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ABSTRACT
The restricted nonlinear (RNL) modelling approach is

applied to study developing boundary layers over a moving
wall. The temporal development of the RNL flow comprises
large-scale streamwise-averaged mean dynamics coupled to
linearized streamwise varying perturbations supported by a
single non-zero streamwise Fourier mode. The evolution of
the mean component is shown to share features with spatially
developing zero pressure gradient boundary layers, although
trends are sensitive to the non-zero streamwise Fourier mode
retained in the RNL dynamics. The mode supporting the per-
turbation is varied to study the effect of including different
streamwise-scales on the rate of laminar-to-turbulent transi-
tion, skin-friction coefficient predictions, and velocity statis-
tics. The lower wavenumber cases are found to transition to
a turbulent state later than higher wavenumber cases. Simi-
lar to previous RNL studies of channel flow, lower wavenum-
ber cases predict a smaller skin-friction coefficient and higher
streamwise Reynolds stress peak. Interrogation of the RNL
components reveals perturbations are active along ramps that
develop instantaneously in the streamwise mean. These find-
ings show promise to using the RNL framework to study and
interrogate scale interactions within boundary layer flows.

INTRODUCTION
Coherent motions in turbulent boundary layers were stud-

ied as early as 1967 by Kline et al. (1967), who observed near-
wall streaks organize into low- and high-speed regions. Since
then, great progress in our understanding of turbulent bound-
ary layers has been gained from interrogating coherent struc-
tures and studying their dynamics; see e.g., Jiménez (2018)
and references therein. Coherent structures in the form of near-
wall streaks have been associated with laminar-to-turbulent
transition in boundary layers (Lee & Jiang, 2019). Further-
more, the interaction of these streaks with dominant cross-
plane vortical motions is part of the near-wall self-sustaining
cycle in wall-bounded turbulence (Hamilton et al., 1995).

Existence of these coherent structures is not limited to
the near wall region. Large energy-carrying motions in the
outer layer have also been shown to interact in self-sustaining
processes (SSPs) in the outer layer (Cossu & Hwang, 2016).
The large-scale streaks have also been shown to modulate the
amplitude of near-wall streaks (Hutchins & Marusic, 2007).
Above the outer-layer, flow in the boundary layer is intermit-
tent and large-scale bulges such as those visualized in Falco
(1977) are abundant. These large eddies result in an increased
mean streamwise velocity that is well predicted by the law of
the wake (Coles, 1956).

The observed importance of coherent structures has mo-
tivated a number of reduced order modeling and simulation
approaches that simplify the flow based on the dynamical im-
portance of the types of streamwise elongated coherent struc-
tures discussed above. For example, the two-dimensional
three-velocity component (2D/3C) model restricts the flow to
streamwise independent motion but maintains three velocity
components. While this representation is capable of redis-
tributing momentum and predicting the subsequent increase
in wall-friction associated with wall-bounded turbulence (Or-
landi & Jiménez, 1994), the 2D/3C dynamics require persistent
forcing to maintain a turbulent state (Gayme et al., 2010). The
restricted nonlinear model (RNL) was introduced as a quasi-
linear (QL) model that builds on the 2D/3C dynamics through
coupling to a streamwise varying perturbation field to achieve
self-sustaining turbulent activity (Thomas et al., 2014). In this
framework the 2D/3C dynamics serve as the large-scale or
mean flow that evolves nonlinearly while the perturbation field
is restricted to be linear. Later work demonstrated that accu-
racy of the RNL framework is improved when the streamwise
wave number support of the perturbation field coincides with
outer-layer dissipation, see e.g. (Gayme & Minnick, 2019).
Similar improvements in accuracy have been shown through
augmenting the mean or large scale dynamics (which interact
nonlinearly) to include streamwise variation (i.e. defining the
mean through a spectral filter, e.g. using a generalized QL
(GQL) framework (Kellam, 2019).

RNL models have been extended to study non-
equilibrium flows including spanwise heterogeneous rough-
ness (Minnick et al., 2023). That work specifically focused
on the mean component, which was shown to provide insights
into large-scale streak-meandering over these surfaces. These
extensions demonstrate the versatility of the framework in an-
alyzing a wide range of wall-bounded turbulent flows but thus
far studies have been limited to statistically stationary flows.
However, a number of engineering flows are best described as
spatially or temporally varying boundary layers.

Developing boundary layers have primarily been stud-
ied using Reynolds-Averaged Navier-Stokes (RANS) or Large
Eddy Simulation (LES) techniques. LES was used by Brandt
et al. (2004) to study transition in zero pressure gradient
boundary layers, while Pozuelo et al. (2022) employed LES to
study pressure-gradient effects. Zero-pressure gradient bound-
ary layers at arbitrarily high Reynolds numbers have also been
studied with the aid of wall-models (Inoue & Pullin, 2011).
Temporally developing boundary layers over a moving plate
are less studied, but have been shown to be similar to spatially
developing boundary layers (Afzal, 1996).

This work employs the RNL modeling technique to study
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streamwise structures of a temporally developing boundary
layer over a moving plate, thus extending application of the
RNL modelling paradigm from statistically stationary flows to
developing flows. We investigate the effect of limiting stream-
wise wave number support of the perturbation dynamics to dif-
ferent small scales by limiting the perturbation field (2) to a se-
ries of single non-zero streamwise wavenumbers. In this sense,
increasing the non-zero wavenumber reduces the length-scale
of small-scale perturbations and the effect of different length
scales can be directly interrogated. The results highlight the
role of these length scales have on key features of developing
boundary layers, such as laminar-to-turbulent transition, skin
friction, and shape factor. Such insights will be critical in fur-
ther developments of QL models for these types of developing
flows. We also comment on differences between a boundary
layers over a moving plate and zero-pressure gradient bound-
ary layers. Most notably the influence of temporal evolution
on the momentum balance as opposed to spatial evolution, thus
extending the work of Afzal (1996).

This paper is organized as follows. First the RNL model
and the numerical technique are discussed. In the results that
follow, skin friction and shape factor predictions for different
streamwise wavenumber perturbations is presented. Similari-
ties and differences to spatially developing boundary layers is
discussed. Ensemble-averaged velocity statistics are then re-
ported for each RNL simulation at Reθ = 3100 and compared
with statistics from DNS of zero-pressure gradient boundary
layers provided by Schlatter & Örlü (2010). The streamwise-
varying wavenumber and its effect on transition, boundary
layer development, and accurate log-law behavior is discussed
throughout. This paper then concludes with a summary of
findings and directions for future work.

NUMERICAL TECHNIQUE
We take (x, y, z) to denote the streamwise, wall-normal,

and spanwise coordinates respectively; t is used to denote the
temporal coordinate. The flow field, uT(x,y,z, t), is first parti-
tioned into a streamwise mean component, U(y,z, t) = ⟨uT⟩x,
and a perturbation component, u(x,y,z, t) = uT −U. Here the
angle brackets with a subscript x denote the streamwise aver-
aging operation. An analogous decomposition is applied to the
pressure field pT.

The RNL model equations are derived by applying this
decomposition to the governing equations and then neglecting
nonlinear interactions between perturbations that do not con-
tribute to the mean. This leads to the RNL dynamics

∂tU+U ·∇U+ρ
−1

∇P−ν∇
2U =−⟨u ·∇u⟩x, (1)

∂tu+U ·∇u+ρ
−1

∇p−ν∇
2u =−u ·∇U, (2)

where ρ is the density, and ν is the kinematic viscosity. Here,
continuity requires divergence-free mean and perturbation ve-
locity fields, ∇ · U = 0, ∇ · u = 0. Note, the RNL stream-
wise mean component (1) remains nonlinear, however the non-
linearity in the perturbation component (2) omits the term
u ·∇u−⟨u ·∇u⟩x, which provides order-reduction.

The RNL model equations are solved in a pseudo-spectral
solver that employs second-order central finite differencing in
the wall-normal, and Fourier transforms in the streamwise and
spanwise directions. The terms are treated explicitly using
the Adams-Bashforth scheme, except the wall-normal diffu-
sive terms which are treated using the implicit Crank-Nicolson

scheme. The 3/2-rule is used for de-aliasing. The divergence-
free condition is enforced by solving the pressure Poison equa-
tion, which, owing to the Fourier transforms, is an ordinary
differential equation that is directly inverted.

To simulate a temporally developing boundary layer, the
bottom wall is considered stationary and the flow is initial-
ized with a uniform streamwise velocity of U(y,z, t = 0) = U
in (1). The wall-induced shear produces momentum transport
upwards, leading to the development of the boundary layer.
This is equivalent to taking a reference frame that moves with
the bottom wall. The Reynolds number, Ret =U2t/ν , then de-
scribes the boundary layer evolution and can be thought of as a
surrogate to the Reynolds number Rex =Ux/ν for spatially de-
veloping boundary layers. To trigger turbulence, random noise
is applied to (1) and (2) in the near wall region y < δ0 for an
initial period. Statistics are reported by taking a spanwise av-
erage as well as an ensemble average with 400 realizations.

Periodic boundary conditions are applied in the stream-
wise and spanwise directions. A no-slip boundary condition
is used on the bottom-wall and the top boundary condition is
taken to be stress-free. The wall-normal and spanwise domain
size is [Ly,Lz]/δ0 = [6,2π]. The domain height is at least 1.5
times higher than the largest 99% boundary layer thickness,
δ99. The wall-normal and spanwise grid is considered well-
resolved with a grid resolution comparable to DNS. The wall-
normal grid is stretched using a hyperbolic tangent function.

Omission of the nonlinearity in the perturbation equation
only permits non-zero streamwise Fourier modes that con-
tribute to the mean (kxδ0 = 0) to interact. This enables a
limited number of streamwise Fourier modes to be simulated.
This dynamical restriction is taken advantage of in the numer-
ical approach by simulating in streamwise Fourier space and
computing the nonlinear terms of the momentum equation as
a convolution, which avoids computationally expensive trans-
forms (Bretheim et al., 2018).

The simplified dynamics also allows the effect of includ-
ing or neglecting different streamwise length scales on the flow
properties to be directly interrogated. To this end we consider
several RNL simulations of temporally developing boundary
layers over a moving wall in which the perturbation field (2) is
limited to a single non-zero streamwise wavenumber over the
range kxδ0 = 1 to kxδ0 = 7.

RESULTS
Figure 1 shows the temporal development of the stream-

wise mean component for an RNL simulation with kxδ0 =
4. Although only one non-zero streamwise mode is active
throughout this simulation, the mean component is shown to
generate a wealth of cross-plane (yz) scales that evolve in time
with Ret . As momentum is transported upwards, the bound-
ary layer grows in time. Transition to the turbulent state can
also be identified near Ret ≈ 0.22× 106, where the instanta-
neous streamwise mean wall shear stress, ⟨τw

xy⟩x = ν∂yU |y=0
is shown to increase rapidly.

Growth of a boundary layer over a moving wall shares
similar features to zero pressure gradient boundary layers that
develop spatially, however there are differences. Perhaps the
most notable difference is the von Kármán integral equa-
tion. Upon wall-normal integration of the streamwise mo-
mentum equation, the skin-friction coefficient, c f = 2(uτ/U)2

which depends on friction velocity uτ =
√

τw/ρ , is equal to
the time rate-of-change of the displacement thickness, c f ≈
(2/U)(dδ ∗/dt). Note, we have assumed the motion of the
wall is steady and the integrated normal-stress difference is
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Figure 1. Temporal development of an RNL boundary layer simulation (kxδ0 = 4) up to Ret = 2.64× 106. Contours of the mean
component of the streamwise velocity, U , is shown at various Ret times and at the z = 2πδ0 plane. Velocity data above U > 0.99U is
not shown. Mean streamwise component of the wall shear stress ⟨τw

xy⟩x shown at y = 0.

negligible (Schlatter et al., 2008). This is in contrast to the
momentum balance for a spatially developing boundary layer,
where the skin-friction coefficient is approximately equal to
twice the change in the momentum thickness, θ , with respect
to x. These thicknesses are respectively defined,

δ
∗ =

∫
∞

0

(
1− uT

U

)
dy and θ =

∫
∞

0

(
1− uT

U

)uT

U
dy.

This difference in momentum balance between these two types
of boundary layers was not noted in Afzal (1996), where in-
stead skin-friction predictions were assumed to follow changes
in the momentum thickness. Recognizing that skin-friction
for a moving wall depends on the time rate-of-change of the
displacement thickness could account for some discrepancy in
skin-friction predictions with theory noted in Afzal (1996).

Figure 2 shows skin-friction predictions for all RNL sim-
ulations. Included is the time rate-of-change of the displace-
ment thickness as well as the time rate-of-change of the mo-
mentum thickness. For all RNL simulations the time rate-of-
change of the displacement thickness is shown to coincide well
with the skin-friction prediction indicating the von Kármán in-
tegral equation involves the displacement thickness, not the
momentum thickness.

Another difference between spatially and temporally de-
veloping boundary layers is the skin-friction coefficient in the
laminar region. If laminar, the governing equations reduce
to Stokes first problem where the skin-friction coefficient is
c f = 2(π)−1/2Re−1/2

t ≈ 0.5274 Re−1
θ

, which is higher com-

pared to a Blasius boundary layer, c f ≈ 0.664Re−1/2
x . For

small Reθ , all RNL simulations are shown to follow the skin-
friction coefficient for Stokes flow. After transition, the predic-
tions increase to a higher value. Without a fit to skin-friction

predictions for boundary layers over a moving wall, we com-
pare these turbulent skin-friction coefficient predictions to a
fit for spatially developing boundary layers provided by Smits
et al. (1983). Despite the differences between the momen-
tum balance of these two boundary layers, the turbulent skin-
friction coefficient appears to be similar at large Reθ .

When comparing skin-friction among the different RNL
simulations in figure 2, it is clear the non-zero streamwise

Figure 2. Skin-friction coefficient (thick solid), (2/U)dθ/dt
(thick dashed), and (2/U)dδ ∗/dt (thick dotted, coincides with
thick solid lines) for all RNL simulations with streamwise
wavenumbers ranging from kxδ0 = 1 (blue) to kxδ0 = 7 (red).
Skin-friction coefficient for a laminar Stokes boundary layer
(black dashed) and from the fit, c f = 0.024 Re−1/4

θ
, from

Smits et al. (1983) for a spatially developing turbulent bound-
ary layer (black solid) are included for comparison.
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Figure 3. (a) Reynolds numbers Reτ (solid lines, left vertical
axis) and Reδ ∗ (dashed lines, right vertical axis), as well as (b)
shape factor plotted against Reθ for all RNL simulations with
non-zero streamwise modes kxδ0 = 1 (blue) to kxδ0 = 7 (red).

wavenumber retained in the dynamics influences the devel-
opment of the boundary layer. Higher wavenumber cases are
shown to jump to higher skin-friction values at earlier Reθ in-
dicating the flow transitions sooner than RNL boundary layers
with smaller wavenumbers. Following the continuity equation
for the perturbations, ∇ ·u = 0, a higher streamwise wavenum-
ber promotes more active cross-plane motions (v,w) there-
fore leading to earlier transition. In the fully turbulent re-
gion at higher Reθ , the RNL simulations predict similar skin-
friction coefficients, although likely approach different asymp-
totes with increasing Reθ .

In addition to varying skin-friction, RNL boundary layers
with different streamwise wavenumbers are shown to grow dif-
ferently. Figure 3 shows how various Reynolds numbers and
the shape factor, H = δ ∗/θ vary with Reθ for all RNL sim-
ulations. At small Reθ , the higher wavenumber cases predict
a higher friction Reynolds number, Reτ = uτ δ99/ν , which is
due to the earlier transition and therefore higher friction ve-
locity. At later Reθ however, the smaller wavenumber cases
achieve a higher Reτ due to a larger δ99 boundary layer thick-
ness. This is not true however for the displacement thickness
which is shown to be higher for the higher wavenumber cases
suggesting a lower mean velocity profile is predicted at higher
Reθ compared to the smaller wavenumber cases.

There are also notable differences in the shape factor for
the different wavenumber cases. Near the transition point
the highest wavenumber case shows the displacement thick-
ness relative to the momentum thickness decreases steadily.
However for the lowest wavenumber case, there is a sudden
increase in displacement thickness compared to the momen-
tum thickness at the transition point. Once a fully developed
turbulent state has been reached, the smallest wavenumber

case shows a momentum thickness that grows faster than the
displacement thickness. This asymptotic limit changes with
increasing wavenumber in a monotonic fashion, where the
largest wavenumber case shows a displacement thickness that
grows faster than the momentum thickness.

Figure 4 shows ensemble-averaged statistics of each RNL
simulation at Reθ = 3100 compared with DNS data from
Schlatter & Örlü (2010). All velocity profiles very near the
wall match expected trends, u+ ≈ y+, and show varying be-
havior in the outer-layer region. We use the ‘+’ superscript
to denote scaling by the viscous length-scale, δν = ν/uτ .
Lower wavenumber cases predict a significantly higher inter-
cept compared to higher wavenumber cases. This is similar to
previous studies with the RNL model in statistically stationary
flows (Gayme & Minnick, 2019). However, for the wavenum-
bers shown, none of them accurately predict the slope in the
outer-layer. It should be noted that the friction Reynolds num-
ber range considered here is higher than typically considered
within the realm of validity of the RNL model for statisti-
cally stationary flows and therefore associated extensions of
the model may improve predictions. Furthermore, the wake
region for higher wavenumber cases is more prominent, al-
though this may be due to the smaller mean velocity profile
in the log-layer. It should also be emphasized that the wake
strength for the boundary layer over a moving plate is likely
different than a spatially developing boundary layer. Future
work will investigate this phenomena further.

In addition to the mean velocity, the Reynolds stress
profiles follow similar trends to spatially developing bound-
ary layers. All RNL simulations over-predict the inner-layer
peak of the streamwise Reynolds stress, although accuracy im-

Figure 4. (a) Mean velocity and (b) second-order statis-
tics at Reθ = 3100 for all RNL simulation with streamwise
wavenumbers ranging from kxδ0 = 1 (blue) to kxδ0 = 7 (red).
DNS (black) at Reθ = 3030 from Schlatter & Örlü (2010) in-
cluded for comparison.
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Figure 5. Time history of streamwise velocity at arbitrary spanwise location for RNL simulations with (a) kxδ0 = 2, (b) kxδ0 = 4,
and (c) kxδ0 = 6. Streamwise mean component shown as filled contour ranging from 0.5U (black) to U (white). Positive and negative
fluctuations of the perturbation field contours at 0.1U (red) and −0.1U (blue) are superimposed.

proves for higher wavenumber cases. The peak location also
changes among wavenumber cases, where lower wavenum-
ber cases predict a peak further from the wall. This shift
in peak location occurs for all Reynolds stress components.
These findings are consistent with previous studies of the RNL
model where the inclusion of smaller more dissipative scales
was shown to improve accuracy of moderate Reynolds number
RNL simulations (Gayme & Minnick, 2019).

To further understand these RNL predictions for different
streamwise wavenumbers, and therefore understand how per-
turbation wavelength influences boundary layer development,
we isolate the mean and perturbation components. Figure 5
shows a time history of these components for RNL simula-
tions with different wavenumbers. For the longer wavelength
case shown (kxδ0 = 2), a later laminar-to-turbulent transition
is shown and a larger boundary layer height is observed in
the fully developed turbulent state. This is consistent with the
ensemble-average findings shown previously. The mean com-
ponent is also shown to consist of longer lasting structures for
the longer wavelength case. This is the result of the Reynolds-
stress like term, ⟨u ·∇u⟩x, in the mean equation.

With only one non-zero Fourier mode simulated, the sign
of the perturbation component oscillates for the fixed stream-
wise position shown. The frequency of this time-fluctuation
is proportional to streamwise wavelength. The perturbation
component is shown to be advected with the mean, U · ∇u,
both near the wall and far from the wall. Consistent with
the streamwise Reynolds stress, the lower wavenumber case
shows a more energetic perturbation component. However
all cases show active perturbations in the outer-layer follow
along ramp-like structures of the mean component in a manner
similar to small-scale organization around large-scale coherent
structures studied in Saxton-Fox et al. (2022). This suggests
the perturbation component is re-energized by the mean shear,
u ·∇U, which occurs in these regions.

The contribution of the mean and perturbation compo-
nents to the streamwise Reynolds stress is shown at various
points in the boundary layer in figure 6 for these three RNL
simulations. Many works have shown the inner-layer peak of
these Reynolds stresses does not collapse at different locations
within the boundary layer, but instead increases with Reynolds
number (see e.g. Yamamoto & Tsuji (2018)). Although over a
limited Reynolds number range, this lack of collapse is evident
for these RNL simulations. It is interesting to note this behav-

ior does not hold component-wise. The higher wavenumber
case shows the mean component inner-layer peak collapses
well, and the perturbation component increases. With decreas-
ing wavenumber this is less evident as the peak magnitude of
both mean and perturbation component achieve similar val-
ues. Furthermore, the outer-layer peak is more pronounced for
the higher wavenumber case, although this may be due to the
smaller inner-layer peak.

CONCLUSIONS
This work extends the RNL modelling paradigm to study

temporally developing boundary layers over a moving wall.
These boundary layers share many similarities with spatially
developing boundary layers that are more often studied, how-
ever there are notable differences. First, the integral momen-
tum equation suggests the skin-friction coefficient is approxi-
mately equal to the change of the displacement thickness, not
the momentum thickness. Additionally, the Coles’ wake pa-
rameter is likely different, although this was not confirmed
given the varying wake strength predicted by the various RNL
simulations. First and second-order statistics in the turbulent
region are notably similar to spatially developing boundary
layers, particularly when scaled in inner units. This work sug-
gests other streamwise coherent reduced-order models can be
used to study boundary layers given simplifications to stream-
wise or spanwise scale interactions.

A single non-zero streamwise Fourier mode was used in
all RNL simulations to represent the perturbation component.
This mode varied among simulations to assess its influence on
boundary layer development. Consistent with the perturbation
continuity equation, RNL simulations with smaller streamwise
wavenumbers were shown to transition later than those with
higher wavenumbers that promote cross-plane fluctuations. In
the turbulent region, a higher mean velocity profile and stream-
wise Reynolds stress peak was predicted for smaller wavenum-
ber cases, which is comparable to RNL studies on statistically
stationary flows. Interrogating mean and perturbation compo-
nents of the RNL model revealed perturbations are advected
with the mean and increase in activity along turbulent ramps
due to the mean shear term retained in the perturbation dy-
namics. Furthermore, higher wavenumber cases showed inner-
layer peak collapse of the mean component of the streamwise
and spanwise Reynolds stresses; only the perturbation compo-
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Figure 6. Total (solid) as well as streamwise mean (dashed) and perturbation (dotted) components of the streamwise Reynolds stress
at Reθ = 1600, 2350, 3100, 3850 for (a) kxδ0 = 2, (b) kxδ0 = 4, and (c) kxδ0 = 6.

nent showed amplification with increasing Reynolds number
which is more consistent with our intuition of high Reynolds
number boundary layers.

There are multiple directions for future work. One is to
modify the RNL model parametrization to improve accuracy in
first and second-order statistics. RNL studies of channel flow
suggest the streamwise wavenumber that most accurately pre-
dicts statistics is one that scales with Reynolds number. One
could then simulate perturbation dynamics with a streamwise
mode that varies in time. Another direction for future work is
to accelerate the wall to mimic favorable or adverse pressure
gradient effects in spatially developing boundary layers.
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