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ABSTRACT
Heterogeneous surface-roughness is present in many ap-

plications in engineering and natural sciences, and numerical
simulations are a fundamental tool to investigate the fluid flow
in this type of surface conditions. Wall-Modelled Large-Eddy
Simulations (WMLES) are particularly effective in decreasing
the computational cost of the simulations at the expense of ad-
ditional modelling. In this work, the “generalized Moody dia-
gram” model [Meneveau, J. Turbul. 21(11):650–673 , 2020],
with inclusion of mild pressure gradients, and the “Lagrangian
Relaxation-Towards-Equilibrium” (LaRTE) model [Fowler et
al., J. Fluid Mech. 934:A44, 2022] were used to simulate the
flow over roughness strips placed normal to the mean flow.
A new formulation of the LaRTE model for rough walls is
proposed that allows the model to switch seamlessly between
smooth-wall behaviour and transitionally or fully-rough flow
conditions. Simulations with the standard log-law Equilib-
rium Wall-Model (EQWM) were also performed and used as a
comparison, and the present numerical results were validated
against experimental data. Simulations on smooth and ho-
mogeneous rough-walls show that the new formulation of the
LaRTE model effectively allows the prediction of the flow in
both smooth and fully-rough regimes. In the heterogeneous
rough wall case, the LaRTE model improves the prediction of
the skin-friction coefficient, especially on the rough strips, and
the turbulent non-equilibrium portion of the model is required
to represent accurately the return to equilibrium on the smooth
strip.

INTRODUCTION
Roughness is often present in many engineering and nat-

ural science fluid dynamics applications. Its impact manifests
as: heightened drag (Nikuradse (1933)), disruption of the pro-
duction mechanism of turbulent kinetic energy within the near-
wall region (Raupach et al. (1991); Finnigan (2000)), and at-
tenuation of the anisotropy of Reynolds stresses (Shafi & An-
tonia (1995)). When roughness is distributed heterogeneously,
additional effects emerge due to the different wall-boundary
condition at which the flow is subjected.

An example of roughness heterogeneity manifests in the form
of alternating rough-patches characterized by varying heights,
positioned orthogonal to the mean flow. This configuration is
commonly found in atmospheric boundary layers (Cheng &
Castro (2002); Chamorro & Porté-Agel (2009)), and meteo-
rological flows (Garratt (1990)). Experimental investigations
into this particular configuration (Antonia & Luxton (1971,
1972); Li et al. (2019)) revealed the formation of an inter-
nal boundary layer downstream of the surface transition. This
layer segregates the region proximal to the wall, influenced by
the new surface condition, from the more distant region, which
retains characteristics related to the upstream surface condi-
tion.
Numerical simulations, together with experiments, represent
an essential tool to study the flow in heterogeneous rough-
walls configurations, but Direct Numerical Simulation (DNS)
and Wall-Resolved Large-Eddy Simulation (WRLES) are lim-
ited to low Reynolds-number flows (Jiménez (2004)). Mod-
elling the near-wall region is the only way numerical simula-
tions of high Reynolds-number flows over rough walls can be
performed at a reasonable computational cost (e.g., Salomone
et al. (2023)).
Several wall models for Large-Eddy Simulation (LES) have
been developed during the past years, with some of them re-
viewed by Larsson et al. (2016). The most common type of
wall models are those named as “wall-stress models”, where
the inner-layer is replaced by a single quantity, namely the
wall-shear stress τw, used as a wall-boundary condition for
the LES field. In this context, the classical log-law Equilib-
rium Wall-Model (EQWM) remains the most commonly used,
but alternative wall-stress models have been recently pro-
posed, such as the “generalized Moody diagram” of Meneveau
(Meneveau (2020)) and the “Lagrangian Relaxation-Towards-
Equilibrium” (LaRTE) proposed by Fowler et al. (2022).
The generalized Moody diagram, here named as GMD model,
is constructed by various fitting functions to the solution of the
one-dimensional Reynolds Averaged Navier–Stokes (RANS)
equation in its simple boundary-layer approximation. The fit-
ting functions allow the calculation of the wall-shear stress not
only in equilibrium conditions, but also in the presence of mild
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and strong pressure gradients, as well as surface roughness.
The LaRTE model, which lies in the integral wall-models cat-
egory, was developed as an extension of the modelling proce-
dure proposed by Yang et al. (2015), where a Partial Differen-
tial Equation (PDE) for the friction velocity was found through
the integration of the RANS equations for the wall-parallel ve-
locity. The model was originally developed for smooth walls,
while an extension to rough walls is proposed in this work.
The novel approach allows the recovery of the smooth-wall
behavior seamlessly, and can also include transitionally-rough
cases.
Both these models were used to simulate the flow in a
heterogeneous-roughness configuration given by alternating
rough and smooth strips oriented normal to the mean flow. For
comparison, the simulation employing the standard EQWM
was also conducted. The present numerical simulations were
performed at flow conditions and domain characteristics com-
parable to the experimental work of Li et al. (2019). Addi-
tionally, comparisons were made between the simulation re-
sults and the experimental data of Antonia & Luxton (1971),
to further assess the accuracy of the proposed wall-models in
predicting the re-adjustment of flow variables after a surface
transition.

METHODOLOGY
The LES governing equations for incompressible flow

are:

∂ ûi

∂xi
= 0;

∂ ûi

∂ t
+

∂

∂x j
(ûiû j) =− ∂ p̂

∂xi
+ν∇

2ûi −
∂τi j

∂x j
, (1)

where the hat operator represents the LES spatial filtering. In
these equations ûi is the filtered velocity in the three spatial di-
rections: x1 ≡ x streamwise, x2 ≡ y wall normal, and x3 ≡ z
spanwise, associated with u, v, w velocity components, re-
spectively; p̂ = P/ρ stands for the modified pressure, ν is the
constant kinematic viscosity, and τi j = ûiu j − ûiû j the resid-
ual (unresolved) stresses. The latter are modelled through an
eddy-viscosity assumption for the deviatoric part of the stress
tensor:

τ
d
i j ≡ τi j −

1
3

δi jτkk =−2νT Ŝi j , (2)

where

Ŝi j =
1
2

(
∂ ûi

∂x j
+

∂ û j

∂xi

)
(3)

is the resolved strain-rate tensor. Here, the model proposed by
Vreman (2004) is used for the sub-filter stresses, with the stan-
dard value of the model constant. The governing equations are
advanced in time with a fractional step method. The Crank-
Nicolson time advancement was used for the wall-normal dif-
fusion, and a third-order Runge-Kutta scheme was used for the
remaining terms. Conservative second-order finite differences
on a staggered grid were used for the spatial discretization. Pe-
riodic boundary conditions are applied in the streamwise and
spanwise directions, and a symmetry condition is applied at the
top boundary. The bottom-wall boundary condition varies de-
pending on the wall model that is used. The wall-model inter-
face is fixed at a distance from the wall ∆/δ = 0.05, allowing
three grid points to be located below the interface, following
the recommendations of Kawai & Larsson (2012).

Wall Models
The wall region was addressed using wall models, which

relate the wall stress to the velocity in the outer region. The use
of this models is standard in LES of high-Reynolds number
flows, since the grid requirements set by the inner layer make
wall-resolved LES inaccessible.

One of the most commonly used models of this type is
the standard log-law model, in which the wall stress is de-
rived by numerically solving the logarithmic law-of-the-wall
for smooth and rough surfaces:

u+ = κ
−1 log(y+)+B (4)

u+ = κ
−1 log(y/ks)+8.5, (5)

where the symbol + is used to express inner-units normaliza-
tion, κ = 0.4, and B = 5, while ks is the equivalent sand-grain
roughness height, representing a measure of the drag induced
by the roughness. Equation (4) must be solved with iterative
methods, whereas (5) can be explicitly solved once ks has been
fixed.
In the GMD model, the streamwise RANS momentum equa-
tion in its boundary-layer approximation is integrated and fit-
ting functions are developed for its solution. The equation is
integrated in a dimensionless framework where two Reynolds
numbers and the normalized pressure gradient are defined as:

Re∆ =
|ULES|∆

ν
, Reu f s

τ∆
=

uτ ∆

ν
, ψp =

1
ρ
(∂ jP)

∆3

ν2 . (6)

Here, ∆ is the location of the wall-model interface above
the wall, |ULES| is the magnitude of the LES velocity at the
wall-model interface Ui,LES = ûi(x,∆,z, t), and uτ is the fric-
tion velocity. Also, Re∆ is the input parameter of the wall
model and Reu f s

τ∆
is the fitted solution from which the friction

velocity is calculated. The fit for Reu f s
τ∆

can be characterized as
a fully equilibrium model, which does not require numerical
integrations or iterations for solving Equation (4). Roughness
and pressure gradient effects can be included in the modelling
procedure. The interested readers are referred to the original
manuscript for further details (Meneveau (2020)).

In the LaRTE model, a PDE for the friction velocity is
found through the integration of the RANS equation for the
wall-parallel momentum components. The assumption is that
from the wall surface up to the wall-model interface, an equi-
librium layer exists where the wall-parallel mean velocity,

ū = u ı̂+w k̂, can be expressed as:

ui(x,y,z, t)⟩= uτi(x,z, t) f (y+) (7)

where (·) represents time or spatial average, and uτi is the
friction-velocity vector. f (y+) is an inner-layer similarity
function that represents the mean velocity below the wall-
model interface. Equation (7) is substituted into the momen-
tum equation for the wall-parallel velocity, consistently with
the boundary-layer approximations (Fowler et al. (2022)), and
then integrated to find an evolution equation for uτi:

∂uτi

∂ t
+Vτ j∂ j(uτi) =

1
Ts

[
1
uτ

(
−∆

ρ
∂i p′+ τ∆i

)
−uτi

]
+uτ

∂ si

∂ t
δ ∗

∆

∆
+F1i

θ∆

∆
. (8)
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In this equation the left-hand-side is the Lagrangian time
derivative, in which the convection velocity is

Vτi = (1−δ
∗
∆/δ −θ∆/δ ) f (∆+)uτi; (9)

Ts = f (∆+)∆/uτ is the relaxation timescale, p′ is the fluctu-
ating pressure field, τ∆i is the stress at the wall-model inter-
face, si is the unit vector in the wall-parallel directions, F1i is
a function that includes the spatial derivatives of the friction-
velocity vector, and δ ∗

∆
and θ∆ are the displacement and mo-

mentum thicknesses, respectively, defined by using Equation
(7) for velocity, and integrating up to ∆. The treatment of the
fluctuating pressure is discussed in Fowler et al. (2022).
Equation (8) requires a closure for the stress at the wall-model
interface τ∆i, which is achieved using the GMD model to relate
τ∆i to known LES quantities (6). In summary, (8) represents
the transition of the quasi-equilibrium friction-velocity vector,
uτi, towards the stress at the interface τ∆i (including the in-
fluence of the pressure gradient) over the relaxation timescale
Ts. Additional non-equilibrium effects can be introduced sep-
arately, as will be discussed momentarily. More details on the
LaRTE model formulation can be found in the original work
by Fowler et al. (2022).

An extension to Equation (8) for rough surfaces, incor-
porating the definition of the equivalent sand-grain roughness
height, ks, can be derived by modifying the approach outlined
in Equation (7). The wall-parallel mean velocity is then rewrit-
ten as

ui(x,y,z,k+s , t) = uτi(x,z, t)F(y+,k+s ) (10)

where F(y+,k+s ) = f (y+)− fNW (y+)∆U+(k+s ); As for the
smooth case, f (y+) is a log-law profile that transitions into
the linear region, while fNW (y+)∆U+(k+s ) accounts for the
roughness. The function F(y+,k+s ) resulting from this proce-
dure is plotted in Figure 1. When k+s = 0, F(y+,k+s ) = f (y+),
and the smooth inner-similarity function is recovered. When
k+s > 0, the velocity profile shifts downward as an effect of the
increasing drag. The amount by which the profile is shifted is
obtained from the empirical formula (Colebrook (1939)):

∆U+ = κ
−1 log(1+0.26k+s ) (11)

The integration of the wall-parallel RANS momentum
equation, using Equation (10) for the wall-parallel velocity,
leads to a new equation for the friction-velocity vector that
retains all the smooth contributions, but includes additional
terms that account for the roughness, specifically:

∂uτi

∂ t
+Vτ j∂ j(uτi) =

1
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1
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+uτ
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∆
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θ∆

∆

+2
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F∆
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∆

−
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∆

)
−2
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F∆
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1−

δ ∗
∆NW
∆

− θ∆NW
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1−
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∆
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k+s (∆U+)′ fNW (∆+)
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. (12)
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Figure 1. Inner-similarity function in the LaRTE model for-
mulation for rough walls.

The first three terms on the right-hand side of Equa-
tion (12) are also present in the smooth formulation (8),
whereas additional terms appear from the roughness exten-
sion. The displacement and momentum thicknesses, δ ∗

∆
and

θ∆, are evaluated using the new similarity function F(y+,k+s ).
The terms δ ∗

∆S and δ ∗
∆NW are determined using the smooth

function f (y+) and the near-wall function fNW (y+), respec-
tively. The momentum thickness θ∆ f fNW involves the prod-
uct f (y+) fNW (y+), while θ∆NW utilizes fNW (y+). The term
(∆U+)′ is the derivative of ∆U+ with respect to k+s . Equation
(12) represents a model for the friction-velocity vector, where
the roughness is accounted for explicitly.

Surface heterogeneity is included through the spatial
derivatives in the function F2i

F2i = uτiuτ j ∂ jk+s (∆U+)′ fNW (∆+)

=

(
uτiuτ j

∂ks

∂x j
uτ +uτiuτ j

∂uτ

∂x j
ks

)
(∆U+)′ fNW (∆+)

ν
. (13)

The definition above involves the derivative of ks in the
spatial directions, making this term directly accountable for
flow alterations caused by roughness heterogeneity. Further-
more, when ∆U+ = 0, i.e. the wall is smooth, the function
F2i and the last term in Equation (12) are identically equal
to zero, recovering the smooth-wall equation. Note that both
Equation (8) and Equation (12) model the quasi-equilibrium
part of the wall stress, with the difference that the latter also
includes roughness heterogeneity.

Non-equilibrium effects can be added separately. The tur-
bulent non-equilibrium (turbNEq) part of the wall stress is con-
sidered (Fowler et al. (2023)), relating the LES velocity and
the LaRTE solution through the definition of the following tur-
bulent velocity fluctuation:

u′i∆ =Ui,LES −uτi f (∆+). (14)

This additional contribution accounts for velocity differ-
ences between the LES field Ui,LES and the quasi-equilibrium
solution uτi f (∆+). The turbulent velocity fluctuation u′i∆ can
be interpreted as stemming from the presence of large, wall-
attached eddies with heights approximately equal to ∆ as stated
in the attached eddy hypothesis of Townsend (1976). The tur-
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bulent non-equilibrium wall-stress is given by

τ
′
wi =

uτ u′i∆
l+s

(15)

where uτ is the magnitude of the friction-velocity vector and
l+s = 12 is the height of the assumed laminar Stokes layer,
where a linear shear layer exists connecting the velocity profile
to the no-slip boundary condition at the wall. In conclusion,
the total wall-shear stress in the LaRTE model is evaluated as
the superposition of the quasi-equilibrium and the turbulent
non-equilibrium components:

τwi = uτ uτi + τ
′
wi, (16)

which are given by Equation (12) and Equation (15), respec-
tively. The new extension of the LaRTE model to rough walls
is named as LaRTE-RW in the following sections. Equation
(12) is discretized using a forward Euler method (Fowler et al.
(2022)).

RESULTS
To test the new LaRTE-RW model, WMLES are per-

formed for statistically stationary open-channel flow, for both
homogeneous and heterogeneous roughness. Flow conditions
and grid resolution were kept the same among the different
simulations so that any difference in the simulations’ results
must be attributed to the wall model.

Homogeneous roughness
Homogeneous-roughness simulations employ a domain

size of Lx × Ly × Lz = 6.4δ × δ × 3.2δ , and a uniform grid
of 192×60×94 points. In both GMD and LaRTE-RW mod-
els, the input velocity |ULES| and the pressure gradient ψp are
temporally filtered with a single-sided exponential filter (Yang
et al. (2017)). The log-law model, on the other hand, uses the
instantaneous value of the velocity at the wall-model interface.
The equivalent sand-grain roughness height is k+s ≃ 130; cal-
culations with a smooth wall are also performed, to compare
with the data of Lee & Moser (2015).

The mean-velocity profile in inner units is shown in Fig-
ure 2. In equilibrium conditions, LaRTE-RW and GMD mod-
els are expected to be equivalent and, in fact, no major differ-
ences can be observed. All the velocity profiles adhere closely
to the smooth log-law solution, represented by the solid black
line. Comparison with DNS data from Lee and Moser (2015)
reveals similarities between the smooth-wall results, except for
a minor underestimation of the friction velocity. This discrep-
ancy is also discussed in Fowler et al. (2022) and can be at-
tributed to various numerical details, such as grid resolution,
subfilter-scale model, etc. (Wang et al. (2020)), rather then to
the wall models themselves.

Moving on to the case of a homogeneous but rough sur-
face, once again, all velocity profiles exhibit a log-law re-
gion. Equation (12) in the LaRTE-RW model switches be-
tween the smooth and the fully-rough regimes without the need
of additional modelling. The measured roughness function
is ∆U+ ≃ 8.5, consistent with the Colebrook formula and is
shown in the inset of Figure 2. Note that the Colebrook for-
mula is built into the model, so this conclusion is only a ver-
ification of the consistency and implementation of the model,
and not a model prediction.
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Figure 2. Mean-velocity profile in inner units for homoge-
neous smooth and rough surface, and (inset) measured rough-
ness function .

Figure 3. Sketch of the computational domain for
heterogeneous-wall simulations (not to scale).

Heterogeneous roughness
Following the models’ validation for homogeneous

roughness, heterogeneous-roughness simulations were per-
formed. The computational domain is Lx × Ly × Lz = 56δ ×
δ × 7δ , where the rough strip of length Lr occupies 66% of
the domain. This geometry is representative of the experimen-
tal setup of Li et al. (2019), and is shown in Figure 3. Fol-
lowing the notation used in Li et al. (2019), the transition lo-
cation is indicated by x0, and x̂ = x− x0 is used as the relative
streamwise position. In this case, the numerical grid employs
1792×60×224 points.

The skin-friction coefficient obtained with the different
methodologies is shown in Figure 4. The log-law and GMD
models closely predict the recovery to equilibrium conditions
of the skin-friction coefficient. The GMD model predicts a
higher C f , initially, along the rough strip, due to the mild
pressure gradient influence on the model. Overall, there is
good agreement with the experimental data, particularly on the
smooth strip.

The LaRTE-RW model predicts the discontinuities at the
roughness transitions, which would not be shown using Equa-
tion (8) alone, as it lacks information about the surface condi-
tions. The recovery of the skin-friction coefficient is improved
on the rough strip compared to the log-law and GMD models,
highlighting the importance of the terms in (13) that account
for the spatial variation of the roughness. The LaRTE-RW
model by itself predicts a slower recovery on the smooth strip
due to the relaxation timescale Ts, which introduces a delay
in approaching the wall stress to the shear-stress at the wall-
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Figure 4. Normalized skin-friction coefficient on the rough strip (left) and smooth strip (right).

Figure 5. Instantaneous contours of the wall-stress (top three graphs) and the stress at the wall-model interface (bottom graph) with
LaRTE-RW model for the streamwise component.

model interface. This phenomenon can be mitigated by incor-
porating the turbulent non-equilibrium component τ ′wi. This
additional contribution re-establishes the correlation between
stress at the wall and stress at the interface, recovering the
skin-friction development of the log-law and GMD models.
The C f recovery is not significantly altered on the rough strip
when the turbulent non-equilibrium portion is active, but it
slightly diverges from the experimental data. Nevertheless, it
is worth noting that the turbulent non-equilibrium portion is
based on the existence of a wall-layer that is absent for rough
walls. Furthermore, the experimental data of Antonia & Lux-
ton (1971) were collected under different flow conditions than
the present numerical simulations, posing challenges in deter-
mining whether the turbulent non-equilibrium component pro-
vides advantages on the rough strip.

The difference between the LaRTE-RW model and the
more traditional log-law and GMD models is that the stress at
the wall (computed by solving Equation (12)) differs from the
stress at the interface (GMD solution). The instantaneous con-
tour of the different contributions to the stress in the LaRTE-
RW model is shown in Figure 5 for the streamwise compo-
nent. The total wall-stress τwx is the sum of the LaRTE-RW
wall-stress uτ uτx and the turbulent non-equilibrium portion

τ ′wx. The LaRTE-RW component is smoother compared to the
total wall-stress as a consequence, presumably, of the relax-
ation time-scale Ts. The fluctuations are re-introduced in the
total stress by the turbulent non-equilibrium portion. It is in-
teresting to notice that, although the τ ′wx contribution is much
lower than uτ uτx, it affects the flow significantly as shown in
Figure 4. The stress at the interface, τ∆x, has the smoothest ap-
pearance, due to its correlation to the time-averaged velocity
field at the interface.

CONCLUSIONS
This paper introduces a new extension of the Lagrangian

Relaxation-Towards-Equilibrium (LaRTE) model for rough
walls, allowing seamless prediction of flow behavior in both
smooth and fully-rough regimes. The study compared the new
LaRTE model extension with traditional models, namely the
Log-Law Equilibrium Wall-Model (EQWM) and the General-
ized Moody Diagram (GMD) model. Simulations were con-
ducted for both homogeneous and heterogeneous surface con-
ditions.

In homogeneous-roughness simulations, which provide a
check on the implementation of the model, the LaRTE-RW
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model extension predicts the flow behaviour correctly, closely
following the log-law behavior expected for smooth walls and
transitioning to rough-wall behavior seamlessly.

In heterogeneous-surface simulations, the prediction of
the skin-friction coefficient by GMD and log-law models
match, as anticipated. However, the GMD model yields a more
pronounced increase at the initial part of the rough strip. This
discrepancy can be ascribed to the inclusion of mild-pressure
gradients in the model, which are most significant at transition
locations. the LaRTE-RW model extension accurately predicts
discontinuities at roughness transitions and improves the re-
covery of the skin-friction coefficient on rough strips, com-
pared to traditional models. A slower recovery is observed on
smooth strips, due to the relaxation time-scale introduced by
the LaRTE model, but this behaviour can be mitigated by in-
corporating the turbulent non-equilibrium portion into the wall
stress. The proposed roughness extension supplied with the
turbulent non-equilibrium part is proven to perform better than
standard wall models in predicting the flow in this particular
configuration.

However, while the LaRTE-RW model extension en-
hances prediction accuracy on rough strips, further tests are
required in different flow conditions. Additionally, considera-
tions regarding the existence of a wall-layer for rough walls
and the influence of experimental conditions on numerical
simulations are highlighted as areas for future research.
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