 
decomposed as 

〈𝑢!)〉 = - 𝑑𝑠
%

.
𝑄̀!!(𝑠)																										(17) 

where 𝑄̀!!(𝑠)(= 𝑄̀!!(𝟎, 𝑠))  is the energy density in the scale 
space. Figure 2 shows profiles of the pre-multiplied energy 
density 𝑠𝑄̀!!(𝑠) as functions of 𝑠. The DNS value was plotted in 
black line. Symbols represent the locations of six scales at which 
two-point correlations are plotted in Figs 3 and 4. We propose a 
simple expression for the energy density as follows: 

𝑄̀!!(𝑠) = b
𝜈$*𝜀, 𝑠 < 𝑠2

𝐶3𝜀)//𝑠$)//, 𝑠2 ≤ 𝑠 ≤ 𝑠4
𝐶3𝜀)//𝑠4

**/5𝑠$6/), 𝑠 > 𝑠4
								(18) 

where 𝑠2(= 𝐶3
//)𝜈//)𝜀$*/))  and 𝑠4[= (6/11)/𝐶3$/𝐾/𝜀$) 

(1 + 𝐶3
//)𝜈*/)𝐾$*𝜀*/))/] are the scales of the dissipation and 

energy-containing ranges, respectively. The profile of 𝑠𝑄̀!!(𝑠) 
given by (18) with 𝐶3 = 1.9 reasonably agrees with the DNS 
data. 

For the two-point correlation we propose the following 
model 

𝑄̀!!(𝒓, 𝑠) = 𝑄̀!!(𝑠)𝑒𝑥𝑝(−𝑟)/4𝑠)																	(19) 
Figure 3 shows the DNS profiles of 𝑄̀!!(𝒓, 𝑠)  for six scales 
varying from 𝑠 = 0.00094  to 0.96. As 𝑠  increases, the peak 
value decreases and the profile becomes wider. Figure 4 shows 
the profiles of 𝑄̀!!(𝒓, 𝑠)  normalised by 𝑄̀!!(𝑠)  as functions of 
𝑟/𝑠*/) for six scales. Despite the self-similarity not holding very 
well, the function approximately reproduces overall profiles 
decaying as 𝑟/𝑠*/) increases. 

Now, we obtained a new model expression for 𝜅&'(𝑟, 𝜏) 
given by (8) with (9), (18) and (19). The model constants were 
set to 𝐶3 = 1.3 and  𝐶01 = 0.46. Despite (18) with 𝐶3 = 1.9 
giving a good profile in Fig. 2, it leads to a too narrow profile of 
𝜅&'--(𝑦 − 𝑦′) (not shown here). The optimised value was 𝐶3 =
1.3. Figure 5 shows the profiles of 𝑟)𝜅&'(𝑟). As 𝑟 increases, the 
profiles of models decay slightly slowly compared to the DNS 
value, and the profile of the new model is better than that of the 
previous model based on the energy spectrum. 

Figure 6 shows the profiles of 𝜅&'(𝑟, 𝜏) at 𝜏 = 0.2	and 0.4. 
As time difference 𝜏 increases, the peak value at 𝑟 = 0 decays 
rapidly and the width increases gradually. This means that the 
spatial region in which the mean scalar gradient non-locally 
affects the scalar flux is very narrow for small 𝜏 and becomes 
wider as 𝜏 increases. The profiles of the previous model show 
small values whereas those of the new model agree well with the 
DNS value. The new model is more adequate for modelling the 
temporal behaviour of 𝜅&'(𝑟, 𝜏). 

As an attempt to extend the model to inhomogeneous 
turbulence, we show a preliminary result obtained from the DNS 
of a turbulent channel flow at 𝑅𝑒7 = 180 . The velocity 
fluctuations are statistically homogeneous in the streamwise (𝑥) 
and spanwise (𝑧) directions and inhomogeneous in the wall-
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normal (𝑦) direction. Figure 7 shows two-dimensional contour 
plots of the non-local eddy diffusivity given by 
							𝜅&'--(𝑥 − 𝑥", 𝑦, 𝑦", 𝜏) 

= -𝑑𝑧 𝜅&'--(𝑥 − 𝑥", 𝑦, 𝑦", 𝑧 − 𝑧", 𝜏)												(20) 

directly evaluated by the DNS in the 𝑥 − 𝑦  plane for 𝑦" =
−0.7	(𝑦"8 = 54)  at 𝜏 = 0.025  and 0.05. As 𝜏  increased, the 
contours were shifted downstream by the mean velocity and their 
peak values decayed. 

A model for the non-local eddy diffusivity can be written as 
							𝜅&'--(𝑥 − 𝑥", 𝑦, 𝑦", 𝑧 − 𝑧", 𝜏) 

= 𝐺(𝑥 − 𝑥", 𝑦, 𝑦", 𝑧 − 𝑧", 𝜏)𝑄--(𝑥 − 𝑥", 𝑦, 𝑦", 𝑧 − 𝑧")			(21) 
Using the Reynolds stress 𝑅!((= 〈𝑢!𝑢(〉) , the two-point 
correlation is expressed as 

𝑄--(𝑥 − 𝑥", 𝑦, 𝑦", 𝑧 − 𝑧") =
𝑅--(𝑦")
𝑅!!(𝑦")

𝑄(((𝑟,, 𝑟-, 𝑟9)				(22) 

where 𝑟, = 𝑥 − 𝑥" −𝑈,(𝑦")𝜏 , 𝑟- = 𝑦 − 𝑦′  and 𝑟9 = 𝑧 − 𝑧". 
Here 𝑄(((𝒓)  is given by (16). To incorporate an anisotropic 
effect, we modified the time-dependent part 𝐺 as 
							𝐺(𝑥 − 𝑥", 𝑦, 𝑦", 𝑧 − 𝑧", 𝜏) 

=
1

(12𝜋𝐶01) 𝜏))//)det	(𝑹)*/)
𝑒𝑥𝑝\−

𝑅!($*𝑟!𝑟(
12𝐶01) 𝜏)

]			(23) 

Figure 8 shows contour plots of the nonlocal eddy diffusivity 
given by (21) with (22) and (23). The contours were shifted 
downstream adequately by the mean velocity. Because of the 
turbulence anisotropy, the contours were elongated in the 
streamwise direction and slightly tilted towards the bottom wall. 
The overall agreement with the DNS value suggests that the 
present model can be extended to inhomogeneous turbulence. 

 
 

CONCLUSIONS 
A new model for the non-local eddy diffusivity was 

proposed using the turbulent energy density in the scale space 
based on the filtered velocities. Instead of the energy spectrum, 
we used the scale-space energy density to express the two-point 
velocity correlation involved in the model. The new model was 
validated using the DNS data of homogeneous isotropic 
turbulence with an inhomogeneous mean scalar. It was shown 
that the temporal behaviour of the non-local eddy diffusivity was 
improved compared to the previous model. By incorporating an 
anisotropic effect, the non-local eddy diffusivity was evaluated 
for a turbulent channel flow. It is expected that the new model 
can also be applied to wall-bounded turbulence. 
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Figure 1. Profiles of the scalar fluxes as functions of 𝑦 for (a) 
case 1 and (b) case 2. 
 

 
Figure 2. Profiles of the pre-multiplied energy density 𝑠𝑄̀!!(𝑠) 
as functions of 𝑠 for DNS and (18) with 𝐶3 = 1.9 and 1.3. 
 



13th International Symposium on Turbulence and Shear Flow Phenomena (TSFP13) 
Montreal, Canada, June 25-28, 2024 

 

4 
	

 
Figure 3. Profiles of the two-point correlation 𝑄̀!!(𝒓, 𝑠)  as a 
function of 𝑟 at six scales in the scale space. 
 

 
Figure 4. Profiles the two-point correlation 𝑄̀!!(𝒓, 𝑠) normalised 
by 𝑄̀!!(𝑠) as a function of 𝑟/𝑠*/) at six scales in the scale space. 
 

 
Figure 5. Profiles of 𝑟)𝜅&'(𝑟) as functions of 𝑟 for DNS and 
models. 
 

 

 
Figure 6. Profiles 𝜅&'(𝑟, 𝜏)  as functions of 𝑟  for DNS and 
models at (a) 𝜏 = 0.2	 and (b) 𝜏 = 0.4. 
 

 

 
Figure 7. Contour plots of  𝜅&'--(𝑥 − 𝑥", 𝑦, 𝑦′, 𝜏) for channel 
flow obtained from the DNS in the 𝑥 − 𝑦 plane for 𝑦" = −0.7 at 
(a) 𝜏 = 0.025	 and (b) 𝜏 = 0.05. The contour values range from 
0.2 with an increment of 1.6. 
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Figure 8. Contour plots of  𝜅&'--(𝑥 − 𝑥", 𝑦, 𝑦′, 𝜏) for channel 
flow obtained from the model in the 𝑥 − 𝑦 plane for 𝑦" = −0.7 
at (a) 𝜏 = 0.025	 and (b) 𝜏 = 0.05. The contour values range 
from 0.2 with an increment of 1.6. 
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