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ABSTRACT
We evaluated the mixing performances of three-

dimensional turbulent jets using material lines, which are fluid
elements convected and stretched by background flows. The
material lines were embedded in shear layers of a round jet and
a lobed jet with six lobes, having streamwise homogeneity due
to periodic boundary conditions. A quantitative comparison
of the mixing performances between the round and lobed jets
was conducted using statistics derived from the stretched ma-
terial lines. It was observed that the stretching rate and spatial
extent of the material lines in the lobed jet were lower com-
pared to those in the round jet. Material lines initially placed
in shear layer regions with small azimuthal curvatures experi-
enced comparable stretching to those in the round jet, whereas
those in regions with large curvatures underwent significantly
less stretching. However, our discussion suggests that even
with the above results, it cannot be conclusively stated that the
mixing effect of the lobed jet is necessarily inferior to that of
the round jet.

INTRODUCTION
Conventionally, the mixing performance of shear flows,

such as jets, has been quantified using the diffusion of the
mean velocity or passive scalar fields. However, this method
only captures one aspect of mixing effects and is typically
static, making it challenging to isolate the contribution of tur-
bulent fields, including coherent structures, solely from the
mean field.

Fluid mechanists have sometimes used the deformation
of material elements that are passively transported by turbu-
lent flows to study mixing phenomena. When the two fluids
are folded in layers in a certain region, we recognize that “the
fluid is well mixed. Therefore, evaluating the curvature and
fractal dimension of the material elements provides a more in-
trinsic mixing performance evaluation than mean field diffu-
sion. Since Batchelor (1952), many authors have studied the
deformation of material elements due to turbulence numeri-
cally (Girimaji & Pope (1990); Goto & Kida (2007)) or exper-
imentally (Guala et al. (2005)).
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Figure 1. Schematic of numerical simulations.

Most studies on material element deformation have been
conducted using homogeneous isotropic turbulence. In this
study, we introduced stretching of line-shaped material ele-
ments (material lines) to evaluate the mixing performance of
a three-dimensional jet. It is widely believed that the mixing
performance strongly depends on exit conditions, such as the
initial mean velocity profiles and nozzle geometries. There-
fore, we investigated the mixing of not only the round jet but
also the lobed jet, which is used as a mixing-enhancement de-
vice in certain engineering scenarios, to quantify the influence
of exit geometry.

NUMERICAL DETAILS
Round and lobed jet flows

Direct numerical simulations of the temporally de-
veloping round and lobed jets were conducted. Fig-
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Figure 2. Round (orange) and lobed (blue) geometries.

ure 1 shows a schematic of the numerical simulations.
The numerical domain sizes along the x (streamwise), y
(vertical), and z (spanwise) directions were (Lx,Ly,Lz) =
((4π/3)DE ,(4π/3)DE ,(4π/3)DE), where DE is the equiva-
lent jet diameter. The number of grid points was (Nx,Ny,Nz) =
(256,256,256). In this study, the mixing performance of jets
in the initial developing states is investigated, and the numer-
ical domain size is required to be large so that the primary
roller vortices arising from the Kelvin–Helmholtz instability
are adequately reproduced. The current setup is comparable to
that in the plane jet simulation by da Silva & Perreira da Silva
& Pereira (2008) (4H,6H,4H). Periodic boundary conditions
were set for all the three directions. In the initial state, colum-
nar high-speed (u = UJ) regions were embedded in the com-
putational domain, and their cross-sectional geometries were
round or lobed. The initial jet Reynolds number, ReJ , was
DEUJ/ν = 3000.

The flows follow the Navier-Stokes equations and the
continuity equation, normalized by DE and UJ ,
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∂ t
+u j
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These equations were solved using a projection method solver
that consists of pseudospectral scripts for spatial numerical
derivative, a 4th order Runge-Kutta scheme for temporal in-
crement, and de-aliasing using the 2/3 rule.

In this study, we tested two types of jet initial condi-
tions: round geometry and lobed geometry. Figure 2 shows the
curves giving the round and lobed geometries. The geometries
of the jet exits in this study are determined by the following
formation:

r(θ) =
DE

2

√
2b2

2b2 +1

(
1+

cosaθ
b

)
(3)

where r is the radial direction from the centre axis and θ
is the azimuth (0 ≤ θ ≤ 2π). The exit area is evaluated∫

r(θ)2/2dθ = πD2
E/4. The parameter a (an integer) deter-

mines the number of lobes, and b (positive real number) con-
trols the curvature of the lobes. The limit of b → ∞ yields a
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Figure 3. Temporal evolution of radial distributions of mean
and R.M.S. streamwise velocity of round (top) and lobed (bot-
tom) jets.

round shape whose radius is DE/2. Many studies (Hu et al.
(2002); Nastase & Meslem (2010); Aleyasin et al. (2017))
have investigated lobed jets with six lobes. In this study, the
set of a = 6 and b = 2, which gives geometry similar to that
shown in the abovementioned studies, was tested.

Figure 3 shows the temporal evolution of the radial dis-
tributions of the mean and R.M.S. streamwise velocities of the
round and lobed jets. Averaging is performed in the stream-
wise and azimuthal directions; thus, the statistics vary with
time. For the lobed jet, however, the statistics along the convex
and concave directions of the lobed geometry (Peaks and Val-
leys, respectively, defined later) are separately evaluated. The
statistics do not converge well, but this should be resolved by
repeating the simulation multiple times and obtaining their en-
semble average. The R.M.S. streamwise velocity distributions
show that the lobed jet diffuses earlier; therefore, the peak of
the distribution is higher for the round jet. This is because the
vortex rings in lobed jets with non-uniform axial curvature col-
lapse and break up earlier than those in round jets, resulting in
the enhanced diffusion of the turbulent field, which is consis-
tent with the visualization results of the lobed jet field shown in
previous studies (Hu et al. (2002); Nastase & Meslem (2010)).
This study focused on how they contribute to the deformation
of passive materials.

Material lines
The material lines consist of passive tracer particles gov-

erned by the following equation,

dX(t)
dt

= u(X(t), t) (4)

where X and u are the instantaneous locations and velocities of
the particles, respectively. The equation was integrated using
the 4th-order Runge Kutta scheme. The velocities of the parti-
cles were determined via linear interpolation from the velocity
field on the numerical grid.

At each time step, if the distance between two adjacent
particles exceeds half of the grid spacing, a new particle is
inserted between them, and the line is reconnected. Due to
the periodic nature of the jet flows in the streamwise direction,
even if a particle is transported out of the numerical domain, an
extended velocity field can be reconstructed by connecting the
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Figure 4. Initial arrangement of material lines in round and
lobed jets. The background color shows the initial instan-
taneous streamwise velocity distribution over x − y plane at
z = 0.
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Figure 5. Temporal evolution of statistical stretching rate of
material lines.

numerical domain with its replica. Other particle properties
include the neglect of inter-particle interference, disregard for
inertial forces, and infinitesimal volume to ensure no impact
on the flow field evolution.

As shown in Fig. 4, the initial placement of the material
lines was made at eight locations on the shear layer of the jet,
parallel and equally spaced in the direction of the main flow.
The azimuthal positions were equidistant and were placed ev-
ery π/8 for the round jet and π/12 for the lobed jet. Therefore,
the numbers of material lines were set to 128 and 192 for round
and lobed jets, respectively. The initial length of the material
line was set to DE/3 and consisted of 50 particles. Further-
more, in a lobed jet, the convex parts of the geometry are re-
ferred to as “Peaks,”the concave parts as “Valleys,”and the
intermediate positions between them as “Middles.”The statis-
tics of the material lines were treated differently according to
the position of the lines at the initial time.

Results and discussions
Figure 5 shows the temporal evolution of the statistical

stretching rate of material lines in the round and lobed jets.
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Figure 6. Temporal evolution of statistical spatial extent of
material lines.

The individual stretching rate γ is given as,

γ ≡ d
dt

logL(t), (5)

where L(t) is the length of each line at t = t. In t ≲ 1.0, the
γs of the round and lobed jets are comparable. In t ≳ 1.0,
however, the γ of the round jet is always larger than that of the
lobed jet. The three thin dashed, dotted, and dot-dashed lines
indicate the γs at the Peaks, Valleys, and Middles of the lobed
jet, respectively. In t ≲ 6.0, the γ of the Middle is comparable
to that of the round jet. Meanwhile, the γs of the Peak and
Valley evolve at t ≳ 2.0 and t ≳ 4.0, respectively, which are
later than those in the round jet and at the Middle. In t ≳ 6.0,
all results of the lobed jet are significantly smaller than that
of the round jet. From these results, one might conclude the
inferior mixing performance of the lobed to the round jets in
these states.

Figure 6 shows the temporal evolution of statistical spatial
extent of material lines. The individual spatial extent ∆ is given
as,

∆ ≡
√

1
L

∫
L
(Xp(s)−XG)2ds, (6)

where Xp(s) is the location of the line element ds, XG is the
center of gravity of the material line and s is the arc length.
While γ is expected to reflect the elongation due to small-scale
structures, ∆ represents the macroscopic transport by large-
scale structures. It is interesting, however, that the relationship
between γ and ∆ is roughly consistent over time. Similar to γ ,
the ∆ of the Middle of the lobed jet was comparable to that of
the round jet and greater than those of the Peak and Valley of
the lobed jet. In particular, ∆ of the line in the Valleys starts to
grow slowly and hardly changes until t ∼ 6.

From Batchelor (1952), the passive vector ei evolves ac-
cording to the following equation.

dei

dt
= Ai je j, (7)

where Ai j ≡ ∂ui/∂x j is the velocity gradient tensor. Figure 7
shows the streamwise mean of A2

i j at t = 2, 4, and 6. Note that,
the results of the round jet are shown in the upper panel and
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Figure 7. Temporal evolution of streamwise-averaged A2
i j in round (top) and lobed (bottom) jets.
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Figure 8. Curvature of round (red) and lobed (blue) exits
along 0 ≤ θ ≤ π/3.

those of the lobed jet in the lower panel, and the range of colors
differs for each time. At t = 2, A2

i j at the Middles of the lobed
jets are comparable to those of round jets, with smaller values
at Peaks and Valleys compared to them. At t = 4, large val-
ues are concentrated at Peaks, but relatively small values are
observed at Valleys. However, there are large value concen-
trations on both sides of the Valleys, which diffuse and merge
to realize the stretching of the material lines at the Valley in
t ≳ 4. The above is in good agreement with the behaviors of
the plots in Figs. 5 and 6.

The above results suggest that the azimuthal curvature of
the shear layer is associated with the stretching of the mate-
rial lines. Specifically, lines located at locations with large az-
imuthal curvature tend to experience less stretching than oth-
ers. Note that the impact of whether the shear layer is convex
or concave is not clear at the current stage. In our current setup,
there are eight material lines at the Peaks, Valleys, and Mid-
dles of the lobed jet, with each set accounting for 25% at Peaks
and Valleys, and 50% at the Middle. Therefore, the results in

Figure 9. Distribution of the Peak, Valley, and Middle parts
in the lobed geometry.

Figs. 5 and 6 could be interpreted as suggesting that the over-
all mixing performance of the lobed jet is inferior to that of the
round jet.

Therefore, lobed geometries are more precisely classified
into Peaks, Valleys, and Middles based on their azimuthal cur-
vature. Here, the parts where the curvature is less than or equal
to that of the round geometry are defined as Middles, the con-
vex parts with larger curvature are Peaks, and the concaves
are Valleys. The curvature distribution of the round and lobed
geometry in the azimuthal direction is shown in Fig 8. Further-
more, Fig 9 shows the distribution of the Peaks, Valleys, and
Middles over the lobed geometry, along with their respective
arc lengths. From Figs 8 and 9, it can be seen that the sum
of the arc length of the Middles alone exceeds the entire cir-
cumference of the round geometry. Since the stretching of the
material lines is considered as the mixing performance per unit
azimuthal length, it can be understood that the mixing of the
lobed jet is not inferior to that of a round jet when arc lengths
are taken into account. In addition, the lines are less stretched
at Peaks and Valleys, and the current γ and ∆ averages those
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with Middle, underestimating the overall results of the lobed
jet. It should be noted that in actual mixing, the stretching in
each part of the geometry is not averaged, but rather is added
up to give the final mixing results. Therefore, it does not act to
suppress the (not bad) mixing performance in the Middle.

Conclusions
In this study, DNSs of temporally developing round and

lobed jets at Reynolds number of 3000 were conducted, and
the stretching phenomena induced by these two jet fields on
material lines were investigated. The statistical characteris-
tics of the material lines were used to determine the mixing
performance of the round and lobed jets in their initial devel-
oping states. The material lines were initially oriented in the
streamwise direction in the shear layers of the jets with con-
stant spacing in the azimuthal direction.

The stretching rate and spatial extent of the material lines
indicate that, at any azimuthal location within the shear layer,
the deformation of the material lines in the lobed jet is smaller
compared to that in the round counterpart. Material lines sit-
uated in shear layer regions with small azimuthal curvatures
experience comparable stretching to those in the round jet,
whereas those in regions with large curvatures undergo signif-
icantly less stretching. Moreover, lines positioned in the Val-
leys, i.e., the concave regions of the lobed geometry, exhibit
the poorest stretching performance. Furthermore, following
the equation governing the evolution of the passive vector ele-
ment, the stretching performance of the lines aligns well with
the distribution of the squared sum of the velocity gradient in
the shear layers.

However, these results do not directly lead to the conclu-
sion that the mixing performance of the lobed jet is inferior to
that of the round jet. It should be noted that the arc length of
the lobed geometry exceeds that of the round jet. If the ini-
tial positions of the material lines were equispaced along the
curves of the geometry, one would conclude that the mixing
performance of the lobed jet is superior to that of the round
jet. While investigation of material surface stretching instead

of lines was not conducted in this study due to the substan-
tial computational resources required, it could address this is-
sue. Moreover, it is worth noting that the current quantification
techniques and resulting considerations are applicable not only
to discussing the mixing performance of lobed jets but also to
that of any other non-circular jets.
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